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CHANGES TO THE SYLLABUS AND CORE READING 
FOR SUBJECT CT4 FOR THE 2008 EXAMINATIONS 
 

  Changes to the Syllabus and their impact on Core Reading 
 
Syllabus objective (vii) has been deleted as the material it covers is covered elsewhere in 
the Core Reading.  This is a legacy of the CT4(103)/CT4(104) split. 
 
(vii) Describe statistical models of transfer between multiple states, including processes 

with single or multiple decrements, and derive relationships between probabilities 
of transfer and transition intensities. 

 
 1. State the assumptions underlying Markov models of transfers between a 

finite number of states in continuous time, in terms of given time-varying 
transition intensities. 

 
 2. Define gh

xt p , gg
xt p , gh

xμ  and express gh
xμ  in terms of gh

xt p . 

 

 3. Derive and solve equations for gg
xt p

t
∂
∂

. 

 

 4. Derive equations for gh
xt p

t
∂
∂

 and solve them for simple models. 

 
Subsequent objectives have been renumbered. 
 
As a result of this change Core Reading Unit 9 — The General Markov Model, has been 
removed and subsequent Units have been renumbered. 
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  Changes to Core Reading  
 
Unit 4 — has been revised and is attached. 
 
Unit 8 — has been renamed as Estimation in the Markov model and  
 
Syllabus objective  
 
(vii) 3. Derive maximum likelihood estimators for the transition intensities in (vii) 2. 

and state their asymptotic joint distribution. 
 
which was in Unit 9 has been moved into Unit 8 along with the corresponding Core 
Reading as Section 7 as follows: 
 

7 The maximum likelihood estimator in the general model 
 
7.1 As we saw in Unit 4, the two-state model can be extended to any number of states, with 

arbitrary transitions between them, including increments and repeated transitions.  
Consider the illness-death model studied in Unit 4, section 4.3, which has three states: 
healthy (H), sick (S) and dead (D): 
 
 
 
 
 
 
 
 
 
 
 
 

 
The observations in respect of a single life are now: 

 
(a) the times between successive transitions; and 
(b) the numbers of transitions of each type 

 
7.2 If the transition intensities are constant, each spell of length t in the healthy or sick states 

contributes a factor of the form e−(μ+σ)t or e−(ν+ρ)t respectively to the likelihood, so it 
suffices to record the total waiting time spent in each state.  Then defining: 

 
  Vi = Waiting time of the ith life in the healthy state 
  Wi = Waiting time of the ith life in the sick state 
  Si = Number of transitions healthy →  sick by the ith life 
  Ri = Number of transitions sick → healthy by the ith life 
  Di = Number of transitions a healthy → dead by the ith life 
  Ui = Number of transitions sick → dead by the ith life 
 

H S

σ(t)

μ(t) ν(t)

ρ( )t

D



© Faculty and Institute of Actuaries Page 3 

 and defining totals V = 1
N

i∑ V  (and so on), and using lower case symbols for the observed 
samples as usual, it is easily shown that the likelihood for the four parameters μ, ν, σ, ρ, 
given the data is proportional to: 

 
 ( ) ( )( , , , ) v w d u s rL e e− μ+σ − ν+ρμ ν σ ρ = μ ν σ ρ . 
 
7.3 This factorises into functions of each parameter of the form e−μνμd, so the maximum 

likelihood estimators are: 
 

  μ =
D
V

! ,  ν =
U
W

! ,  σ =
S
V

! ,  ρ =
R
W

! . 

 
7.4 The asymptotic properties of these estimators follow from results similar to equations (8.2) 

and (8.3) and the fact that the random variables (Di − μVi), (Ui − νWi), (Si − σVi), (Ri − 
ρWi) are uncorrelated, that is: 

 
  E[(Di − μVi)(Ui − νWi)] = 0 etc. 
 
7.5 The estimators are not independent: Di and Ui are both 0 or 1, but DiUi ≠ 1, while 

(assuming that the ith life starts in the able state) Si = Ri or Ri + 1.  They are, however, 
asymptotically independent: the same argument as in the two-state model shows that the 
vector ( , , ,μ ν σ ρ! !! ! ) has an asymptotic multivariate Normal distribution; that each component 
has a marginal asymptotic distribution of the same form as before: 

 

  μ!    ~   Normal ,
E[ ]

⎛ ⎞μ
μ⎜ ⎟
⎝ ⎠V

 etc. 

 
 and that, asymptotically, the components are uncorrelated and so independent (being 

Normal). 
 
7.6 The calculation of the estimates μ! , etc, requires the total waiting time to be computed.  

This can be done exactly in some circumstances, but, if the exposure data are in census 
form, the simple census formulae in Unit 10 provide estimates.  Multiple state models are, 
therefore, especially well suited to the data available in many actuarial investigations. 
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Syllabus objective  
 
(vii) 1. Describe an observational plan in respect of a finite number of individuals 

observed during a finite period of time, and define the resulting statistics, 
including the waiting times. 

 
has been moved from Unit 6 to Unit 8 with no change to the Core Reading. 
 
The only other changes that have been made to the Core Reading are to correct 
typographical errors and improve the style. 
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It then remains to effect a transition from A  to j over the remaining time period [s + w, t]: 
 
 
 
 
 
 
 

When i = j there is an additional term 
( )

t

i
s

u du
e
− λ∫

because the process can remain in state i 
throughout [s, t]. 
 
If instead of considering the first jump after s one focuses on the last jump before t, one 
can obtain an intuitive derivation of the integrated form of the forward equations 
 
This reads when i ≠ j: 
 

 pij(s, t) = 
( )

0

( , ) ( ) .

t

j
t w

t s u du

ik kj
k j

p s t w t w e dw−

− − λ

≠

∫
− μ −∑ ∫    (0.13) 

 
 
 
 
 
 
 
For a full justification of this equation one needs to appeal to the properties of the current 
holding time Ct , namely the time between the last jump and t: 
 
 {Ct ≥ w, Xt = j} = {Xu = j, t – w ≤ u ≤ t} . 
 

^

j 

ts + ws 

i* +((( ,(((

i 

s t 

k

t − w 

j* +((( ,(((
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5.2 Application: marriage  
 
Describe the marital status of an individual as one of the following: bachelor (never 
married) (B), married (M), widowed (W), divorced (D), dead (Δ ).  We can define a 
Markov jump process on the state space {B, M, W, D, Δ } as illustrated below: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In the above the death rate μ(t) has been taken to be independent of the marital status for 
simplicity.  This model can be studied exactly as example 4.1.  For instance, the 
probability of being married at time t and of having been so for at least w given that you 
are a bachelor at time s is (assuming w < t – s): 
 

Pr[Xt = M, Ct > w | Xs = B] =
t w

s

−

∫ (pBB(s, t − v) α(t − v) + pBW(s, t − v) r(t − v)  

 

  + pBD(s, t − v)ρ(t − v)) v
( ( ) ( ) ( ))

. v.

t

t
u v u d u du

e d−

− μ + +∫
 

 
 
 
 
 
 
 
 
 
where k is any of the states leading to M, namely B, W and D. 

 

B 

s t 

k

t − v t − w

M* +((( ,(((

M

D WB 

Δ 

ρ( )tα(t)
r(t) ν(t)

d(t) 

μ(t) 

μ(t)
μ(t)

μ(t) 



Subject CT4 Markov jump processes 2008 

 

Unit 4, Page 16 © Faculty and Institute of Actuaries 

5.3 Application: sickness and death 
 
Describe the state of a person as “healthy”, “sick” or “dead”.  For given time-dependent 
(i.e. age-dependent) transition rates, we can construct a Markov jump process with state 
space {H, S, D}: 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The matrix A(t) in Kolmogorov’s equations is 
 

 A(t) = 
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )
0 0 0

t t t t
t t v t v t

−σ −μ σ μ⎛ ⎞
⎜ ⎟ρ −ρ −⎜ ⎟
⎜ ⎟
⎝ ⎠

 

 
In particular λH(t) = σ(t) + μ(t), λS(t) = ρ(t) + v(t), λD = 0 . 
 
The easiest probabilities to calculate are those of remaining continuously healthy or 
continuously sick over [s, t].  Using (4.10) these are  
 

 Pr[Rs > t − s⏐Xs = H] = 
( )( )( )

t

s
u u du

e
− σ +μ∫

    (0.14) 
 
and 

 Pr[Rs > t − s⏐Xs = S] = 
( )( )( )

t

s
u v u du

e
− ρ +∫

. 
 

H S

σ(t)

μ(t) ν(t)

ρ( )t

D
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Transition probabilities can be related to each other as in (0.12) and (0.13).  For instance 
 

 pHS(s, t)  = ( )
( ( ) ( ))

0

( , )

s w

s

t s u u du

SSp s w t s w e dw

+
− − σ +μ∫

+ σ +∫  

 
 
 
 
 
 
 
Extra conditions on residual or current holding times can be handled without difficulty.  
Consider for instance the probability of being sick at time t and of having been so for at 
least w, given that you are healthy at time s.  This is: 
 

 Pr[Xt = S, Ct > w⏐Xs = H] = v
( ( ) ( ))

( , v) ( v) v

t

t

t s u v u du

HH
w

p s t t e d−

− − ρ +∫
− σ −∫  

 
 
 
 
 
 
 
 

5.4 Application: sickness and death with duration dependence 
 
In the example of section 4.2, the Markov property implies that 
 
 Pr[Xt = H⏐Xs = S, Cs = w] = Pr[Xt = H⏐Xs = S] . 
 
In other words, the duration of your current illness has no bearing on your future health 
prospects.  In order to remove this undesirable feature, we modify the model by allowing 
the rates of transition out of S to depend on the current holding time Ct:  
 
 
 
 
 
 
 
 
 
 
 

S

S 

ts + ws 

H* +((( ,(((

H 

s t 

H

t − v t − w

S* +((( ,(((

ν(t, Ct)

H S

σ(t)

μ(t)

ρ( , )t Ct

D
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This appears to bring us outside the scope of this unit, as the value of Ct must now be 
incorporated into the state, so that the state space is not countable any more.  However, the 
framework of section 3.2 can still be used provided that there is careful conditioning on 
the relevant current holding time. 
 
In fact, since the transition rates σ and μ do not depend on Ct , the probability of remaining 
continuously healthy during [s, t] is given by (4.14) as before.  On the other hand, to 
calculate the probability of remaining continuously sick during [s, t] given a current illness 
period [s − w, s], one needs to update the values of ρ and ν as the illness progresses: 
 

 Pr[Xt = S, Rs > t − s⏐Xs = S, Cs = w] = 
( )( , ) ( , )

t

s
u w s u u w s u du

e
− ρ − + +ν − +∫

 
 
 
 
 
 
 
 
 
 
 
As a final example, the probability of being healthy at time t given that you are sick at 
time s, with current illness duration w can be written as: 
 
 ( , )

wS Hp s t  = Pr[Xt = H⏐Xs = S, Cs = w] 
 

  = 
( ( , ) ( , ))

0

(v, v) (v, ) v.

v

s

t u w s u u w s u du

HHe w s p t d
− ρ − + +ν − +∫

ρ − +∫  

 
 
 
 
 
 
 
 
 
 

H

H  

vus t s − w 

w − s + u

S* +(((((( ,((((((

H 

 

tus s − w 

w − s + u

S* +(((((( ,((((((
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5.5 In certain elementary cases, the solutions of the Kolmogorov equation can simply be 
written down, and the two-state model is often an intuitive guide.  For example, in the 
two-decrement model  

 
 
 
 
 
 
 
 
 

in which the transition intensities are constant, we have 
 

 01
t xp  = 

01 0201
( )

01 02 1 te− μ +μμ ⎡ ⎤−⎢ ⎥⎣ ⎦μ + μ
 

 

 02
t xp  = 

01 0202
( )

01 02 1 te− μ +μμ ⎡ ⎤−⎢ ⎥⎣ ⎦μ + μ
 

 
which is easily interpreted.  The term in brackets is the probability of having left the active 
state, and the fraction gives the conditional probability of each decrement having occurred, 
given that one of them has occurred.  However, in practice we do not always work with 
such simple models, or with constant transition intensities, and it is not possible to rely on 
solving the equations explicitly.  Fortunately this does not matter; the Kolmogorov 
equations are quite simple to solve using ordinary numerical techniques.   
 

2 = RETIRED 1 = DEAD 

0 = ACTIVE 

μ01 μ02 
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6  Modelling and simulation 
 
6.1 Poisson process models 

 
A time-homogeneous Poisson process has a single parameter, λ.  The estimation of this 
parameter given a collection of data is straightforward. 
 
Example 6.1 
 
An insurance office observes that m claims arrive in a total of T time units.  If the 
company decides that a Poisson process model is appropriate, the most suitable estimate 
for λ would appear to be λ̂ = m/T.  This intuitive estimate is confirmed by more formal 
procedures such as maximum likelihood estimation. 
 
Having estimated the parameter, all that remains is to test goodness of fit.  Divide the total 
time T into k equal intervals.  If the Poisson process model fits, the number of claims 
arriving in the k intervals should form a sequence of independent Poisson variates, each 
with mean λT/k.  There are two things to test here:  whether the distribution is Poisson and 
whether the observations are independent. 
 
A standard χ2 goodness of fit test can be employed to determine whether the Poisson 
distribution fits.  Assuming that the fit is adequate, independence is probably best tested 
against the alternative that there is some form of serial dependence.  Tests for serial 
correlations are covered in Unit 11.  Time series models are covered in Subject CT6.   
 
In some classes of business, such as insurance against storm damage, the intensity of 
arrival of claims may vary predictably with time, in the sense that the insurer can tell in 
advance that some time intervals will have more claim arrivals than other intervals of 
equal length.  A suitable model here is the time-inhomogeneous Poisson process, for 
which the arrival rate of claims is a function λ(t).  In the given example λ will be periodic, 
with a period of one year. 
 
It is impractical to attempt to estimate the value of λ(t) separately for each value of t.  A 
common procedure is to divide the whole time period up into pieces of a suitable size and 
to estimate the arrival rate separately for each piece.  Thus data for a whole year may be 
divided into months, giving 12 estimated claim arrival rates.  Tests of goodness of fit 
should be carried out for each month separately, but tests for serial correlation should use 
the whole data set at once. 
 

6.2  Time-homogeneous Markov models 
 
The structural analysis of section 3 is of paramount importance when it comes to 
modelling continuous-time Markov jump processes.  Recall that each visit to any given 
state i is of exponential duration with mean 1/λi and is independent of the durations of 
previous visits to that state and of the destination after the next jump.  Further, the 
probability that the next transition is to state j is μij/λi. 
 
This suggests that it is feasible to separate the two estimation procedures.   
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First the λi may be estimated:  look at the data for the durations of visits to state i and let 
1/ λ̂  be equal to the sample mean of this collection. 
 
Next proceed as in Unit 3:  let ni be the number of completed visits to state i, nij the 
number of direct transitions from state i to state j, and set ˆ /ij ij ip n n= .  Since pij is equal to 

μij/λi, a sensible estimator for μij is ˆˆ ˆij i ijpμ = λ . 
 
Tests for goodness of fit are more problematical, if only because there is a vast collection 
of possible alternative hypotheses.  It is reasonable to test whether the visits to a given 
state really are exponentially distributed:  a χ2 goodness of fit test will do this.  It is also 
reasonable to test whether the jump chain really does exhibit the Markov property:  see 
Unit 3 for a discussion.  But there are other implications of the Markov structure which 
should be tested and the procedure is not always clear.   
 
For example, to derive a formal test as to whether the destination of a jump is independent 
of the duration of the previous holding time we would need to do something like this: 
 
• look at all visits to state i and classify them as long-duration, medium-duration or 

short-duration 
 
• for each duration category, estimate the transition probabilities of the jump chain 

separately, giving estimates ( ) ( ) ( )ˆ ˆ ˆ, andL M S
ij ij ijp p p  

 
• determine whether the differences between the sets of estimated transition 

probabilities are significant 
 
However, it is by no means clear what test statistic could be employed or what its 
distribution might be.  In practice the investigation of this question would be accomplished 
graphically:  for each visit to state i, plot a point on a graph whose x-coordinate represents 
the duration of the visit, y-coordinate the destination of the next jump.  If a pattern 
appears, reject the assumption of independence. 
 
Other tests, such as testing whether the first visit to a given state is significantly longer 
than subsequent visits, are also best treated graphically. 
 

6.3  Time-inhomogeneous Markov models 
 
The structural decomposition of the time-homogeneous Markov model does not apply to 
the time-inhomgeneous case.  The estimation of time-dependent transition rates, such as 
the force of mortality or age-dependent rate of recovery from sickness, is best treated 
within the context of the particular model being studied.  This is covered in later units in 
this course. 
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6.4  Simulation 
 
There are two approaches to the task of simulating a time-homogeneous Markov jump 
process.  The first is an approximate method, analogous to that used in section 5.1, the 
second exact. 
 
Approximate method 
 
Divide time into very short intervals of width h, say, where σijh is much smaller than 1 for 
each i and j.  The transition matrix P(h) of the Markov chain has entries approximately 
given by  
 

*
ijp (h) = δij + hσij. 

 
Using the techniques of Unit 3 we may simulate a discrete-time Markov chain {Yn: n ≥ 0} 
with these transition probabilities, then write Xt = Y[t/h]. 
 
This simplistic method is not very satisfactory, as its long-term distribution may differ 
significantly from that of the process being modelled.  A much improved version of this 
method is available, which uses the exact transition probabilities pij(h) instead of *

ijp (h), 
but this naturally requires that the exact probabilities be calculated in advance.  General 
techniques for such calculations, where not covered by this unit, are beyond the scope of 
the syllabus. 
 
Exact method 
 
This takes advantage of the structural decomposition of the jump process.  First simulate 
the jump chain of the process as a Markov chain with transition probabilities pij = μij/λi.  
Once the path ˆ{ : 0,1, }nX n = …  has been generated, the holding times {Tn: n = 0, 1, …} 
are a sequence of independent exponential random variables, Tn having rate parameter 
given by ˆ

nXλ . 

 
Time-inhomogeneous processes 
 
Given the transition rates of a time-inhomogeneous Markov chain and given the state Xt at 
time t, it is in principle possible to determine the density function of the time until the next 
transition and the destination of the next jump:  see section 4 for examples.  This means 
that standard simulation techniques can be deployed to generate an exact simulation of the 
process. 
 
In practice, however, such a procedure is cumbersome in the extreme, unless the number 
of states is very small, and a more usual approach is to use the approximate method 
outlined above.  The exact transition probabilities pij(t, t + h) will seldom be to hand, 
meaning that the less satisfactory approximate values *

ijp (t, t + h) = δij + hμij(t) must be 
used instead.  The method is acceptable for short-term simulations but is unreliable in the 
long term. 
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The concepts introduced in this Unit are developed further in Unit 8. 
 
 

E N D 

 
 


