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ACTUARIAL NOTE

FURTHER REMARKS ON THE BASIC
MORTALITY FUNCTIONS

by
J. J. McCUTCHEON, M.A., Ph.D., F.F.A.

and
Professor C. J. NESBITT, M.A., Ph.D., F.S.A., AIA.

§1. Introduction

After a seminar at the University of Michigan in December 1971,
it was suggested by the second author that some of the results of
reference 3 might be presented in a more general form, and that to
do so it might be helpful to express them in terms of life table
functions rather than survival functions. Such expression will be
given and the generalizations obtained. We show that two well-
known formulas of life contingencies may be deduced as limiting cases
of these more general results. Some further study is made of the
case where the central death rate functions mg), mf) are such that
m) = m® for all © < x, but the corresponding annual rates qél)
and ¢® differ. Finally, two main relations of reference 3 are extended
to an emerging population subject to a fixed set of mortality and
fertility rates and to the associated stable population.

It should be noted that throughout it is assumed or follows that
qz, Mg, P, Uz and Ly are continuous, positive functions of a real
variable z, 0 £ z < o0, and also that I, and L, are differentiable.
It is mathematically simpler to proceed by assuming a smooth
attenuation of the survivorship function I rather than to assume a
fixed limiting age beyond which I = 0. If a fixed limiting age w is
assumed, problems of indeterminacy arise concerning pg and my
in the neighbourhood of w. The attenuated values of I may be
assumed to be sufficiently small that their practical effect is negligible.

§2. Some earlier results vn terms of life table functions
A main relation, corresponding to formula (2.10) of reference 3, is

Lz = Lj.exp { - Jx mydy} 2.1y

0


Richard Kwan
TFA  33  (1971-1973)  81-91


82 Further Remarks on the Basic Mortality Functions

where m, is the central death rate for year of age  to y+1. This
formula is easily establislied from the relation
(Zy 1 d
= L= — — - (L) 2
We now examine relations between the life table survivorship
function Iy and the central death rate function m,. Firstly we note
that a life table survivorship function [; is assumed to be such that:

ly is a positive function of z, 0 < = <oo; (2.3)
I is strictly monotonically decreasing; (2.4)
Iim I = 0. (2.5)
T 0

Given Iz, a corresponding central rate my is determined by

My = —lz—;l_ by ,0Z 2 < oo (2.6)
j ly dy

€

The correspondence between my and I is elaborated in the following
statements:

A. If my is the central death rate function corresponding to a given
life table survivorship function I, then

my is a positive function, 0 £ = < o0 (2.7)

J made = o0 2.8)
0

o z+n
the series 3] mz,pn . exp {— j mydg/} converges for all values of
n=0 Q

; (2.9)
the function defined by the above series is strictly monotonically
decreasing. (2.10)

In fact, the series is

o0 o0
2 Mxyin. Lx+n E?dxwz 1
n=0 n=0

= 2.11
i T, L, &)

B. Conversely, if mg; is a given positive function that satisfies
conditions (2.8), (2.9) and (2.10), it may be shown that the definitions

T
Ly = Lj.exp { - j mydyl, L, arbitrary, (2.12)

o )

dy = L.y (2.13)

and
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lead to a unique life table survivorship function

ly = i dyym (2.14)
n=0

241
for which Ly = j lydy and mg is the corresponding central rate

x
function.

The proof of statement A follows easily from the properties (2.3),
(2.4) and (2.5) of l,, the relationships of I, with L, and mg, and
formula (2.1). The proof of the converse statement B can be given
along lines similar to those in reference 3, and will not be repeated
here.

From the foregoing we obtain the relation

0 0
l. =1L, . Zomxm . eXp { - jo mydy }, (2.15)
ne

giving I in terms of myg.
From formula (2.15) with = 0 it follows that

" | _ ! Ly

S . — dy r = 9% = -9
n§0mn oxP { j 0 g J Lo j

TR (2.16)
bydy
0

Thus, if two life tables, of which the second has functions denoted by
primed symbols, are such that

éO:i] = éo:i] 4 (2.17)
then

=2
1 D8

My . €XP { — Jn mydy } = i m,, . eXp { - jn mydy } (2.18)
0 0 n=0 0

§3. Generalizations and applications

Generalizations of formulas (2.1) and (2.15) may be obtained by
introducing

y+h
iy = ly—=lyn = j Lo odz, (3.1
y
vk
wly = j l.dz, (3.2
¥
and
d 1 d
Py .5~ (nlyy)- (3.3)
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Then, corresponding to formula (2.1), we have
nhiz = plig.exp { - J hmydy}, (3.4)
and to formula (2.15)

© 2 +nh
ly = nliy . 20 aMainn . €Xp { - J hmydy} (3.5)
n=90 0

z

0

00 0
since [y = 3 hdx+nh =2 ILmz+nh-th+nh-

n=0 n=0
From formulas (3.1), (3.2) and (3.3) we have
y+h
lopode
wy = T (56)
j ldz
v

Since p has been assumed to be a continuous function, then (cf.
reference 1, p. 230, ex. 6.8)

y-+h y+h
j Lpelz = iy on- j ldz (3.7)
Y

4

for some 6 such that 0 £ 6 < 1. Combining equations (3.6) and
(8.7), we see that

WMy = [y.oh (3.8)
and

Lim pmy = py- (3.9)

h—0

We have also as a direct consequence of definition (3.3) that

. Iy 1

’}1_1)1:0 By T, = % (3.10)
which is the aggregate death rate for persons aged y or more in the
stationary population represented by the mortality table. The
force of mortality u, and the aggregate death rate ly/Ty may there-
fore he regarded as limiting values of pmy. This suggests letting %

tend to O or infinity in the results of §2 above.
From equation (3.8) we see that there exists a value of § (0 = 0 £ 1)

such that

| iy —py | = | pyron—po |- (3.11)
Since a continuous function is uniformly continuous on a closed

bounded interval (cf. reference 1, p. 96) this last equation implies
that, if p is continuous, then the convergence of pmy to py as h tends
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to 0 is uniform on the interval 0 < y < z for each positive real
number z. In this case therefore (¢f. reference 1, p. 283)

lim j piydy = j lim pimydy
h—>+0J0 0 h—>+0
= L pydy
by formula (3.9). Hence
Iim exp{ — j hmydy} = exp{ — j’ uydy}. (3.12)
h—>-+0 0 0
We note also from equation (3.4) that

X
exp { — j‘ hmydy} = th. (3.13)
(4 hLo
Now

d
an th

d—L_O

r>+0 nlig  n—to 2y

ol
= lim =

h—+0 lh

_l (3.14)
l

Combining equations (3.12)-(3.14), we obtain

Iy = l,.exp { - jo p,ydy}, (3.15)

which classical formula is now seen as a limiting case of formula (3.4).
By similar but slightly simpler arguments one may show that
letting A—>co in formula (3.4) leads to

Te = To.exp{ — j’ lim hmydy}

0 >
* 1
= T,.exp { — J‘ pant a"y}, (3.16)
0 €y
which is another familiar formula of life contingencies.
By expressing the right member of (3.5) as X wmznn-pliginn
0

=
and letting A0, one obtains

lr = Jo l$+t [,Lx+zdt. (317)

However, letting ~—o0 in the right member of (3.5) leads to a trivial
relation.
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§4. The functions Bz, Gz

In reference 3 an illustration was given of two life tables for which
the central death rate functions m(i) and m(? are such that
m) = m(? for all # < &, yet the corresponding annual rates q(i) and
q(? have ’1(:;) > g(i) for every integer n = 0. To gain more insight
into this situation we observe from formulas (2.1) and (3.15) that Ly
may be considered as a life table survivorship function (i.e. as an )
for which the force of mortality is my. Carrying the analogy further,
we can define

x+1 L
Py = exp { - J mydy} = =, 4.1)
@ Lz
and
_ L,—L
Jp=1—py = L”LI_‘_LH) (4.2)
T
Here
z+1
J (ly—lysa)dy
7o = = Z+1
J Ldy
v+ 1
.L lygydy
= (4.3)
j lydy
is a weighted mean of gy, # < y < #+1. One can also express g, as
-1
j dydy
i
that is
-1
j Lymydy
Ty = ’__.H,
w41
= [ y-aPayly (4.4)
. Ly I
where y_;f; = i) which is the analogue of
X

x+1
Gz = j‘ y-aPaprydy. (4.5)
k4
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If now m(y = m(i) for £ z,, it is clear from formulas (4.1) and
(4.2) that §) = 5® and g =g? for » < 2,—1. Thus the
weighted means q(j) and §2 are equal for all £ xo—1 even though
as shown in reference 3 it is possible that ¢ # q(?. It is also clear that
L(i) = L(i) for all z < 2, provided L and L(g) are taken equal, so
that below age z, the two life tables cannot differ very substantially.

§5. Extension to a stable population

We consider here a female population for which survivorship is
according to a given life table with survivorship function I, and for
which the annual rate of female birth at age z is according to a given
function f(x). In this population neither the number of births nor
the number of deaths per year need be stationary; however, if the
fixed survival and birth rates apply for a sufficiently long time, one
expects intuitively that some form of stability would emerge in the
population. A full account of such population models is given in
reference 2 (see for instance §§5.1, 5.2 and 7.2).

Let B(t) denote the density of female births at time ¢ (i.e. the
annual rate at which births are coming into the population at time
{) and let o and B be the lowest and highest ages at which child-
bearing occurs. If one is interested in only the general form of the
eventual population, one may consider that for ¢ > S the density
function satisfies the integral equation

B
Bmzjfmwy%fmm. (.1)

This integral equation has solutions of the form Cet where 7 satisfies
the equation

B
1= j erT, ;ﬁ J (x)da. (5.2)
a 0
For r = 0, the right member of formula (5.2) becomes
B Ly
T J(x) dx (6.3)
a ‘0

which is the net reproduction rate for females, that is, the expected
number of girl children to be born (in the future) in respect to a
newborn girl. The equation (5.2) has a unique real root (say )
which is positive if the expression (5.3) is greater than 1. In demo-
graphic examples other roots appear in pairs of conjugate complex
numbers with negative real parts, but in the general solution

Cler1t+ 0237“1#—-}- 036’1t+ - (5.4)
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of equation (5.1), for ¢ sufficiently large, only the first term remains
significant. By suitable choice of origin and /), and by setting

r, =71, C; = B(O) =1,
we have
B(t) = B(0).ert = [j.em. (5.5)

The density Iz of women aged z at time £ is then

lx(t) = B(t—x)% = ert 1% ], (5.6)
0

and the total population at time ¢ is

T(t) = j lx(t)dt = e"tj el dr
0 0
= ot T (5.7)

where T = j e, dx (cf. equations (7.2.4) and (7.2.5) in reference 2).
0

Thus the population at time ¢ may be regarded as the amplification
by the growth factor e of a special population with population
density function e~*%l, and total number T. This special population
is called the stable population (corresponding to the root r of equation
(5.2)). Since the population at time ¢ is proportional by the factor et
to the stable population, then formulas involving ratios of two func-
tions or rates for the stable population are immediately translateable
imto formulas for the population at time f£. For instance, central
death rates are identical for the stable population and the growing
population. In the following we shall limit our attention mainly to
the stable population, realizing that corresponding formulas may be
obtained for the population at time ¢. 'Wenote that the stable popula-
tion is simply the population at time O (where the origin has been
chosen at a time when a stable age distribution has been attained).

To aid in the examination of the stable population, we write
e, = D, and utilize familiar properties of the commutation
function D;. We have first that the total number in the stable
population is

T = j Dydz = N, (5.8)
¢

The density of births is seen from equation (5.2) to be

8
[ D2rie =1, 5.9)
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so that the aggregate birth rate is

b _

T b, say. (5.10)

By our remark above, b is also the aggregate birth rate in the
population at ¢, and is independent of ¢. The density of deaths is

j‘ Dxp,xdx=J D(pe+r—r)dx
0 0

= [,—T, (5.11)
so that the aggregate death rate is

L‘T’T — b = d, (5.12)

and then
r=b—d. (5.13)

Thus the actual population is growing continuously at the rate »
equal to the excess of the aggregate birth rate over the aggregate
death rate. If b = d, then r = 0, and we are back to the familiar
stationary population model. For the population growing at rate r
the relative age distribution is the same as in the stable population,
that is,

lx(t) Dy

T ~ T (5.14)
which is independent of ¢.

We denote by nm, the central death rate for the stable population

(and the population at ¢), where the prime is to distinguish this rate
from the central rate zmy of the given life table. Working in terms

y+h
of the stable population and using hﬁy to denote j D,dz, we have
¥
y+h
j Dz
1 y
wmy = (5.15)
Y ILDy
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so that
= — (log ,Dy) (5.16
dy (108 nly .16)
and

'z

pDz = 1D,.exp { - j (hm,'/—}—r)dy}. (5.17)

Multiplying this last equation by e, we get for the population at
time ¢

1]

xr

wLizey = nLow -exp { - j (hm;/-{-r)dy} (5.18)

0

where

z -+ h z-+h .
Ly = j lyaydy = j ertDydy = ety Dy (6.19)

z
There is an interesting and useful alternative way for arriving at
formula (5.17). Instead of regarding D, as the population density
function for the stable population, one notes that D, has properties
(2.3), (2.4) and (2.5) and can be considered as a life table survivorship
function for which the corresponding central death rate for the

interval of age y to y+h is
Dyf_])y+h
nDy

!
= pMy+7

(cf. formula (5.15)). Now, an application of formula (3.4), with I,
replaced by D, and 5L, replaced by 5Dz, yields formula (5.17).
If, further, we set

0 z +nh
by = 20 (npynn+T7) . €XP { _ jo (mn,’,-{—r)dy} (5.20)
n=

and apply formula (3.5) to Dy considered as a survivorship function,
we obtain

Dy = Dy ¢y (5.21)
On multiplying through by er? in formula (5.21), we have
oy = Lo - $ (5.22)

the analogue for the growing population of formula (3.5).
‘We note finally that

lzty _ Dz _ ¢a
lo(t) Do ‘{bo,
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which yields

le , bz
2 gz L (5.24)
lo o
Thus the survival function s(z) = ;3 of the given table may be ex-
0

pressed explicitly in terms of pm, and #, where pmy is the central
death rate in the growing population. We have not observed any
direct relation between hm; and the central rate ymy of the given life
table. However, if pm, and r are known, formula (5.24) could be
used to obtain s(z) from which pmy may be determined.
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