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A2

A manufacturer uses atest rig to estimate the failure rate in a batch of electronic
components. Therig holds 100 components and is designed to detect when a
component fails, at which point it immediately replaces the component with another
from the same batch. The following are recorded for each of the n components used
inthetest (i =1,2,...,n):

s = time at which component i placed on therig
t; = time at which component i removed from rig

¢ 1 Component removed duetofailure
'~ 10 Component workingat end of test period

The test rig was fully loaded and was run for two years continuously.

Y ou should assume that the force of failure, p, of acomponent is constant and
component failures are independent.

0] Show that the contribution to the likelihood from component i is:

exp(-p(t—5)) ' [2]
(i) Derive the maximum likelihood estimator for p. [4]
[Total 6]

The price of astock can either take a value above a certain point (state A), or take a
value below that point (state B). Assume that the evolution of the stock pricein time
can be modelled by atwo-state Markov jump process with homogeneous transition
rat€s ¢ g = G, Ggp = P-

The process startsin state A at t = 0 and time is measured in weeks.
0] Write down the generator matrix of the Markov jump process. [1]
(i) State the distribution of the holding time in each of states A and B. [1]

(i)  If o=3, find the value of t such that the probability that no transition to state
B has occurred until timetis0.2. [2]

(iv)  Assuming al the information about the price of the stock is available for a
timeinterval [0,T], explain how the model parameters ¢ and p can be

estimated from the available data. [2]

(V) State what you would test to determine whether the data support the
assumption of atwo-state Markov jump process model for the stock price. [1]
[Tota 7]
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A3

A4

() Define the following types of a stochastic process:

@ a Poisson process
(b) a compound Poisson process; and
(© ageneral random walk

[3]

(i) For each of the processesin (i), state whether it operates in continuous or
discrete time and whether it has a continuous or discrete state space. [2]

(itf)  For each of the processesin (i), describe one practical situation in which an
actuary could use such a process to model areal world phenomenon. [3]
[Total 8]

The credit-worthiness of debt issued by companiesis assessed at the end of each year
by acredit rating agency. Theratingsare A (the most credit-worthy), B and D (debt
defaulted). Historic evidence supports the view that the credit rating of a debt can be
modelled as a Markov chain with one-year transition matrix

092 0.05 0.03
X=/005 08 01
0 0 1

0] Determine the probability that a company rated A will never be rated B in the
future. [2]

(i) @ Calculate the second order transition probabilities of the Markov chain.

(b) Hence calculate the expected number of defaults within the next two
years from a group of 100 companies, al initially rated A. [2]

The manager of a portfolio investing in company debt follows a “downgrade trigger”
strategy. Under this strategy, any debt in a company whose rating has fallen to B at
the end of ayear is sold and replaced with debt in an A-rated company.

(iii)  Calculate the expected number of defaults for this investment manager over
the next two years, given that the portfolio initially consists of 100 A-rated

bonds. [2]

(iv)  Comment on the suggestion that the downgrade trigger strategy will improve
the return on the portfolio. [2]
[Tota 8]
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A5 A motor insurance company wishes to estimate the proportion of policyholders who
make at |east one claim within ayear. From historical data, the company believes that
the probability a policyholder makes a claim in any given year depends on the number
of claims the policyholder made in the previous two years. In particular:

A6

(ii)
(iii)
(iv)

the probability that a policyholder who had claimsin both previous years will
make a claim in the current year is0.25

the probability that a policyholder who had claimsin one of the previous two
years will make aclaim in the current year is 0.15; and

the probability that a policyholder who had no claims in the previous two years
will make aclaimin the current year is 0.1

Construct this as aMarkov chain model, identifying clearly the states of the
chain. [2]

Write down the transition matrix of the chain. [1]
Explain why this Markov chain will converge to a stationary distribution. [2]
Calculate the proportion of policyholders who, in the long run, make at least

oneclaim at agiven year. [4]
[Tota 9]

Explain the difference between a time-homogeneous and a time-
inhomogeneous Poisson process. [1]

An insurance company assumes that the arrival of motor insurance claims follows an
inhomogeneous Poisson process.

Dataon claim arrival times are available for several consecutive years.

(i)

(iii)

@ Describe the main steps in the verification of the company’s
assumption.

(b State one statistical test that can be used to test the validity of the
assumption.

[3]

The company concludes that an inhomogeneous Poisson process with rate
A(t)=3+cos(2nt) isasuitablefit to the claim data (where't is measured in

years).

@ Comment on the suitability of thistransition rate for motor insurance
claims.

(b) Write down the Kolmogorov forward equations for Ry; (s,t) .
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(©)

(d)
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Verify that these equations are satisfied by:

j -
(5= L0 0L 150)

for some f(s,t) which you should identify.

[Note that Icos xdx =sinx.]

Comment on the form of the solution compared with the case where A
IS constant.

[8]
[Totdl 12]
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