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1 I ntroduction

In 1888, Francis Galton discovered the concept of correlation while doing
some quantitative work on heredity. From 1890 onwards a group of persons came
forward to fill up the gapsin Galton’s work and to extend it in various directions. The
most prominent member of this group was Karl Pearson. The product moment
formulafor correlation coefficient was given by Pearson in 1896 [1]. Thisisthe

familiar formula

~ Cov(X,Y)

PN = X)o)

(1)

Since then correlation analysis has been used quite intensively in the social sciences
to ascertain the relationship between occurrences of economic or social events. One of
the earliest examples of using correlation involved an anthropol ogist investigating
whether some bones belonged to a skeleton by cal culating the correlation between the
lengths of various bones for each skeleton divided by the length of the skeleton [2].

We will cal thistype of correlation event correlation.

Qualitatively, the notion of correlation has a much longer history. The first
manifestations of spatial data arose in 1686 in the form of data maps which were used
in aqualitatively way to infer aphysical cause of monsoon rains[3]. The use of
gpatial models came later in [4] which was concerned with the distribution of particles
through aliquid. Although spatial dependence was observed in agricultural fields,
most efforts were aimed at removing them prior to analysis [5]. Spatial models have
gained popularity in the last decade and have been used in areas such as ecology,
geology, climatology and environmental science. In forestry, for example, spatial

models are used to model patterns of tree growth.

Temporal correlation, dependence of measurements taken at different points
from the same process in time, have grown in use since the 1950’s. Although many
observations have atime dimension, often temporal correlation isignored, instead a
cross-section of datais analysed. In the past few years, spatio-temporal models have

been used to describe dynamic systems such as ecological and climatic phenomena.



Nowadays, the notion of correlation is central to financial theory. The Capital
Asset Pricing Model (CAPM) and the Arbitrage Pricing Theory (APT) use correlation
as ameasure of dependence between different financial instruments [6]. Furthermore,
the importance of correlation has often been emphasised in the context of the pricing
of derivatives instruments whose pay-offs depend on the joint realisations of severa
prices or rates. Examples of such derivatives products are basket of options, swaptions
and spread options [7]. Although insurance has traditionally been built on the
assumption of independence and the law of large numbers has governed the
determination of premiums, the increasing complexity of insurance and reinsurance
products has led recently to increased interest in the modelling of dependent risks,
especialy with the emergence of more intricate multi-line products [6]. With the ICA
requirements of the FSA, robust and defensible approaches to modelling
dependencies are required. 1n Enterprise Risk Management (ERM) the modelling of
dependencies between lines of businessis critical.

Dependencies arise when one factor affects more than one variable. The
insurance premium cycle can result in the loss ratios of different classes of business
moving in the same direction. Concentration of risks in a given sector, for example
the energy sector, can result in increased claims such as directors and officers (D& O),
errors and omissions (E& O), surety and others. Extreme events, such as hurricanes,
can also result in dependencies between classes of business which are unrelated in
normal conditions. Dependencies can be both very tricky to model and also not
intuitive. Quite often dependencies occurs at different levels- for example if the risk
profile of aparticular class of businessis broken into different sections by size and
compared to another class of business, then different dependences can be found
depending on the section compared. In ecology complex dependence structures, built
up from several factors, are quite common. In the financial world the dependence
structures vary with the volatility of the market. The estimation of dependence in non-
volatile conditions can be very tricky depending on the amount of data available, the
quality of the data available and complexity of the dependence structure. Quite often,
it best to impose a dependence structure rather than trying to empirically determine
and validate a structure. One should always look out for spurious structures that may

be due to biases in the sampling approach used.



Thereis aneed to understand the different alternatives available for modelling
dependencies and assess the methods available to parameterise and validate such
models. Finding amodel that is robust to certain conditions can be very tricky. In this
paper we will look at some of the issues in modelling dependencies. We will describe
some of the measures used to estimate correlation and some of the approaches for
modelling dependencies while explaining some of the pitfalls inherent in them.

2  Spuriouscorrelations

Given, the long history of applying correlation analysisin other fields, it would be a
pity to ignore what is already known about the empirical estimation of correlation
structures. Correlation isonly one particular measure of stochastic dependence
among many. It is the canonical measure for spherical and elliptical distributions and
being alinear measure it cannot capture the non-linear dependence relationships that
exist among most real life factors[6]. It is always important to bear in mind that
correlation does not imply causation.

It is possible to obtain a significant value for a coefficient when in reality the two
functions are absolutely uncorrelated. Spurious correlation can be due to standard
ways of processing data, for example one should be very wary of correlating ratios or
indices. For example, two financial ratios may both be influenced by inflation. The
two may show astrong correlation, but thisis simply an artefact of inflation. Stripping

inflation out may result in two uncorrelated indices.

Fallacies can also be caused by mixing different records. Suppose that adrug is
effective only on women and the population tested is predominantly men. In this case
aspuriously high correlation is obtained only because some women are present in the
sample[8, 9, 10]. Correlating time series can also produce spurious correlation

especially due to noise or finiteness of the time series[11].



3 M easur es of correlation

Suppose we have apair of datasets (X,Y) and we wish to empirically determine the
correlation coefficient between them. There are a number of methods for estimating
the correlation coefficient and we will look at some of the most common ones. The
most common approach is the Pearson’s moment approach. This assumes a bivariate
normal distribution and a linear relationship. This coefficient is given by (1)

For non-€lliptical and non-linear correlation coefficients, one can use the Kendall’s
tau or the Spearman’s rho. Note that while the former can give values which are very
different from Pearson r, the latter can be numerically identical to Pearsonr,
especialy if itisapplied blindly. The Kendall’stau is defined as
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where Q is the number of inversions between the rankings of x andy. Aninversionis

any pair of objects (i,j) such that ri-rj and r'i-r'; have opposite signs
The Spearman’srho is defined as
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where

n 2
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1
where r denotes the rank.

Note that the standard error of these coefficients can be estimated using bootstrapping
[12]. There are other aternatives for estimating the correlation when non-linearity is
suspected. In [13] the observation that close values of X givesrise to close values of
Y and thus the statistic is given by

K=S{ I{ABS(X;-X))<8][[ABS(Y-Y))<e]}

A large value of K, which can be compared to areference distribution, will indicate
strong relationship. The Moran’s coefficient [14] replaces the Xsand Y's by their
ranks and then cal culates a moment correlation coefficient using the ranks. The

coefficient is then compared to areference distribution. Another rank correlation that



isrobust to outliersisintroduced in [15] and in [16] another robust correlation
coefficient is proposed and is based on the median.

4 Modelling and simulating multivariate distributions

One approach for simulating correlated multivariate distributions is through the
correlation matrix. Using historical data a correlation matrix is determined, which is

then decomposed to simulate the random numbers.

Note that the correlation matrix should be positive semi-definite and that the
multivariate distribution will be the same as a weighted linear combination of the
variables constituting the multivariate distribution. For spherical and elliptical
distributions such as Poisson, gamma, normal, inverse Gaussian, the distribution of
the weighted sum of linear components is the same as the distribution of the
components, except for the correlation matrix. For other distributions, finding the
multivariate distribution can be very tricky.

Although this approach is intuitive, restrictions on the distributions and positive
definiteness of the correlation matrix can be problematic. Furthermore, it is quite
difficult to structure complicated correlation structures through this method. A
number approaches have been proposed for rendering the correlation positive definite.
In [17] the matrix is decomposed into its eigenvalues and eigenvectors, the highest
eigenvalues are chosen and the matrix is reconstruct using them. In [18] a review of
existing approaches is given and a new approach is proposed. This consists of
decomposing the correlation matrix as a block matrix such that the matrices in the
main diagonals are positive definite while the matrices in the other diagonals are
transpose of each other. The lower right matrix is then further decomposed in the
same way as above. The correlated random numbers are then simulated using the
Cholesky decomposition of the final matrix. The process is repeated for each stage of
the decomposition and the random numbers are stacked horizontally. Note that this
approach can result in alarge number of parameters and it might help to parameterise
the correlation matrix so that its elements can be determined from a pre-determined

function with lower number of parameters.



5 Copulas

One method of modelling dependencies which has become very popular recently is
the copula. The word copula is a Latin noun which means ‘a link, tie bond’.
Mathematically, a copula is a function which allows us to combine univariate
distributions to obtain ajoint distribution with a particular dependence structure. The
word itself was first employed in a mathematical or statistical sense by Abe Sklar
[19].

Sklar’s theorem, which is central to the theory of copulas, states that for a given joint
bivariate distribution function and the two marginal distributions, there exists a copula
function that relates them. If both marginal are continuous, then the copula function
exists. Conversely, if given the copula function and the margina distribution
functions then the joint distribution is given by applying the copula function on the
marginal distributions. The theorem describes how functions join together one-
dimensional distribution functions to form multivariate distribution functions. Sklar
named the function knowing that the word copula is a grammatical term that links a
subject and predicate. Sklar’s theorem states that A joint distribution can be expressed
as inter-dependency C applied to the individual distributions. More precisely:

Sklar’stheorem

Let F,ybe ajoint distribution with margins Fx and Fy. Then there existsa
function C:[0,1]%>[0,1] such that

Fyy(xy)= C(Fx(X), Fy(¥)) (4.11)

If X and Y are continuous, then C is unique; otherwise, C is uniquely determined

on the (range of X) x (range of Y).

Conversely if Cisa copulaand X and Y are distribution functions, then the

function Fxy defined by 4.1.1 isa joint distribution with margins Fyx and F.

Using a copula to build a multivariate distribution is flexible because no restrictions
are placed on the marginal distributions [20]. For example, if we have two marginal
distributions - one with a beta distribution with parameters o=5 and =5, and the other
with alognormal distribution with parameters =0 and 6=1. Then we can use a copula

which isamember of the Frank’s Family and given by



C(u,v)=1*In(1+(e°U+1)(e>-1)/(e°-1))/5

Simply by using equation 4.1.1 we generate a new joint distribution. The parameter §

determines the level of dependence of between the marginals.

Figure 5.1 Contour maps of a Frank Copula function



