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Subject 103 (Stochastic Modelling) — September 2003 — Examiners’ Report

1 (1) Suppose that M, =i. Then the value of M,,,; depends entirely on the outcome
of the next spin of the roulette wheel (this being independent of M,,) and the
value of M,,. Hence M,,isaMarkov chain.

(i) Let X, be the winning number from the n™ spin of the roulette wheel. Then
P(X,=1)=137fordli=0,1,2,....,36.

If > then P(Mpyy = | My =) = P(Xyey = ) = 137,
If j <i then P(M,,,; =j | M, =i) =0;
Ifj=ithen P(Mpy =] My =i) = P(Xouq <i) = (i + 1)/37.

%, if >
iep =109 it j=i
0 if j<i

(iii)  Misaperiodic, asit can stay in the same state with positive probability. Itis
not, however, irreducible, sinceit is not possible to return to state j from any
state k > j.

(iv)  State 36 isabsorbing, so the only stationary distribution, which is also the
limiting distribution, isnzg = 1, m; = O for all other i.

The general reasoning type answersrequired for parts (i), (iii) and (iv) were quite well donein
general. There were some difficulties with part (ii) However candidates fared lesswell on part (ii),
and in many cases candidates struggling on part (ii) then failed to attempt the later parts.

2 (1) The Poisson process and the standard Brownian motion both possess the
independent increments property.

Cov(X(t), X(t + 9)) = Cov(X(t), X(t)) + Cov(X(t), X(t + s) — X(t)) = At + 0, by
the independent increments property.

(i)  Cov(B(t), B(t+ 9) = Cov(B(t), B(t)) + Cov(B(t), B(t + s) — B(t) = t.

@) (@ A Lévy processis a continuous-time process with stationary,
independent increments. Alternatively, a Lévy process can be defined
as asum of three (indpendent) components. a constant drift, amultiple
of Brownian motion and a purely discontinuous random component
such as a compound Poisson process.

(b) The increments of Y are the weighted sum of the increments of B, X;
and X,, so are stationary and independent.
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(©  Cov(Y(t), Y(t + 5)) = c?Cov(B(t), B(t), B(t + 5)) + k2Cov(X4(t),
X4(t +9)) + K2Cov(Xs(t), Xs(t + 9)) = (2 + 2?A)t. All other terms
vanish by independence.

The question demanded straightforward manipulation of the independent increments
property and the covariance function.
3 (1) ) The condition for X to be stationary is that the roots of the equation
1 2 _
—oyZ-0,z2" =0

should lie outside the unit circle.

—oy t ol +4
(b) Therootsare —1-N%1 772

2(X2

In the given instance these are oy + o — 2.
If o,® > 2 then we require that
|owa| —yof =2 >1 and |ouy|++/af —2>1
which isequivalent to
2 2
implying that |a,| <1.5.
If, on the other hand, a.1® < 2, then the roots are imaginary and satisfy
2_ 2 2y —
174" =af +(2-af) =2

so that the condition is automatically satisfied.
(i)  The spectral density satisfies
H1(0) fx (@) = Hp(o) fe(w),
where H; isthe transfer function associated with (1 — o,B — a,B?), H, the

transfer function associated with (1 + BB), fx(w) isthe spectral density of X
and fy(w) isthe spectral density of e.
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We have
Hi(w) = |1—oc1eico —oc2e2i°°|2, Hy(w) =1+ Bei@|2 and f(w) = 02/(2n).
Therefore

o2 (1+ [32 +2B Cos(co))

2n <l+ of +a3—2(oy — oy, )cos(o) + 20, COS(Z(D))

fx (@)=

Therewas good understanding of the ARIMA process, which meant that candidates
successfully derived the quadratic equation in part (i), though some were let down by their
knowledge of complex numbers. Part (ii) was a straightforward application of the transfer
function: the fact that marks were on average sightly lower seemsto indicate that it had not
been learned especially well.

4 () R.O=-2ARO+rgRg(0).

(i)  Notethat R, 4(t)=1-R, ,(t). Therefore we have

Fﬁ,u (t) = }“d - (xu +7\'d)Pu,u (t) ]

implying that

d [ (y+rg)t gt
a[e F{J,u(t)J—xde .

Together with the boundary condition P ,(0) = 1, this gives the required
solution.

(iii)

E[U 1% = o] = [ E[1s1%o = Yulds= [P[Ye = Yu Y% = yu]ds= [ Ru(9)ds.

Applying the previous part, thisis equal to

A4 te My 2(1_6—(ku+7»d)t)_
Mutha (g +2q)

(iv)  E[X1Yo=Yu] = Yat+ (Y — Ya)E[U; 1Yo = Vi ]

Mg Ay (Yy = Ya) (gt
= +(y, — t+—u 1-e VT,
{Yd (Y yd)kd"')"u} oy +70g)? ( )

Page 5



Subject 103 (Stochastic Modelling) — September 2003 — Examiners’ Report

In general candidates were able to score well on the first two parts, although a common mistake here
was to have the exponential parameters A4 and A, transposed in the Kolmogorov Forward Equations.
In such cases appropriate credit was given for valid attempts at part (ii).

5 @  M,= e will beamartingaleif E("S 1M |E y=dShon

(i)  Thiswill happen if &€= Ee”n1 = pe’ + qe™®, i.e.if pe?® — f*c+ q=0.

Therefore

c+/20_
e:Ine_ © 4pq.

2p

(iii)  For the OST to hold we require that M is bounded or T, is bounded or M, 1.
is bounded.

Inthisinstance, if c>0and 6 > 0then M, <€’ foral n< T;. Butifc<Oor

6 < 0 then there is no such upper bound and it is not safe to assume that the
OST can be applied.

(iv)  When c> 0, oneroot for 6 is positive, the other negative, since
pe? — P*¢ + g < 0 when 6 = 0. We need the positive root.

Applying the OST, E(M) =My=1aslongasc>0and 6 > 0. Thisimplies
that

1= B )= P E(e ),

Thus

E(e_CTl) :e_e: 2p _ eC_1'e20_4pq

€ +/e —4pg 29

In a number of cases, candidates covered some of part (ii) under part (i) —credit was given in these
cases. In general candidates were able to score well on the bookwork required for part (iii) although
candidates were less successful in tackling the final part.
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6 (i)  Wehave

Tk = Cov(X, X ) =

0n1>co(§: f} J

r:

ZZCOV(Gt r&—k- r)

m19%0ro
Clearly if k> m, @l terms are zero, o that y, = 0.

For 0 < k <m, there are exactly (m— k + 1) non-zero terms, and each of these
covariance terms equals o2. Thus

0 k>m
Y= mkidl 2 k=0,12,..,m
TR 12,

The autocorrelation function is

1 k=0
pr= kil k=12..,m
0 kK>m

(i) For the process to be invertible, we require that the roots of the characteristic
equation should be greater than 1 in absolute value.

We can rewrite the MA model with the aid of the backward shift operator B as
follows:

X -n=Z(1+B+BYe,

The roots of the characteristic equation
1+B+B?=0
areB= -+ 1%i\3,B= Y- 1%i3.
In both cases | B| = 1. Thusthe processis not invertible.

In general candidates made reasonable attempts along the right lines, although this did not always
result in the correct autocorrelation function being calculated. Where possible, some credit was
given for attempts at the second part based on an incorrect part (i).
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7 (1) The original data are clearly subject to seasonal variation, and the size of the
seasonal fluctuationsisincreasing in line with the value of the underlying
quantity. This suggests that the seasonal variation is multiplicative rather than
additive, in which case taking the logarithm is the sensible thing to do. In
addition to this, alook at the plot of y; against time confirms that the variation

is much more regular.

(i) Seasonal variation is a predictable pattern of deterministic variation in the
mean of the process which is cyclic, i.eit repeats after a fixed number of time
periods, usually corresponding to ayear of elapsed time.

A linear trend is a deterministic pattern of variation in the mean of the process
which islinearly dependent on the time variable, i.e. is of the form a + bt.

There are various possible answers. Possible methods include:

@ Estimate the trend by linear regression and remove it, then, for each
month, calcul ate the sample mean value for that particular month over
al fiveyears. From every detrended observation subtract off the
appropriate seasonal mean to obtain seasonally adjusted data

(b) Remove the linear trend by differencing the data once, then remove the
seasonal variation by seasonal differencing. In other words,

% = (1-B®)(1-B)y,.

@ (a The fact that the sample ACF is not near 1 for small lagsis the most
obvious pointer to the stationarity of the adjusted data set.

(b) The clue here is the highest lag for which the ACF or PACF is
significantly different from 0. Looking at the sample ACF we might
suggest that aMA(3) might fit, as the sample ACF isroughly zero for
k> 3. Similarly, alook at the sample PACF seems to indicate an
AR(3). But it might well be possibleto find an ARMA(1,1) which
would fit adequately. In other words, d = 0 and either p=0,g=3 or
p=3,g=0orp=1,9g=1.

(iv)  Wehavey; = m + z, where m represents deterministic variation and z isa
purely random component. The process of seasonal adjustment and
detrending has produced an estimate rfy for m which can be extrapolated into

the future. Thuswe have Ygy(1) = Mg + 250(1) , which in turn leads to
60(D) = exp(Yeo(1))-

Neither the discussion of how to deal with seasonal variation nor the practical part to do with model
identification was especially well tackled.
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(1) Transition graph:

OO 0O OO0

(Transition probabilities are a. to the right and 1 — o to the left.)

The transition matrix is

1- o 0 0 O O
l-a O 0 O O

P 0O 1-a O o 0O O
0 0O 1-a O a O

0 0 0O 1-a 0 a

0 0 0 0 1-a «

(i) @ The equations nP = &t read

mo(l-a) + (1 -a) =mg
oot + (1 —a) =my
mo+ ma(l-a) =7y
oo+ my(l— ) =7y
naa+ m5(l-a) =my

Ty + 50, = Mg

(b) Discard last equation and solve first one in terms of g

(1 - ) =mp(1 - (1 - a))

ST =

o
T
1-o ©

2
m(l-a) = no(lf‘a—a):no &

(© Find ny by normalisation:
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o 8

5 a ) 1_(1 j

-\ - _ —a
1= ijonj —nozjzo(—j =My ————

(ili)  For aconsistent profit the company requires that ming.,<q5 P(a) > 0, where
P(a) isthe expected profit when annual clam rateis a.

Expected long-term annual income from one customer is Z?zon i P, where P,

is the premium payable in discount level j, and expected annual claims
=C(1 - o), so expected profit is

a

P@)=Y° plP 2P _C(1-a), wherep = =

=P 17T 6

Candidates showed a good understanding of Markov chains here, with many candidates achieving a
high score. For the final part of the question, a large number of candidates only gave a cursory
explanation and were unable to score the full marks.

(1) Use the inverse distribution function method.

F(t) =1- P(T > 1), so that

Ft)=1- exp(— j;s(a+ bx)dxj =1- exp(—o.sb(t2 —65%)—a(t - 65)).
Rearranging,
b

Et2 +at —%652 —65a+log(1l- F(t)) =0,

or, in other words,

F i) = ~a+/a? +(65b)? + 20 65a— log(1-u)]
- : |
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Since the ssmulated variable must be positive, the positive root is required.
The method, then, isto generate a pseudo-uniform random variable U in the
range [0,1] and to set

. —a+/a’ +(65b)? + 20[65a—log(1-U)]
- b

(i) @ Y isaBinomial random variable, with parametersn = 10 and

75
p= exp{ I(a+ bx)dx} = exp(—700b—-10a).
65

Let G(y) be the distribution function of Y and let U be a single uniform
pseudo-random variable on [0,1]. Thenset Y =min{y:G(y)>U}.

(b) Although this method requires a certain amount of computing time to
evaluate the distribution function G, this only has to be done once;
thereafter, only one value of U is needed to generate each value of Y,
as opposed to the ten values of U which are required in the other
method.

(iii)  Itisimportant to use the same sequence of pseudo-random numbers in each
case, otherwise we are not comparing like with like.

Many candidates correctly identified that the inver se transfor mation method was required, although
ina surprisingly high proportion of cases marks were lost because of errorsin the algebra /
integration. The later parts of this question, dealing with the comparison of two methods of
generating discrete random variables, were in general less well done.

10 () A geometric Brownian motion can be defined as a process
S = §exp(ut +oB;) , where B, is a standard Brownian motion.
It satisfies the SDE dS = puSdt +cSdB,.

Alternatively, use the definition S = S exp(ut + oB;) , which satisfies the SDE
ds :[p+%02}$dt+c$d8t.

(i)  Weusethelto formula (we must have the form where F isafunction of t as
well as x):

oF (t,X;) = (R/(t, X,) + 30 Fe(t, X)) dt+ oFy (8, X, ) dX,

Let Y, =€ (X;—¢)=F (t,X;). Then Y(0) = xy and
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(iii)

(iv)

(v)

Page 12

dy, = ol(e‘“(xt —c))
= (€™ [X, -] - ae” X, -] )dt + e dB;

= ce™dB,

t
Hence Y(t)=x,-c+o J' e*°dB;

s=0
t
and so X, =c+e ¥ (x—c)+ce ™™ j e*°dB; .
s=0

The required condition for the stationary density = of the diffusion Y solving
dY; = p(Y;)dt + o(Y;)dB, , from the Core Reading, is

9 1at) w1 =% 2 [02y) 7]
dy dy?

Two ways to do this. From (i),
ot 2 (1 _—2q(t-s) —ot c” 2t
X; ~N(c+e “(x-¢),c Ie “Sds) =N c+e°‘(x0—c),—[1—e “J
0 20

The limiting distribution, ast — oo, isN(c, 6%/(2a)). A limiting distribution is
always stationary.

Alternatively, in thisinstance we have u(x) = —a(x-c), o(X) = ¢, so the
condition given in (ii) is that

—om(X) — (X —C)'(X) = %Gzn"(x) .

The solution to thisDE is

2
n(X) = const.exp(—w] ;
(¢

which is the density function of N(c, 6%/(2a)).
A function of the form Ax? for all x > 0 cannot integrate to 1, no matter what

the values of A and b. This meansthat there is no stationary density function
© for the geometric Brownian motion.
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It would be surprising if there had been: it iswell known that Brownian
motion is non-stationary, and therefore that geometric Brownian motion is
also a non-stationary process, So cannot Possess a stationary density.

Marks were poor for Question 10. Candidates should note that the referencein part (iv) of the
guestion to "the equation in (i)" was incorrect and should have read "the equation in (ii)". Whilst at
least some candidates were still able to complete this part of the question, allowance was made in the
marking of scripts for thiserror.

It seemed that candidates had not committed to memory the formula for the equilibrium density of a
diffusion process, presumably because it had not been asked before.

11 () Model fitting: this occurs after the family of model has been decided and
concerns the estimation of the values of parameters. The set of parametersto
be estimated is determined by the choice of model family.

Model verification: once the model has been fitted we need to check that the
fitted process resembles what has been observed. Generally we produce
simulations of the process, using the estimated parameter values, and compare
them with the observations.

(i) The parameters are the rate of leaving state i, ;, for each i, and also the jump-
chain transition probabilities, rj; for j =i, where r;; is the conditional
probability that the next transition takes the chain to statej given that it is now
instatei. Alternatively, one may regard the parameters as being oj;, where o;
=-Xand, forj #i, o;; = A 1y

Assumptions of the Markov model are that the duration of holding timein
state i has exponential distribution with parameter determined only by i and is
independent of anything that happened before the current arrival in state i, and
that the destination of the next jump after leaving state i isindependent of the
holding timein state i and of anything that happened before the chain arrived
instatei.

(i)  A;* istheaverage duration of each stay in statei. Thus i, = % per minute, or

10 per hour, iz = % per minute or 1.5 per hour, 713 = 3—10 per minute, or 2 per

hour.

. 3 . _5 4 R
o=g M3=g: 12157, 3=

[En

Y

v 131

and f32 =

Nl w
o N
|

D

Thus the generator matrix, in units of hr1, is
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-10 375 6.25
0375 -15 1125
175 025 -2

(iv)  Onetest should test whether the holding times in each state are exponentially
distributed. If T; , denotes the kth holding time in state i, then the hypothesisis

that T; 1, Ti 5, ..., Tj i isasample from an exponential distribution with
parameter ii . sort the observations into categories, calculate expected number
in each category and hence find the X2 statistic by summing (O —E)%E. This

should be compared with the critical value of the %2 distribution with m— 2
d.f., where misthe number of categories.

(V) Estimate of expected duration of avisit to state 1 is6 mins, so thisisthe
estimated time until the 21 transition.

Estimate of expected time between 21% and 22™ transitionsis

E(Time | transition isto 2) P(transitionisto 2) + E(Time | to 3) P(to 3)
=40 x (3/8) + 30 x (5/8) = 33.75 mins.

Attempts to fit the model to the observed data were generally sensible and encouraging,
although in a minority of cases the calculation of the parameter estimates betrayed evidence
of some confusion. There was a tendency to be less successful as the question continued,
with the result that attempts at the final part were of a noticeably lower standard.
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