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It all depends… 
Copulas and capital 
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Copulas 

• Understanding them 

– What are copulas 

– Types (usual and not usual) 

 

• Observing them 

– Impact on overall capital  

– Impact on allocated capital 

 

• Choosing them 

– Ideas on how to choose 

– Next steps 
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Disclaimer / rationale 

• Non technical, although there is technical information here for 

reference 

• A recruiting call for help on developing guidelines to help 

insurers select and parameterise dependency 

• These are some of the initial results I’ve been producing with 

much more still to be done. 
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What is a copula? 

A function which transforms marginal distributions into a joint 

probability distribution. 

An m-dimensional copula associated with m marginal 

distributions Fi is a function C which: 

• Maps [0, 1]m → [0, 1] and satisfies 

• F(y1, . . . , ym) = C(F1(y1),...,Fm(ym);θ) 

where θ is a parameter (or set of parameters) of the copula 

Interesting detail on Archimedean/Elliptical forms and on 

Frechet–Hoeffding bounds which may be useful but has not been 

included here for non-technical sanity purposes. 
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Benefits of copulas 

• The marginals and the dependence structure can be specified 

separately 

• We often know a lot more about the marginals than the joint 

probability distribution function 

• We can separate the exercise of modelling into the two 

components 

• They introduce desirable properties into the joint CDF, and can 

be controlled to a degree through simple parameters. 
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Comparison 

Variations of copulas “AKA” 

Product Independence 

Gaussian Standard correlation 

Student’s T The only tail dependent copula we use 

Gumbel 

Clayton 

Frank 

Farlie–Gumbel–Morgenstern (FGM) 

Ali-Mikhail-Haq (AMH) 
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“Pub quiz” 
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All from copula’s with 50% 

output correlation coefficient 

“All shapes and sizes” 
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Copula types: “Product” 

 

  

 

Where there is no correlation parameter 𝜃 

 

Some features 

The two marginals are independent 

The copula is simple to understand 
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C 𝑢1, 𝑢2  = 𝑢1. 𝑢2
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Copula types: “Product” 
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All output correlation 

The plotted realisations are uniform 
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Copula types: “Gaussian” 

 

 

 

Where Φ is the CDF of the standard normal distribution 

And Φ𝐺 is the standard bivariate normal distribution with correlation θ 

Some features: 

Dependence is symmetric in both tails 

It does not exhibit variable tail-dependence 
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C 𝑢1, 𝑢2, 𝜃  =   
1

2𝜋 1 − 𝜃2
1
2

.
Φ−1(𝑢2)

−∞

−(𝑠2 − 2𝜃𝑠𝑡 + 𝑡2)

2(1 − 𝜃2)

Φ−1(𝑢1) 

−∞

 dsdt

 

 



Colour palette for PowerPoint presentations 

Dark blue 

R17  G52  B88 

Gold 

R217  G171  B22 

Mid blue 

R64  G150  B184 

Secondary colour palette 

Primary colour palette 

Light grey 

R220  G221  B217 

Pea green 

R121  G163  B42 

Forest green 

R0 G132  B82 

Bottle green 

R17  G179  B162 

Cyan 

R0  G156  B200 

Light blue 

R124  G179  B225 

Violet 

R128  G118  B207 

Purple 

R143  G70  B147 

Fuscia 

R233  G69  B140 

Red 

R200  G30  B69 

Orange 

R238  G116  29 

Dark grey 

R63  G69  B72 

Copula types: “Gaussian” 
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Output correlation 50% 

Symmetry appears to be obvious 

Far fewer events in counter comonotonicity 

Output correlation 25% 

A slight bunching in the left and right tail is 

visible 

There are still noticeable events occurring in 

the counter comonotonicity spaces 
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Copula types: “Students T” 

 

 

 

Where 𝑡−1(𝑢1) is the inverse of the cdf of the standard univariate t-distribution 

𝜃1 is the degrees of freedom 

𝜃2 is the correlation matrix 

Some features: 

𝜃1 controls the heaviness of the tails 

As 𝜃1 tends to infinity, the copula tends to the Gaussian 

For 𝜃1 <3, the variance of the joint probability distribution does not exist 

Dependence is symmetric in both tails 
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C 𝑢1, 𝑢2, 𝜃1, 𝜃2  =   
1

2𝜋 1 − 𝜃2
2
1
2

𝑡−1(𝑢2)

−∞

𝑡 −1(𝑢1) 

−∞

. 1 +
𝑠2 − 2𝜃2𝑠𝑡 + 𝑡

2

𝜃1(1 − 𝜃2
2)

−
𝜃1+2
2

𝑑𝑠𝑑𝑡  
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Copula types: “Students T 1” 
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Output correlation 25% 

Both significant positive and negative 

dependency is visible 

Symmetry is observable 

Output correlation 50% 

Both significant positive and negative 

dependency is visible. 

High degree of dependence in the right and 

left tail. 
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Copula types: “Students T 5” 
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Output correlation 25% 

At lower correlation, a slight bunching in the 

tails is visible, but overall visibly does not 

appear to be significant dependence. 

Variance exists and the cross effect 

disappears 

Output correlation 50% 

Symmetrical dependence in left and right 

tails is visible 
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Copula types: “Students T 10” 
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Output correlation 25% 

At lower correlation, a slight bunching in the 

tails is visible, but overall visibly does not 

appear to be significant dependence. 

Variance exists 

Output correlation 50% 

Symmetrical dependence in left and right 

tails is visible 
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Copula types: “Gumbel” 

 

 

 

Where the dependence parameter 𝜃 is defined on  the interval [1,∞).  

 

Some features: 

Values of 1 and ∞ correspond to independence and the Frechet upper bound. 

The Gumbel copula does not accommodate negative dependence, 

Gumbel exhibits strong right tail dependence and weak left tail dependence. 
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C 𝑢1, 𝑢2, 𝜃  = 𝑒
 −  (− ln 𝑢1)

 𝜃
 +(− ln 𝑢2)

 𝜃
 
  
1
𝜃

 



Colour palette for PowerPoint presentations 

Dark blue 

R17  G52  B88 

Gold 

R217  G171  B22 

Mid blue 

R64  G150  B184 

Secondary colour palette 

Primary colour palette 

Light grey 

R220  G221  B217 

Pea green 

R121  G163  B42 

Forest green 

R0 G132  B82 

Bottle green 

R17  G179  B162 

Cyan 

R0  G156  B200 

Light blue 

R124  G179  B225 

Violet 

R128  G118  B207 

Purple 

R143  G70  B147 

Fuscia 

R233  G69  B140 

Red 

R200  G30  B69 

Orange 

R238  G116  29 

Dark grey 

R63  G69  B72 

Copula types: “Gumbel” 
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Output correlation 25% 

Even at lower correlation the strong right tail 

dependence becomes visible. 

Output correlation 50% 

Teardrop shape of asymmetric right tail 

dependence is clearly visible. 
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Copula types: “Clayton” 

 

  

 

Where the dependence parameter 𝜃 is defined on  the interval (0,∞).  

 

Some features 

As 𝜃 tends to 0 it approaches the product copula. 

The Clayton copula cannot accommodate negative dependence 

Clayton exhibits strong left tail dependence and weak right tail dependence 
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C 𝑢1, 𝑢2, 𝜃  =  𝑢1
−𝜃 + 𝑢2

−𝜃 − 1 
  − 
1
𝜃
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Copula types: “Clayton” 
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Output correlation 25% 

Even at lower correlation the strong left tail 

dependence becomes visible. 

 

Output correlation 50% 

Teardrop shape of asymmetric left tail 

dependence is clearly visible. 
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Copula types: “Frank” 

 

  

 

Where the dependence parameter 𝜃 is defined on  the interval (-∞,∞).  

 

Some features 

At 𝜃 = 0 the marginals are independent 

Dependence is symmetric in both tails and both Frechet bounds are included 

Dependence in the tails is weak but the strongest dependence is in the middle of the 

distribution 
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C 𝑢1, 𝑢2, 𝜃  =−𝜃
−1 log 1 +

𝑒−𝜃𝑢1 − 1 𝑒−𝜃𝑢2 − 1

𝑒−𝜃 − 1
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Copula types: “Frank” 
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Output correlation 25% 

At lower output correlation relatively little 

dependence is visible 

Output correlation 50% 

At higher output correlation the dependence 

in the tail visibly appears weaker than for 

other copulas 
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Where the dependence parameter 𝜃 is defined on  the interval [-1,1]  

 

Some features 

As 𝜃 tends to 0 it approaches the product copula. 

Dependence in the tails is weak so only used where dependence is relatively modest 
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C 𝑢1, 𝑢2, 𝜃  =𝑢1𝑢2(1 + 𝜃 1 − 𝑢1 1 − 𝑢2 ) 
    

Copula types: “Farlie–Gumbel–Morgenstern” 
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Copula types: “Farlie–Gumbel–Morgenstern” 
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Output correlation 25% 

Relatively little dependence is visible. 

Output correlation 50% 

Was not able to obtain 50% output 

correlation, achieved ≈ 33% 
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Where the dependence parameter 𝜃 is defined on  the interval [-1,1]  

 

Some features 

As 𝜃 tends to 0 it approaches the product copula. 

Allows positive and negative dependence 

Dependence in the tails is weak so only used where dependence is relatively modest 
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C 𝑢1, 𝑢2, 𝜃  =
𝑢1𝑢2

1 − 𝜃 1 − 𝑢1 1 − 𝑢2
     

Copula types: “Ali–Mikhail–Haq” 
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Relatively little dependence is visible 

Output correlation 50% 

Was not able to obtain 50% output 

correlation, achieved ≈ 33% 
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Comparison 

Frechet 

lower 

Frechet 

upper 

Symmetry Tail 

strength 

Negative 

dependence 

Product Yes No N/A N/A N/A 

Gaussian Yes Yes Yes Symmetric No 

Student’s T Yes? Yes? Yes Symmetric Yes 

Gumbel No Yes No Strong right No 

Clayton No Yes No Strong left No 

Frank Yes Yes Yes Symmetric Yes 

FGM No? No? Yes Symmetric 

AMH No  No No Weak Yes 
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Example: Total capital 

• Details of the set-up 

– 2 classes simulated as marginals and then combined with the copulas 

– 100 000 simulations, capital using 99.5th VaR 

 

• Classes: Both log-normal and both with the same parameterisation 

– Mean of 60 

– SD of 40 

 

• Dependence structure chosen so that  

– Correlation coefficient ≈ 25% 

– Kendall Tau ≈ 17.5% 

– Spearman Rho ≈ 25% 

– Sensitivity has the correlation coefficient at ≈ 50% 

 29 
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Selected parameters 

Copula Param min Param max Selected for 

25% output 

Selected for 

50% output 

Gauss 0 1 0.27 53% 

T1 0 1 0.30 55% 

T5 0 1 0.25 55% 

T10 0 1 0.25 52% 

Gumbel 1 inf 1.2 1.55 

FGM -1 1 0.76 0.9999 

AMH -1 1 0.625 0.9999 

Clayton 0 inf 2.5 0.9 

Frank -inf inf 0.22 0.03 
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Total capital: Standard results 

Class A Class B Aggregate1 

Mean claims 59.9 60.1 120.0 

SD claims 39.7 39.8 62.7 

99.5th claims 237.5 234.9 379.4 

Stand alone capital 177.6 174.8 259.4 

Allocated capital2 127.0 132.6 259.7 

31 

1 Assuming a Gaussian copula, 25% correlation 
2 Using the average of the 41 sims surrounding the 99.5th VaR 
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Total capital: Copula results 
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Total capital: Copula results 

33 

 -

 50.0

 100.0

 150.0

 200.0

 250.0

 300.0

 350.0

 400.0

Multinormal Product Clayton FGM AMH Frank MultivariateT
10

MultivariateT 5 Gumbel MultivariateT 1

T
o

ta
l 
C

a
p

it
a
l 

Total capital (TVaR) at 25% output correlation 



Colour palette for PowerPoint presentations 

Dark blue 

R17  G52  B88 

Gold 

R217  G171  B22 

Mid blue 

R64  G150  B184 

Secondary colour palette 

Primary colour palette 

Light grey 

R220  G221  B217 

Pea green 

R121  G163  B42 

Forest green 

R0 G132  B82 

Bottle green 

R17  G179  B162 

Cyan 

R0  G156  B200 

Light blue 

R124  G179  B225 

Violet 

R128  G118  B207 

Purple 

R143  G70  B147 

Fuscia 

R233  G69  B140 

Red 

R200  G30  B69 

Orange 

R238  G116  29 

Dark grey 

R63  G69  B72 

Total capital: Copula results 
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Total capital: Sensitivity 
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Example: Capital allocation 

• Details of the set-up 

– 2 classes simulated as marginals and then combined with the copulas 

– 100 000 simulations, capital using 99.5th VaR 

 

• Classes: Both log-normal, but: 

– one more like a low freq / high severity class (mean = 30, SD = 70) 

– one more high freq / low severity class (mean = 70, SD = 30) 

 

• Capital allocation measures used: 

– Proportional to VaR 

– Proportional to TVaR 

– Average of 41 sims around the 99.5th VaR 
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Capital allocation: Standard results 

Class A Class B Aggregate1 

Mean claims 30.3 70.1 100.4 

SD claims 70.3 30.2 68.7 

99.5th claims 411.8 186.5 507.8 

Stand alone capital 381.5 116.4 407.4 

Allocated capital2 
361.4 46.8 408.2 

37 

1 Assuming a Gaussian copula, 25% correlation 
2 Using the average of the 41 sims surrounding the 99.5th VaR 
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Capital Allocation Results 

38 

0% 20% 40% 60% 80% 100%

Product

Clayton

AMH

FGM

Frank

MultivariateT 10

MultivariateT 5

Multinormal

Gumbel

MultivariateT 1

Prop to VaR 

% to Class A

% to Class B

0% 20% 40% 60% 80% 100%

Prop to TVaR 

% to Class A
% to Class B

0% 20% 40% 60% 80% 100%

Average sims 

% to Class A
% to Class B



Colour palette for PowerPoint presentations 

Dark blue 

R17  G52  B88 

Gold 

R217  G171  B22 

Mid blue 

R64  G150  B184 

Secondary colour palette 

Primary colour palette 

Light grey 

R220  G221  B217 

Pea green 

R121  G163  B42 

Forest green 

R0 G132  B82 

Bottle green 

R17  G179  B162 

Cyan 

R0  G156  B200 

Light blue 

R124  G179  B225 

Violet 

R128  G118  B207 

Purple 

R143  G70  B147 

Fuscia 

R233  G69  B140 

Red 

R200  G30  B69 

Orange 

R238  G116  29 

Dark grey 

R63  G69  B72 

Capital Allocation Results 

09 October 2013 39 

0.7

0.8

0.9

1.0

Multinormal MultivariateT 1 Gumbel MultivariateT 5 MultivariateT 10 Frank FGM AMH Clayton Product

Proportion of capital to class A (more severe) 



Colour palette for PowerPoint presentations 

Dark blue 

R17  G52  B88 

Gold 

R217  G171  B22 

Mid blue 

R64  G150  B184 

Secondary colour palette 

Primary colour palette 

Light grey 

R220  G221  B217 

Pea green 

R121  G163  B42 

Forest green 

R0 G132  B82 

Bottle green 

R17  G179  B162 

Cyan 

R0  G156  B200 

Light blue 

R124  G179  B225 

Violet 

R128  G118  B207 

Purple 

R143  G70  B147 

Fuscia 

R233  G69  B140 

Red 

R200  G30  B69 

Orange 

R238  G116  29 

Dark grey 

R63  G69  B72 

Capital Allocation Results - sensitivity 
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Capital Allocation Results - sensitivity 
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Key observations 

• A measure of correlation does not mean much without 

considering the dependency structure.  25% correlation can 

mean a +10% to -20% range of capital numbers. 

• In capital allocation, it is the combination of allocation 

methodology and copula that forces decisions. 

• In the simple example, expected return on capital can be +-

10% depending on the copula. 
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Choosing them 
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Parameterising copulas 

Given the impact a copula can have, how do we select the most 

appropriate. 

• Challenges: 

– Data is limited 

– Knowledge is limited 

– Market practice creates inertia 

• Approaches: 

– Use what data you have, supplement with scenarios 

– Improve internal understanding 

– Examine alternatives 

44 
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Parameterising copulas 

Thoughts on angles of attack: 

• Consider the characteristics of each copula such as symmetry, 

strength of dependency etc. 

• Examine metrics such as conditional tail exceedance 

• Build scenarios of losses at various percentiles to augment 

data, and overlay over copula plots 

• Theoretically possible to build maximum likelihood estimators 

of either 

– full copula with marginals, or  

– copula after marginals 
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Parameterising copulas 

1) Characteristics of each copula 
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Symmetry Tail Negative 

dependence 

Etc. 

Product N/A N/A N/A 

Gaussian Yes Symmetric No 

Student’s T Yes Symmetric Yes 

Gumbel No Strong right No 

Clayton No Strong left No 

Frank Yes Symmetric Yes 

FGM Yes Symmetric 

AMH No Left Yes 
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Parameterising copulas 

Metrics such as conditional tail exceedance { Pr[b>x|a>x] } can 

be useful for evaluating the extent of tail dependence. 
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Parameterising copulas 

Augment data 

• Overlay both actual data points and created scenarios over 

rank plots of copulas to compare the consistency 

 

Maximum likelihood 

• Theoretically it is possible to build a MLE function for either 

parameterising the joint distribution in totality, or for 

parameterising the copula form after the marginal have been 

set. 
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Summary: Parameterising copulas 

• Use what data you have, supplement with scenarios 

• Improve internal understanding 

• Compare alternatives 

• Consider the differentiating characteristics of each copula 

• Examine metrics such as conditional tail exceedance 

• Augment data, and overlay over copula plots 

• Maximum likelihood estimators? 
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Copulas: In summary 

• Copulas have distinct shapes and characteristics 

• Even at consistent output correlation, the copula influences 

decisions we make 

• To attack, we need to consider both mathematical and 

judgment basis 
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Next steps 

• Consider this in a multivariate (>=3) environment 

• Consider the impact of dependency between frequencies on 

net capital 

• Develop more robust guidelines on ways to select and 

parameterise dependencies 

• Call for possible working group volunteers 
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of Actuaries and its staff are encouraged. 

The views expressed in this presentation are those of the presenter. 
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Appendix: Frechet–Hoeffding bounds 

• For any m-variate joint cdf F(𝑦1, . . . , 𝑦𝑚) with univariate 

marginal cdfs 𝐹1,...,𝐹𝑚, the joint cdf is bounded below and 

above by the Fréchet–Hoeffding lower and upper bounds, 𝐹𝐿 
and 𝐹𝑈, defined as: 
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𝐹𝐿 𝑦1, … , 𝑦𝑚  =𝑚𝑎𝑥  𝐹𝑗 −𝑚 + 1, 0

𝑚

𝑗=1

= 𝑊 

𝐹𝑈 𝑦1, … , 𝑦𝑚  =𝑚𝑖𝑛 𝐹1,...,𝐹𝑚 = 𝑀 
 

, and 


