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PART ONE

1 C

2 D

3 C

4 C

5 D

6 B

7 D

8 C

Working

1 mean = 1.P(1) + 2.P(2) + 3.P(≥3) = 1(0.2707) + 2(0.2707) + 3(0.3233) = 1.782

2 binomial(6, 0.25): P(0) + P(1) = (. ) ( . ) ( . )75 6 075 0 256 5+  = 0.178 + 0.356 = 0.534

3 mean = 7 + 0.0742(600) = 51.52; var = ( . ) ( )00742 2502  = 1.38

4 S S F1
2

2
2

9 24/ ~ , .  So k is upper 1% point from tables = 3.256

5 exp(5): cdf F(x) = 1 5− −e x , or 1 − F(x) = e x−5

using y = e x−5  gives x = 0.2log(1/y)

6 4.56 ± 1.96(1.21√100) = 4.56 ± 0.24 = (4.32, 4.80)

7 $p  = 62/400 = 0.155 (15.5%); se p( $ )  = ( . )( . ) /0155 0845 400  = 0.0181

99% CL’s: ± 2.576(0.0181) = ±  0.047 (4.7%)

8 n = 200 is large, so use z = ( )x − 50 /(s/√200)

observed z = (54.5 − 50)/(40.3/√200) = 1.58: P − v = P(Z > 1.58) = 0.057
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9 need cumulative frequencies

x F
100
150
200
250
300
350
400

4
14
39
69
84
96

100

Could do graphically but
only if accurately done on
graph paper.

Using simple interpolation:

median = 50th = 200 + 11
30

50( )  = 218

Q1  = 25th = 150 + 11
25

50( )  = 172.0

∴ IQR = 98

Q3  = 75th = 250 + 6
15

(50) = 270.0

[OR

Could use 50½th, 25½th, 75½th to give

median = 219
IQR = 271.7 − 173.0 = 99]

10 (i) M(t) = e
x

e dxtx xλ
α

α α
λ

−
−
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(ii) expand M(t):

M(t) = 1
1

2

2

+ − −FHG
I
KJ +

− − −
−FHG

I
KJ +( )

( )( )
...α

λ
α α

λ
t t

= 1
1

22

2

+ +
+

+
α
λ

α α
λ

t
t( )

...

E(X) = α
λ

 — the mean

E X( )2 = 
α α

λ

2

2

+

∴ Var(X) = 
α α

λ
α
λ

α
λ

2

2

2

2 2

+
− =

Alternatively E X Mb g b g= ′ 0

E X M Var X M M2 2
0 0 0e j b g b g b g b g= ′′ ∴ = ′′ − ′  to get the above results.

11 Total amount T = 1000 5000X XA B+

where X A  ~ Poisson(75), X B  ~ Poisson(25) with 

X XA B,  independent.

E(T) = 1000(75) + 5000(25) = 200,000

V(T) = 1000 75 5000 252 2( ) ( )+  = 7 108×

∴ SD(T) = 26,460

12 (i) p(0) = ( )( )1 11 2− −q q  = 1 1 2 1 2− − +q q q q

p(1) = q q q q1 2 1 22+ −

p(2) = q q1 2
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(ii) For q1  = 0.1, q2  = 0.09 under H 0 : independence

x p(x) ex  = 1000p(x) ox ( ) /o e ex x x− 2

0 .819 819 825 0.04
1 .172 172 159 0.98
2 .009 9 16 5.44

____ ____ ____ ____

Totals 1 1000 1000 6.46

refer 6.46 to χ 2
2  (upper 5% value is 5.991)

So reject model as a good fit.

Independence assumption questionable?

13 sx
2 = 

x x m

m

2 2

1
∑ ∑−

−

e j
 = 124 (m = 10)

sy
2 = 

y y n

n

2 2

1

−

−
∑ ∑e j

 = 246 (n = 7)

Use
s

s
Fy

x

2

2 6 9~ ,        under     H y0
2: σ  = σ x

2

observed F = 246
124

 = 1.98

upper 5% point = 3.374

so result is not significant

i.e. variation is not significantly greater between different places than
between different times at the same place.

Assumptions: underlying populations are normally distributed with
independence.
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14 n = 12, r = 0.91 ⇒ W = 1
2

1 091
1 091

log
.
.

+
−

F
HG

I
KJ  = 1.528

Under H 0 : W ~ N 1
2

1 0 8
1 0 8

1
12 3

log
.
.

,
+
−

F
HG

I
KJ −

F
HG

I
KJ

= N 1 099 1
3

2
. , c hFH IK

∴    Z  = 1528 1099
1
3

. .−  = 1.29

P − value = P(Z > 1.29) ≈ 0.10

So must accept H 0 : ρ = 0.8

15 (i) (a) X ~ P(λ): p(x) = e
x

x
−λ λ

!

L(λ) = Π
i

n x

i
e

x

i

=

−

1

λ λ
!
 = e

x
n

x

i

i
− λ λ

π

Σ

!

logL(λ) = − + −n x xi iλ λ( ) log log( !)Σ Π

∂
∂λ

λlog ( )L  = −n + Σxi

λ

equate to zero for MLE ⇒ $λ  = Σx
n

Xi →

(b)
∂
∂λ

λ
2

2 log ( )L  = −
Σxi

λ2

E L
∂
∂λ

λ
2

2
log ( )

RST
UVW  = −

n
E X

λ2 ( )  = − n
λ

∴ CR bl  = 1

− −FHG
I
KJ

n
λ

 = λ
n

Hence $ ,λ λ
λ

≈ F
HG

I
KJN

n
 for large n.
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N.B. The other forms of the CR bl may be used to get the same result, but the algebra
is more difficult.

(ii) (a)
X

n

N
− ≈λ
λ

( , )0 1

∴ P
X

n

− <
−

<

F

H

GGGG

I

K

JJJJ
196 196. .

λ
λ

 = 0.95 À

CI comes from rearranging the inequality:

( )
.

X

n

−
<

λ
λ

2
2196

⇒ λ λ λ2 2
2

2
196

− + <X X
n

.

⇒ λ λ2
2

22
1 96

0− +
F
HG

I
KJ + <X

n
X

. Á

Limits are given by the roots of this quadratic.

⇒ ½
. . .

2
196

4 4
196 196

4
2

2
2 4

2
2X

n
X X

n n
X+

F
HG

I
KJ ± + +

F
HG

I
KJ −

R
S|
T|

U
V|
W|

⇒ X
n

X
n n

+ ± +
196

2
196

196
4

2
2

4

2
.

.
.

An alternative approach is to rearrange À to get a quadratic in
λ .  Solving this in a similar manner to the above and then

squaring to get λ , gives an equivalent expression to Á, which
looks quite different: substitution for n  and X  though gives the
same G.I. Â.

(b) n = 100, x  = 1.45

⇒ 1.45 + 0.019 ± 0.237

⇒ 1.469 ± 0.237      or (1.232, 1.706)                                         Â
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(iii) (a) P
X

X
n

− <
−

<

F

H

GGGG

I

K

JJJJ
196 196. .

λ
 = 0.95

⇒ confidence limits X
X
n

± 196.

(b) n = 100, x  = 1.45

⇒ 1.45 ± 0.236     or (1.214, 1.686)

very similar (as expected) to the limits in (ii)(b)

16 (i) (a) See plot.

Linear model looks reasonable.

(b) Sxx  = 1105
29
10

2

. −  = 26.4

Syy  = 73225
805
10

2

−  = 8422.5

Sxy  = 2795
29 805

10
− ( )( )  = 460.5

Call-out charge is intercept, hourly rate is slope.
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(2) $β  = 4605
26 4

.
.

 = £17.443 (hourly rate)

(1) $α  = 1
10

{805 − 17.443(29)} = £29.915 (call-out charge)

(ii) (a) Need $σ 2  = 1
8

84225
4605
26 4

2

.
.
.

−
F
HG

I
KJ  = 48.739 on 8 df

∴ s.e.( $ )β  = 48739
26 4
.
.

 = 1.359

∴ 90% CI: 17.443 ± 1.860(1.359)

= £17.44 ± 2.53      or (£14.91, £19.97)

(b) s.e. for expected cost of x hour jobs

= 48739
1
10

29
264

2

.
( . )

.
+

−F
HG

I
KJ

x
À

(1) x = 3 hours: s.e. = 2.212

$y  = 29.915 + 3(17.443) = 82.24

95% limits are ± 2.306(2.212) = ± 5.10

⇒ £82.24 ± 5.10     or (£77.14, £87.34)

(2) x = 6 hours: s.e. = 4.756 ⇒ ± 10.97

$y  = 29.915 ± 6(17.443) = 134.57

⇒ £134.57 ± 10.97     or (£123.60, £145.54)

(1) involves prediction at centre of data.

(2) involves prediction outside range of data.

so expect (2) to be much wider.

Many candidates used the s.e.

48739 1
1

10
2 9

26 4

2

.
.

.
+ +

−F
HGG

I
KJJ

xb g
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instead of the correct form À.  This leads to a confidence interval for the cost of an
INDIVIDUAL job (not the EXPECTED cost of an individual job) of duration x .

17 (i) Want x = −2 07
20
.  = −0.1035

s2 = Σ Σx x2 2 20
19

− ( ) /  = 1072
19
.  = 0.5644

(a) H 0
2:σ  = 1     v.     H1

2 1:σ ≠

refer 
( )

~
n s

n
−

−
1 2

2 1
2

σ
χ      under H 0

data: ( )n s− 1 2

0
2σ

 = 10.72 on 19 df

lower 2½% point = 8.907 upper 2½% point 32.85
(lower 5% point = 10.12 upper 5% point 30.14)

So accept H 0  at 5% (and 10%) level as our calculated x2  value
lies within the relevant interval.

(b) Likelihood:

L = Π
1

2 22

2

2
πσ

µ
σ

exp
( )

−
−F

HG
I
KJ

xi

= ( ) exp ( )2
1

2
2 2

2
2πσ

σ
µ

−
− −

F
HG

I
KJ

n

ixΣ

l  = logL = − − −
n

xi2
1

2
2

2
2log ( )σ

σ
µΣ  + constant

        
∂
∂µ
l

= − −
2

2 2σ
µΣ( )xi  = 0 ⇒ $µ  = x

       ∂
∂σ

l
2

= − + −n
xi2

1 1
22 2 2

2

σ σ
µ

( )
( )Σ  = 0

⇒ $σ 2  = 1 2

n
x xiΣ( )−
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$µ  = x  = −0.1035,     $σ 2  = 1072
20
.  = 0.536

(c) Assuming σ 2  = 1 use

X N
n

X

n

N~ , ~ ( , )µ µ1
1

0 1F
HG

I
KJ ⇒ −

so 95% CI is given by

x
n

± ⇒ − ±196
1

01035 0 4383. . .

or (−.54, .33)

If σ 2  is unknown use

X

S
n

tn
−

−
µ

2 1~

so 95% CI is given by

x
s
n

± ⇒ − ±2 093 01035 03516
2

. . .

or (−.46, .25)

(ii) r — number of negatives, say
n — sample size

Likelihood is:

L(µ) = Φ Φ( ) ( )− − −
−

µ µl q l qr n r
1

so using MLE for binomial probability, i.e. $p  = x
n

, and invariance

property,

Φ( $ )− µ  = r
n

 = 14
20

 = 0.7
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Alternatively

l  = logL = rlog Φ (−µ) + (n − r) logΦ (µ)

∂l
dr

 = −
−
−

+
−r n rϕ µ

µ
ϕ µ

µ
( )
( )

( ) ( )
( )Φ Φ

 = 0      [ ]φ = ′Φ

But ϕ µ( )−  = ϕ µ( )  and Φ( )−µ  = 1 − Φ( )µ

so [ ( ) ( ) ( )]
( )

( ) ( )
− + − −

−
r n rΦ Φ

Φ Φ
µ µ

φ µ
µ µ

 = 0

⇒ Φ( $ )µ  = n r
n
−  same as above

Hence

Φ( $ )−µ  = 0.7 ⇒ $µ  = −0.52


