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PART ONE

1 C

2 B

3 C

4 D

5 C

6 B

7 The posterior distribution for θ has range x → ∞ and density proportional to:

f(xθ) . g(θ) = θ θ θ− −1 . e  = e−θ

Hence, posterior density is ke −θ  where

ke d
x

−
∞z θ θ  = 1 → [ ]− − ∞ke x

θ  = 1 → k = e x+

Bayes estimator w.r.t. absolute error loss function is the median of the
posterior.  Hence, estimator is y where

e e dx

x

y
−z θ θ  = 1

2  → e ex
x
y[ ]− −θ  = 1

2

→ e e ex x y[ ]− −−  = 1
2

→ 1
2 e x−  = e y−

→ y = x + log2

8 (i) It is an ARMA(1,1) process.

(ii) E Y Zt t[ ] = [ ]Zt
2  = σ 2
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E Y Zt t[ ]−1 = 1
3 1 1 1

2
3 1

2E Y Z E Z Z E Zt t t t t[ ] [ ] [ ]− − − −+ +

= 1
3

2 2
3

20σ σ+ +  = σ 2

E Y Zt t k[ ]− = 0 for k ≥ z

γ 0 = E Y Yt t[ ]  = E Y Y Z Zt t t t[ { }]1
3 1

2
3 1− −+ +

= 1
3 1

2 2
3

2
0

1
3 1γ σ σ γ γ+ + → −  = 5

3
2σ

γ 1 = E Y Yt t[ ]−1  = E Y Z Z Yt t t t[{ } ]1
3 1

2
3 1 1− − −+ +

= 1
3 0

2
3

2
0 10 3γ σ γ γ+ + → −  = −2 2σ

→ 8
3 1γ  = 11

3
2σ

→ γ σ1
11
8

2=

→ γ σ0
17
8

2=

k ≥ 2 γ k = E Y Yt t k[ ]−  = E Y Z Z Yt t t t k[{ } ]1
3 1

2
3 1− − −+ +

= 1
3 1γ γk k− →  = 11

8
2 1

3

1
2σ c hk k

−
≥

→ ρ0 = 1; ρ1  = γ
γ

1

0

 = 11
17 ; ρk  = 11

17
1
3

1c hk−

(iii) New process is ARIMA(1,1,1).

W W Wt t t− +− −
4
3 1

1
3 2  = Z Zt t+ −

2
3 1

9 The range of the posterior distribution of N is r, r + 1, r + 2, ...

The probability of r males, given n children is

n
r

r n rC p p( )1 − −

Hence, the posterior distribution of N is proportional to

n
r

r n r
n

C p p
e

n
( ) .

!
1

2 2

− −
−

     n = r, r + 1, ...
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∝
n

n r
q
n

n!
( )!

( )
!−

2
     q = 1 − p

∝ ( ) / ( )!2q n rn −

Hence, the posterior distribution is

P[N = nr] = K q n rn( ) / ( )!2 −      n = r, r + 1, ...

where K q q
q qr( )

( )
!

( )
!

...2 1 2
2
2

2
3

2 3

+ + + +
L
NM

O
QP  = 1

→ K = e qq r−2 2/ ( )

→ P[N − r = xr] = P[N = x + rr]

= e
q

q
x

q

r

x r− +2

2
2

( )
( )

!
= ( ) / !2 2q e xx q−      x = 0, 1, 2, ...

which is Poisson with parameter 2q(= 2(1 − p))

E[Nr] = E[N − rr] + r = 2q + r = 2(1 − p) + r

10 (i) Let number of deaths in each group be Di (i = 1, 2, 3)

Then N = D D D1 2 32 3+ +

Hence M tN ( ) = E e E e E eD t D t D t( ) ( ) ( )1 2 32 3

= M t M t M tD D D1 2 3
2 3( ) ( ) ( )

= ( . . ) ( . . ) ( . . )001 0 99 0 01 0 99 0 01 0 9910 2 15 3 5e e et t t+ + +

(ii) E(N) = E D E D E D( ) ( ) ( )1 2 32 3+ +

= 10 × 0.01 + 2 × 15 × 0.01 + 3 × 5 × 0.01 = 0.55

Var(N) = Var Var Var( ) ( ) ( )D D D1 2 34 9+ +

= 10 × 0.01 × 0.99 + 4 × 15 × 0.01 × 0.99 + 9 × 5 × 0.01 × 0 996.

= 1.1385
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11 (1 − 0.3B) (1 − 0.4B) (1 − 0.5B)

= 1 12 0 47 0 062 3− + −. . .B B B

∴ Yt  = 12 047 0061 2 3. . .Y Y Y Zt t t t− − −− + +

multiply by Yt−1  and take expectations:

γ 1  = 12 047 0 060 1 2. . .γ γ γ− +

⇒ ρ1  = 12 0 47 0 061 2. . .− +ρ ρ

∴ 147 0 061 2. .ρ ρ−  = 1.2          (1)

multiply by Yt−2  and take expectations:

γ 2  = 12 047 0 061 0 1. . .γ γ γ− +

⇒ ρ2  = 12 0 47 0 061 1. . .ρ ρ− +

∴ 126 1 2. ρ ρ−  = 0.47         (2)

Solve (1), (2) for ρ1 , ρ2 :

13944 1. ρ  = 1.1718

∴ ρ1  = 0.8404

ρ2  = 126 0 471. .ρ −  = 0.5889

12 (i) ψ 1 0 1( , )U = P U[ ]1 0<  = P[(1 + 1.2) × 1.05 − S1  < 0]

= P S[ . ]1 231>

= P Z[ ( . ) / ]> −231 1 1  = 0.0951

(ii) P U[ ]2 0<  = P U S[( . ) . ]1 212 105 0+ × − <

= P S S[[( . ) . . ] . ]1 1 2 105 12 105 01 2+ × − + × − <

= P S S[ . ( . ) ]36855 105 01 2− + <

105 2 05 21025 1451 2
2. ~ ( . , . . )S S N+ =
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= P Z >
−L

NM
O
QP

3 6855 2 05
145

. .
.

 = 0.12924

(iii) ψ 1 0 2( , )U is the probability of all sample paths for which either U1 0<
or U 2 0<  or both.

P U[ ]2 0<  is the probability of a subset of these paths, i.e. only those for
which U 2 0< .

Hence P U U[ ] ( , )2 1 00 2< ≤ ψ .

Since there will be positive probability that U1 0<  and U 2 0> , we can write:

P U U[ ] ( , )2 1 00 2< < ψ

(iv) ψ ψ1 0 1 02 1( , ) ( , )U U−  is the probability of all sample paths for which
U 2 0<  but U1 0> .   From time 1 to time 2 the process is probabilistically
identical to the process from time 0 to time 1.

However, given that U1 0> , the expected surplus at time 1 is greater
than 1.  Hence ψ ψ ψ1 0 1 0 1 02 1 1( , ) ( , ) ( , )U U U− < .  

(v) Consider ψ 1 0 1( , )U n +  and condition on what happens at time 1.

Either ruin occurs: probability ψ 1 0 1( , )U

or ruin does not occur

→ S1  = x (x ∈ (−∞, 2.31))
probability f(x)dx

and ruin occurs subsequently from an “initial” surplus of
2.31 − x in n years: probability ψ 1 231( . , )− x n

Hence, ruin occurs ψ 1 0 1( , )U

or does not occur at time 1 but does occur in next n years

f x U x n dx
x

U
( ) (( . ) . , )

( . ) .
ψ 1 0

1 2 1 05
1 2 105

0
+ × −

−∞

+ ×z
   ↑
Summing over all possible values of x.

→ ψ 1 0 1( , )U n +  = ψ ψ1 0 1 0

1 2 1 05
1 12 1 05

0
( , ) ( ) (( . ) . , )

( . ) .
U f x U x n dx

U
+ + × −

−∞

+ ×z
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13 (i) Discount level:

Premiums
No Claim Claim

0% 320 400
240 320

Difference 160.  P[Claim] = e
−160

500  = 0.726

20% 240 320
160 240

Difference 160.  P[Claim] = 0.726

40% 160 240
160 160

Difference 80.  P[Claim] = e
− 80

500  = 0.852

60% 160 160
160 160

Difference 0.  P[Claim] = 1

(ii) 0% 400 400
320 320 Prob = 1

20% 320 400
240 320 Prob = 0.726

40% 240 400
160 320 Prob = 0.527

60% 160 400
160 320 Prob = 0.449

(iii) P[0% → 20%] = P[No claims]

= 0.7 + 0.2 × 0.274 + 0.1 × 0.274 × 0.274 = 0.7623

P[0% → 0%] = 1 − P[0% → 20%] = 0.2377

P[20% → 40%] = P[No claims] = 0.7 + 0.2 × 0.274 + 0.1 ×
0 2742.

= 0.7623
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P[20% → 0%] = P[2 claims] = 0.1 × 0.726 × 0.726

= 0.0527

P[20% → 20%] = 1 − 0.7623 − 0.0527 = 0.1850

P[40% → 0%] = P[2 claims] = 0.1 × 0.852 × 0.527

= 0.0449

P[40% → 60%] = 0.7 + 0.2 × 0.148 + 0.1 × 01482.

= 0.7318

P[40% → 40%] = 1 −.0449 − .7318 = 0.2233

P[60% → 0%] = 0.1 × 1 × 0.449 = 0.0449

P[60% → 60%] = 1 − 0.0449 = 0.9551

Transition matrix

0 2377 07623 0 0
0 0527 01850 07623 0
0 0449 0 02233 07318
0 0449 0 0 0 9551

. .

. . .

. . .

. .

L

N

MMMM

O

Q

PPPP

14 (i) xf x dx
d

L d
( )

+z = e f y dyy

d

L d
( )

log

log( )+z
= 1

2 2

2 2
2

2 2 2

2

πσ

µ µ σ
σe dy

y y y

d

L d −
− + −

+zlog

log( )

= e e dy
d

L d
y

µ σ
µ σ

σ

πσ
+ + −

− −z½

log

log( )
( )

2

2 2

21

2 2
2

= e
L d dµ σ µ σ

σ
µ σ

σ
+ + − −F

HG
I
KJ −

− −F
HG

I
KJ

L
NMM

O
QPP

½ log( ) log2
2 2

Φ Φ

(ii) (a) X R  = 
0

x d
L

x
d

x L d

d

x L d−
> +

R
S|
T|

≤

< ≤ +

E X R[ ] = ( ) ( ) ( )x d f x dx LP X L d
d

L d
− + > +

+z
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= xf x dx dP d X L d LP X L d
d

L d
( ) ( ) ( )− < ≤ + + > +

+z
= e

L d dµ σ µ σ
σ

µ σ
σ

+ + − −F
HG

I
KJ −

− −F
HG

I
KJ

L
NMM

O
QPP

½ log( ) log2
2 2

Φ Φ

−
+ −F

HG
I
KJ −

−F
HG

I
KJ

L
NM

O
QP + −

+ −F
HG

I
KJ

L
NM

O
QPd

L d d
L

L d
Φ Φ Φ

log( ) log log( )µ
σ

µ
σ

µ
σ

1

e µ σ+½ 2

= 2000 and ( ) ( )½e eµ σ σ+ −
2 22 1  = 25002

e σ 2

1− = 1.5625          ∴     σ 2  = 0.94098

∴     µ = 7.13041

E X R[ ] = 2000 1592 0 460 5000 2562 1430[ ( . ) ( . )] [ ( . ) ( . )]Φ Φ Φ Φ− − −

+ −10000 1 2562[ ( . )]Φ

= 2000[0.9443 − 0.6772] − 5000[0.9948 − 0.9236]

+ 10000[1 − 0.9948]

= 230.2

E X R[ X > 5000] = 
E X

P X
R[ ]

( )> 5000
 = 

2302
1 1430

.
( . )− Φ

 = 3013

(b) The expected value is

11
5000
11

10000
15000

11

5000
11

5000
1 1

15000
11.

.
( )

.

.

.

. x f x dx P X

P X

−
F
HG

I
KJ +

L
NM

O
QP

>L
NM

O
QP

z >

P X >L
NM

O
QP

5000
11.

= P
Xlog .

.

log
.

.

.
−

>

F
HG

I
KJ −

L

N

MMMM

O

Q

PPPP
713041

097004

5000
11

713041

0 97004

= 1.33

= 1 − 0.90824 = 0.09176
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P X >L
NM

O
QP

15000
11.

= 1 −  Φ (2.46) = 1 − 0.99305

= 0.00695

xf x dx( )
.

.
5000
11

15000
11z = 2000[Φ (1.49 − Φ (0.36)]

            0.93189 − 0.64058

= 582.62

→ Expected value is

11 582 6 5000 0 99305 090824 10000 0 00695
0 09176

. . [ . . ] .
.

× − − + ×

= £3120


