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1 An insurance company has a block of in-force business under which policyholders
have been given options and investment-related guarantees. A stochastic model has
been devel oped which projects option and guarantee costs. Y ou have used the model
to estimate, for the Company Board, the probability of the insurance company having
insufficient assets to honour the payouts under the policies. A Board member has
asked whether there are any factors which could cause this probability to be
inaccurate.

Outline the items you would mention in your response. [5]

2 0) In the context of a stochastic process denoted by {X; : t € J}, define:

@ state space
(b) time set
(© sample path
[2]

(i) Stochastic process models can be placed in one of four categories according to
whether the state space is continuous or discrete, and whether thetime set is
continuous or discrete. For each of the four categories:

@ State a stochastic process model of that type.

(b) Give an example of a problem an actuary may wish to study using a
model from that category.
[4]

[Tota 6]
3 A dieisrolled repeatedly. Consider the following two sequences:
I B, isthe largest number rolled in the first n outcomes.
Il C,, isthe number of sixesrolled in the first n outcomes.
For each of these two sequences:
@ Explain why it isaMarkov chain.
(b) Determine the state space of the chain.
(c) Derive the transition probabilities.
(d) Explain whether the chain isirreducible and/or aperiodic.
(e Describe the equilibrium distribution of the chain. [7]
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4 A lifeinsurance company pricesits long-term sickness policies using a three-state
Markov model in continuous time. The states are healthy (H), ill (1) and dead (D). The
forces of transition in the model are 6y, = 6, 6|4 = p, Oxp = W, O)p = Vv and they are

assumed to be constant over time.
For agroup of policyholders observed over a 1-year period, there are:
23 transitions from State H to StateT;
15 transitions from State [ to State H;
3 deaths from State H;
5 deaths from State 1.

Thetotal time spent in State H is 652 years and the total time spent in State | is44

years.
() Write down the likelihood function for these data. [3]
(i) Derive the maximum likelihood estimate of . [2]

(i)  Estimate the standard deviation of G, the maximum likelihood estimator of .

[2]
[Tota 7]

5 Claims arrive at an insurance company according to a Poisson process with rate A per
week.

Assumetime is expressed in weeks.

0] Show that, given that there is exactly one claim in thetime interval [t, t + g,
the time of the claim arrival isuniformly distributed on [t, t + g]. [3]

(i) State the joint density of the holding times Ty, Ty, ..., T,, between successive
claims. [1]

(iif)  Show that, given that there are n claimsin the time interval [0, t], the number
of claimsin theinterval [0, §] for s< t isbinomial with parameters n and g/t.

[3]

[Total 7]
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6 A Markov jump process X; with state space S={0, 1, 2, ..., N} hasthe following
transition rates:

Gii:—7\. forO<i<N-1
Gi,i+l:7\‘ forO<i<N-1

Gij =0 otherwise

0] Write down the generator matrix and the Kolmogorov forward equations (in
component form) associated with this process. [3]

(i)  Veifythatfor0<i<N-1landforallj>i,thefunction

e ()
()=t
PO=e G5
isasolution to the forward equationsiin (i). [2]
(iii)  Identify the distribution of the holding times associated with the jump process.

[2]
[Totdl 7]

7 A time-inhomogeneous Markov jump process has state space { A, B} and the
transition rate for switching between states equals 2t, regardless of the state currently
occupied, wheret istime.

The process startsin state A at t = 0.

() Calculate the probability that the process remains in state A until at least
times. [2]

(i) Show that the probability that the processisin state B at time T, and that it is
in the first visit to state B, isgiven by T2xexp ™" . [3]

@iy (@ Sketch the probability function given in (ii).
(b) Give an explanation of the shape of the probability function.

(©) Calculate thetime at which it ismost likely that the processisin its
first visit to state B.

[6]
[Total 11]

END OF PAPER
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