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QUESTION 1
Syllabus: 8.1
Reading: Hull Ch 4.5
(i)

The forward interest rate for year the period (m, n) is the future reinvestment rate implied by
the current zero coupon rates covering the start and end of the period.

Let f,, betheforward rate for the period (m, n).

If 1 unit of cash isinvested for aterm of myearsin azero coupon bond, then at time m at the
start of the time interval (m, n), this would have accumulated to (1+ z,)™.

If the proceeds of this myear zero coupon bond were reinvested over the time interval (m, n),
then the proceeds would accumulate further by afactor (L1+ fr,)™™.

Instead of reinvesting the proceeds of the m-year zero coupon bond for the interim period
n —m, one could simply invest in an n-year bond, where 1 unit would accumulate to (1+z,)".

The two procedures invest the same amount of money for the same period, so (in the absence
of arbitrage) they must produce the same proceeds.

Therefore f,,, isthe solution of:

@+ Z) @+ Frp )™ = L+ 2,)"
(ii)

If the n-year zero-coupon rateis z, and the equivalent (n-year continuously compounded)
force of interest is §,,, then:

enén — (1+ Zn)n
i.e. 8, =log(1+ z,) by taking logarithms and dividing by n.
Using theresult in (i):
n
(1+ fm’n)(n—m) — (1+ Zn)

(1+2,)"
_ enlog(1+zn) /emlog(1+zm)

_ enlog(1+zn)—mlog(1+zm)
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Taking logarithms of both sides gives

(n—-m)log(1+ fy, ) =nlog(1+ z,) — mlog(1+ z.,)
< (n_m)sfm,n =Ndy, —Mdp,
Nt 6fm,n = (n6n - mSm)/(n_ m)

where &, , isthe force of interest in respect of the (continuously compounded) forward
rate.

(iii)

[Candidates may calculate either the annually compounded or continuously compounded
rate)

The forward interest rate for year 15 is given by the solution f of:

1.049" @1+ f)=1.05"

15
— f =105 / -1
1.049*
= 6.41%

[ Thus the continuously compounded forward interest rate isloge(1.0641) = 6.21%.]

Alternative solution

Use 8¢ mp=(ndp - mSp,)/(n—m)=>
8¢ mn = (1510g(1.05) — 14109(1.049))/(15-14) = 0.0621.
[ Thus the annually compounded forward rateis 062l _q - 6.41%.]
Comment
Therate of interest in year 15 is considerably higher than the zero coupon rates for 14 or 15
years. That isbecause the rise from a 14-year average of 4.9% to a 15-year average of 5%,

although small, has to be accounted for entirely by the increase in the final year.

Approximately, in annual terms the forward rate will be need to be higher than the 14-year
zero rate by 15 x (5.0% — 4.9%) = 1.5%, which it is.
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QUESTION 2
Syllabus: 6.2, 6.4, 7.1.2
Reading: Baxter and Rennie Ch 3.3, Hull Ch 10.6, 11.5

(i)

Ito’s formula (or lemma) forms the basic extension of differential calculus to variables which
are stochastic in nature.

It is used to derive stochastic differential equations (SDEs) for derivatives whose payoffs

depend on the evolution of a stochastic process. These SDEs can then be solved analytically
or numerically to give derivative prices and sensitivities.

(ii)

Firstly, note that the PDE’s for the derivativesin (a) and (b) are identical, because they follow
the same underlying process. Only the boundary conditions differ.

Letds=us+ osdz
Define derivative as “f(s,t)”. From Ito’s lemma the stochastic processis:

df = ( % us + % + %%czsz)dﬁ % osdz

Construct a portfolio  consisting of one unit of derivative and o units of stock:
n=f+as

over asmall timeinterval,

An = Af+ o As

or, using the discrete versions of the stochastic process above

df of 1d%f , of
AT=A{ uS — +aus+ —+ = —= 0’} + AZ{ — oS+ acs
A u s BT 292 ° J { s oS}

Thus, if oo ischosento be o = _aﬂ
S

2
An:At{ﬂ o1 %GZSZ}
& 2 os

Since this portfolio isriskless, it will earn the riskless rate of return, i.e. An = rrAt
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Thus,

2
- Lg=L 2T g
oS ot 2 0s

o, a1t
rf—a—+rs—+zc 052

Boundary conditions for (a)

f>0for0O<t<T
f=max (s—kQ)att=T

Boundary conditions for (b)

>0for0O<t<T
=max (¥—k O)att=T
>~k for0<t< T (Americanfeature)

f
f
f
(iii)
In both cases the instantaneous stock hedgeis afé .

However, the solutions to the P.D.E. will be different in each case and therefore the amounts
are different.

Whilst neither hedge will be constant with respect to stock price, the hedge in the squared pay
out option will change more rapidly.
(iv)

Even though the volatility element of the processis now more complicated and depends on
timet, itisstill deterministic (i.e. not stochastic).

Therefore the same differential equation of value isvalid, and so the answersin (ii) will be
identical, except that ¢ will be replaced by coe ™t

For the hedges, these depend on the solution to the P.D.E. which will be different because of
the time dependent volatility factor.
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QUESTION 3

Syllabus: 6.110 6.3

Reading: Baxter & Rennie Ch 3—for part (ii) see Exercise 3.9
(i)

(8 The continuous process W, is P-Brownian Motion if and only if

1. Wy,=0

2. Under probability measure P, W, ~ N(O,t) .

3. Theincrement W, s —W; is distributed as anormal N(O, t), under P, and is
independent of the Fg, the history of what the process did up to time s.

(b) Thetwo measures P and Q are equivalent if and only if

1. They operate on the same sample space; and
2. They agree on what is possible (and what is impossible)

Alternative answer: If A isany event in the common sample space on which Pand Q
operate, then P and Q are equivalent if and only if P(A)>0< Q(A) > 0.

(i1)
W, isclearly continuous. We need to show that it satisfies the three necessary and sufficient

conditions for a continuous process to be Q-Brownian Motion.

e 1 \ip=0.
2. Under probability measure Q, W, ~ N(O,t) .
3. Theincrement W,  —W; is distributed as anormal N(0, t), under Q, and is
independent of the Fg, the history of what the processdid up to times. ]

First condition:

WO :W0+’YXO

Second condition:

The second condition will be met if the third condition is met in the special case withs=0.
Therefore we only need to show that the third condition is met for all s (including s=0).
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Third condition:

(W, s —W;) ~ N(0,t) under Q and independent of F,
< the moment generating function Eq, [exp(e(\M os—WQ))| FS} = exp(% czt)

& Eqlexp(0W,s—Ws +1(t+9)—11)) | Fs] = exp($0°t)

1
PN g—Ep [Gres ©XP(B0M,s ~Ws +71)) | Fs | = exp(%czt) ....................... (*1)

S

where the last line follows from the Radon-Nikodym result for equivalent measures P and Q.

Now, since Wy —W,) ~ N(O, T —t) under P, and isindependent of F
it follows that

¢ =Ep _g—gl Ft:l

~ Ep | exp(~W 477 IR, |

- Ep :exp(—v(Wr ~W))exp( -y ~$7°T) | Ft}
= exp( YW, ~37°T) exp(-y(Wr - W)

= exp( -1V -3v7)

So the left hand side of (*1) equals
exp(Gyt —%yzt) Ep [ eXp((0—1)Wh,s ~We)) | Fg ] woovovie v (*2)

Again, since W, s —W; isN(O, t), and independent of F ...
... the expectation factor in (*2) isequal to exp(% (6- y)zt) .

Thus the left hand side of (*1) becomes:

exp(eyt —%yzt)exp(%(e—y)zt) = exp(%ezt) = RHS of (*1). asrequired.

(iii) Significance

The effect of changing the probability measure from P to Q isto introduce a constant drift
into the process, i.e. W has no drift under P but a constant drift of -y under Q.
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[ A more general result than this, for an F-previsible processy;, isin fact the basis of the
Cameron-Martin-Girsanov theorem.]
QUESTION 4 N.B. Requires Page View for thisquestion

[These diagrams are for illustration only. They will be replaced with accurate onesin due
course. At present, they would not in themselves attract full marks!]

Syllabus: 1.1, 1.4, 7.4
Reading: Hull Ch 8, 13.6

(i)

(a) Buy 1 European at-the-money call option

2m
3m R
) now
-——-—--_________::::=|=’7 ‘——””
(b) Sell 2 European put options strike 80
Sell 2 European call options strike 120
Buy 1 European call option strike 110
Buy 1 European put option strike 90
et I [ A
/ T F | now
7 80 90 100 110 120 - 2m
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(i) Gammafor option (i) (a)

«~ hearly 3m

/Zm
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QUESTION 5
Syllabus: 7.4
Reading: Hull Ch 13.4

(i)
(a) [One of these three definitions will suffice]

The delta A of aderivative is defined as the rate of change of the value of the derivative with
respect to the price of the underlying security.

OR

If we consider the value of the option as a function of the underlying security V,(S) , then A
isthe slope of the tangent to this function evaluated at the point S.

OR

In algebraic terms:

_Na
A=—5 (%)

(b) A deltahedge of an option position is an equal and opposite position in the underlying
security such that the net instantaneous sensitivity to movementsin the price of the
underlying security isnil.
(if)
(a) Option value
The value of Put option is given by Black-Scholes:

Vp = Xe " N(~d,) - SN(-dy)

where

| :In(%()+(r+%oz)T
1 G\/-l__
d2 :dl—G\/?
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When S=100, X=93,r =0.05,6=0.20, T=3

d, = 0.81571
d, = 0.46930
N(-d,) = 0.20733
N(-d,) = 0.31943

and hence Vp = 4.83556 per option, per share.

On 2,000 shares, the option is worth:
2,000 x 4.83556 = 9,671.1
Delta
Since A isthe coefficient of the Sterm in Black-Scholes, hence

A =—N(-d;) =-0.20733

(b) Delta Hedge

As Aisnegative, ashort position in the option means the overall effect of the position islong,
so it should be hedged with a short position in the underlying stock.

Thisinvolves selling 0.20733 shares for each option on one share, so on 2,000 shares it
involves selling 414.665 shares (which can be rounded to 415 shares).

These currently are worth —100* 414.665 = -41,466.5 (i.e. a short position).
The short position in Put options and the short position in shares is matched on the balance
sheet by along position in risk free 3-year zero coupon bonds. This requires an investment
in:

Xe TN (—d,) = 25.56882 of zero coupon bonds per option per share.

With 2,000 shares, this means taking along position in:

100 x 20 x 25.56882 = 51,137.6 of 3-year zero coupon bonds.
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Summary (not required in the solution):

The delta neutral balance sheet would therefore ook like:

Assets Liabilities

Risk Free 3 Y ear Zero Coupon Bonds Short Put Options
51,137.6 9,671.1

Short Position in Shares

-41,466.5

Sub-Total Assets Sub-Total Liabilities
9,671.1 9,671.1

[Note: when A is negative, a long position in the option would have been hedged with a long
position in the shares; but thisis not relevant to the investor in question.]

(c) Changein delta

Underlying price increases. The delta of a Put option increases (from a negative value).
When the price of the underlying is zero, the deltais—1. Asthe price of the underlying
increases indefinitely, the delta asymptotically approaches zero.

Term decreases: The magnitude of the Put option delta varies as time progresses and the time
to expiration of the option reduces, whilst always remaining negative. When the optionis at
or out of the money, the magnitude of the deltawill tend to increase as the option expires. |If
the option is deeply in the money, then the magnitude of the delta can decrease astime
progresses, although close to maturity it may still increase. (A plot of magnitude of delta
against time may have aturning point.)

(i)
(a) Thefutures priceis given by
F=s
When
S=100,r =5%, T =3/12=0.25

then F = 101.2578
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(b) When the stock price changes by AS, the futures price increases by AT
rT*
The delta of the futures contract is therefore C;—\é =limyg 50 ASAeS =™,

Thus €T futures contracts (on 1 share) have the same sensitivity to small stock price
movements as one share of the stock. So if Ha isthe volume of shares needed to delta hedge

the option position, then H = H 4" isthe volume of futures contracts needed to do the
same job.

(c) As e =1.012578 and as hedging the option position involves shorting 414.665 shares
worth 41,466.5, this can also be achieved by shorting:

1.012578 x 41,466.5 = 41,988.1
worth of futures contracts (assuming the contracts are divisible).

As each contract is on 100 shares (worth £100 per share, or £10,000 per contract), the delta
hedge could be achieved by shorting 4.2 futures contracts.

This hedge will not be very precise, as you cannot short less than 1 contract.

[Equivalently 7 = 1.012578 and as hedging the option position involves shorting 414.665
shares, we can also short 1.012578 x 414.665 = 419.88 shares (3 months future) = 4.2 futures
contracts.
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QUESTION 6
Syllabus: 8.3
Reading: Hull Ch 4.3t04.5,5.3

(i)

Discount factors— use d,, = (1 + z,) ™" to 5dp:

d,  0.96852
d,  0.92991
d;  0.88772
d,  0.84663
ds  0.80824

(ii)

Useful to calculate the sum of the discount factorsi.e. s,=d; +d, + ... + d,;

S 0.96852
S, 1.89844
S3 2.78615
Sy 3.63279
s  4.44102

Then bond pricesb,, = 6. s, + 100 d,, to 2dp:

b,  102.66
b,  104.38
b,  105.49
b,  106.46
bs  107.47

Theyields from these bonds will be dlightly below the zero coupon (spot) yields, since the
curve is upward sloping, except in year 1 when they will be the same. The reason is that the
income from the coupon bond will be reinvested roughly at the average yield up to that
maturity, which islower than the spot yield.

(i)
Let f, be the floating coupon rates, and X be the fixed coupon.

Then the floating side of apar swap isvalued at F =f; +f, + f3 + f, + fz. It would be tedious
to calculate the floating coupons. However, if we add 100 dg to F, the resulting cash flows
are a (zero margin) floating rate note, i.e. present value 100.
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Hence F = 100 . (1 - ds).

Thefixed sideisvalued at X . s5, and since the fixed and floating sides have the same value,
X=100. (1-ds)/s5=4.3180, i.e. the 5-year swap rate fixed side is 4.318%.

The formula demonstrated above for X is the same as that for a 5-year par bond coupon (i.e.
100 = X . 55+ 100 ds).
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QUESTION 7
Syllabus: 5.3
Reading: Baxter and Rennie Ch 2, Hull Ch 9 (Equation 9.2)
(i)
Let x = quantity of stock and y = quantity of par bond.
At time 0, the portfolio isworth x5 +y.
xs + ye'® if the stock jumped up

At time 1, the portfolio is worth
xs, + ye'® if the stock jumped down
If this portfolio of stock and bonds replicates the derivative, then we must have

= x5 +yet (1)
T, =%, +ye't  (2)

These two equations can be solved to give

x=T1"T2
S-S
y:e—r&[nl_(ﬁl—nz)s‘lj
S—%

(i)
Firstly, MV, isarbitrage free

< MV equals the value of the replicating assets
PN MVH — [nl_ TEZJ% + e—l’ﬁt [nl_ (nl_ TEZ)S_LJ

S-S S-S
o MV, — e "ot nl—nzj er6t+e—r6t[n _(nl—nz)sl}
. 5% )0 b os-s
oMV =™ —nl_nzj er&{n ——(nl_RZ)Slﬂ
! Us—s, ¥ 'os-s
& MV = o Tt nl_nzjsoer& J{Tfl(sl—sz) _ (ﬂl—ﬂz)ﬁﬂ
S~ S—% S-S
o MV = 15 — o5+ ms - mS, - ms + oS H
S-S
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o MV = L’tlsoerét — o5 M + 75251)]
S—%
o MV = L’tlsoerét —TySp€ " + Sy — Sy —MS, + nzsl)j
| S—%
[ rot rot
o MV — T 7T1{soe _32]_'_“2((51_52)_(509 —SZ)J
| S-% S-%

& MV =€ [0y + 7, (1- )]

rét
where ¢ = € ~% is thus a probability measure.

S—%

Thus far we have shown that the market value is arbitrage free if and only if the market value
equals & " Eq[TI(S, 8t)] .

Secondly,

erSt_
I At
S-S
Sa(s-5)=9" -5
S Y-GS =% -5

r ot

S s +1-q)s, =€

—r 8t

e gp=€ "[gs+1-0)s,]
© 5 =e""EQ[S(M)]

Thus MV isarbitrage free

if and only if MV}, = Eg[TI(S,8t)]e™™
if and only if s, =e"Eq[S(5t)]. QED.

(iii)

Comment on significance

The probability measure Q is said to be arisk neutral probability measure since the arbitrage
free market value equal s the expected value of the discounted derivative cashflows when
expected values are cal culated using the measure Q and when discounting is at the risk free
rate.
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The process S is said to be a martingale with respect to Q since its current market value
equals its expected value (under measure Q) discounted at the risk free rate.

The above results show that, under the binomial model, the probability measure Q isrisk
neutral if and only if the stock price process is a martingale under measure Q.
(iv)

Trading strateqy

The derivative is above the replicating portfolio price.

The trader should thus sell the derivative and invest in the replicating portfolio ...
... and hence take the residual value as arbitrage profit.

At time &t use the proceeds from the replicating portfolio to meet the obligations under the
derivative.
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