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What has been studied on investment risk-

sharing?

• Investigated what has been studied on inter-generational 

investment risk-sharing.

• Interested in scientific foundations of risk-sharing.

• For more details and references, see Investment risk-sharing: 

a State of the Art Report, by R. Chehab and C. Donnelly 

(2018)

(download at either www.risk-insight-lab.com/outputs/ or IFoA

ARC website).

• Self-selection and risk sharing in a modern world of life-long 

annuities, by R. Gerrard, M. Hiabu, I. Kyriakou, J.P. Nielsen,

proposes an intra-generational risk-sharing method.
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https://riskinsightlab.files.wordpress.com/2018/05/star-investment-rs.pdf
http://www.risk-insight-lab.com/outputs/
http://www.actuaries.org.uk/documents/arc-sessional-event-self-selection-and-risk-sharing-modern-world-life-long-annuities


What has been studied on investment risk-

sharing?

• Discovered:

– no established definition of ``what does risk-sharing look like''?

– no established, non-utility-based framework for investment risk-sharing

– existing frameworks are based on utility theory.

• Existence of a buffer does not mean there is investment risk-

sharing.

• Many things can be mixed up in buffers, e.g.

– Inter-generational investment risk-sharing, and

– Investment return smoothing.
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Conclusions to inform our research

• Some contracts look like they have risk-sharing, but there isn't 

any.

• Establish a scientific, practically implementable foundation for 

investment risk-sharing.

– Allow for inter-generational fairness or equitability.

– Understand who is gaining and losing from risk-sharing.

– Optimal strategy, e.g. replicating portfolio/long-term strategic allocation 

or one at different times?
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Outline

• With-profits contracts

• Theoretical risk-sharing frameworks

• DB/CDC pension plans

• Our ongoing work
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With-profits contracts – typical features

• Individual customer accounts,

a buffer and

possibly a company account.

• Investment returns proportional to a Reference Portfolio return.

• Minimum guaranteed interest rate.

• Possibly a percentage of buffer granted at contract maturity 

date.
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With-profits contracts – simple example

• Italian contract studied by Bacinello (2001).

• Customer account value at time n is

𝑃 𝑛 = 1 +max{ 𝑟𝐺 , α
𝐴 𝑛 −𝐴(𝑛−1)

𝐴(𝑛−1)
} × 𝑃 𝑛 − 1 .

• Financial fairness fixes α and also a replicating portfolio.
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With-profits contracts – simple example

• UK contracts studied by Haberman, Ballota & Wang (2003).

• E.g. Bacinello’s Italian contract with a terminal bonus.

– Customer payoff at maturity time T is

𝑃 𝑇 + γ ×max 𝐴 𝑇 − 𝑃 𝑇 , 0 .

– Financial fairness fixes 𝛼, 𝛾 .

• They also look at arithmetic averaging over >1 year, geometric 

averaging and smoothed asset share.
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With-profits contracts 

– intermediate conclusions

• Financial fairness means “you get what you pay for”:

Contract premium = Expected discounted value of maturity 

value, 

under a risk-neutral measure.

• Where is the opportunity for investment risk-sharing?

• There is no buffer account in these contracts.
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With-profits contracts – with buffer

• Danish contract TidsPension, studied by Guillén et al (2006).

• Customer account value at time n is

𝑃 𝑛 = α × 𝐴 𝑛 + (1 − α) × 1 + 𝑟𝑝 × 𝑃 𝑛 − 1 .

• Buffer account value = 𝐴 𝑛 − 𝑃 𝑛 .

• There exists a replicating portfolio, which is not the reference 

portfolio.
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Fig 3 from Guillén et al (2006),

Bull market scenario, 𝒓𝑷 = 𝟎. 𝟎𝟒𝟓, 𝜶 = 𝟎. 𝟐𝟎.
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Fig 3 from Guillén et al (2006),

Bull market scenario, 𝒓𝑷 = 𝟎. 𝟎𝟒𝟓, 𝜶 = 𝟎. 𝟐𝟎.
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Fig 4 from Guillén et al (2006),

Bear market scenario, 𝒓𝑷 = 𝟎. 𝟎𝟒𝟓, 𝜶 = 𝟎. 𝟐𝟎.
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With-profits contracts – with buffer

• There exists a replicating portfolio, which is not the reference 

portfolio.

• Buffer is really a `hedging error’ account in TidsPension.

• Properly, it is the responsibility of the company.

Footnote 19 in Guillén et al (2006).
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With-profits contracts – with buffer

Figure 8 from Guillén et al (2006)
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With-profits contracts – a different contract 

with a buffer

• Danish/Dutch-inspired contract, studied by Døskeland & 

Nordahl (2008).

• Aims pay an annual, fixed target return on customer accounts.

• Payment from the buffer to customers only if return granted on 

all customer accounts and on the company account.

• First-come, first-served model:

– older generations are granted increases before newer generations,

– older generations’ contract values are secured in full before newer 

generations if there are insufficient assets.
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With-profits contracts – with buffer

Figure 1 from Døskeland & Nordahl (2008)
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With-profits contracts – with buffer

Figure 2 from Døskeland & Nordahl (2008)
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With-profits contracts – with buffer

Figure 10 from Døskeland & Nordahl (2008)
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With-profits contracts – with buffer

Figure 4 from Døskeland & Nordahl (2008)
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With-profits contracts – with buffer

Figure 6 from Døskeland & Nordahl (2008)

13 September 2018 21

Building up 

the buffer Going-concern phase
Running down 

the buffer



With-profits contracts – with buffer

Figure 11 from Døskeland & Nordahl (2008)
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With-profits contracts – conclusions

• Financial fairness means “you get what you pay for”:

Contract premium = Expected discounted value of maturity 

value, 

under a risk-neutral measure.

• For contracts where financial fairness is imposed, a replicating 

strategy exists.

• Buffer account existence does not imply risk-sharing.

• Find one genuine investment risk-sharing, but it is difficult to 

understand the underlying mechanism. 
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Theoretical risk-sharing frameworks

• Various theoretical risk-sharing frameworks.

• Few are easily interpretable in a pension scheme context.

• Aim is to find a risk-sharing scheme: who should get what and 

when.

• Difficult to see how currently they would be implemented in 

practice.
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Theoretical risk-sharing frameworks

• Set-up: finite group of people.

• Everyone contributes money and in return receives a random 

amount back.

• Two main features:

– Financial fairness: you get what you pay for, and

– Pareto optimality/efficiency: your utility of wealth cannot be increased 

without reducing another’s utility.

• These give existence and uniqueness of a risk-sharing 

scheme.
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Gale (1977)
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Gale (1977)
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Pazdera et al (2016), 𝒓 = 𝟎
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Pazdera et al (2016)

• Prove existence of a pair 𝒚, 𝑋 .

• Worked examples give sensible answers,

– e.g. for certain utility functions, 𝑦𝑖 𝑋 =
𝑤𝑖

σ𝑘=1
6 𝑤𝑘

𝑋. 

• It is a one-period model.

• Intra-generational risk-sharing.
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Bao et al (2017)

• Multi-period model.

• Single payment in and single payment out in each time period.

• No group of agents individually expecting a payment at each 

time period.

• Buffer carried over between time periods.

• Investment returns earned on the buffer.

• System must be in balance at all times.
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Bao et al (2017)

𝐵𝑛−1𝑅𝑛 + 𝑋𝑛 = 𝑃𝑛 + 𝐵𝑛
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k=1,…,N and 𝔼ℚ 𝐵𝑁 = 𝜈𝑏.



Bao et al (2017), no return on buffer
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Bao et al (2017)

• Prove existence of a pair 𝑷,𝐵𝑁 .

• Algorithm to solve for values of 𝑷,𝐵𝑁 , in each future state of 

the world

• It is a multi-period model.

• Inter-generational risk-sharing.
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CDC/DB schemes

• CDC/DB schemes involve collective investment risk-sharing.

• DB schemes have the backstop of the sponsoring employer.

• CDC schemes can adjust benefits instead of requiring more 

contributions.
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CDC/DB schemes

• What is meant by inter-generational fairness?

– Same contributions?

– Same benefits?

• Relevant to inter-generational risk-sharing.

• Collective fund facilitates more than inter-generational risk-

sharing, e.g. intra-generational return smoothing.

• Gollier (2008) and Cui et al (2011) find that collective schemes 

are welfare-increasing. 
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Cui et al (2011) – four schemes  

• Standard DB scheme in which only the contributions are 

adjusted in response to funding risks. The sponsoring 

employer and the active members bear the investment risk.

• CDC scheme in which only the benefits-in-payment are 

adjusted in response to funding risks. The retirees bear the 

investment risk.

• A CDC scheme in which both the benefits in payment and the 

contributions are adjusted in response to funding risks. The 

sponsoring employer, active members and retirees bear the 

investment risk.

• Individual defined contribution (DC) scheme.
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Cui et al (2011) – set up 

• DB/CDC: adjustments to benefits and contributions given by 

mathematical rules

• Optimal investment and benefit strategy determined for first 

cohort, and kept thereafter (adjusted if required)

– Maximise lifetime benefit payment

• Welfare measured by certainty equivalent consumption.
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Cui et al (2011) – best performing 

• Standard DB scheme in which only the contributions are 

adjusted in response to funding risks. The sponsoring 

employer and the active members bear the investment risk.

• CDC scheme in which only the benefits-in-payment are 

adjusted in response to funding risks. The retirees bear the 

investment risk.

• A CDC scheme in which both the benefits in payment and 

the contributions are adjusted in response to funding 

risks. The sponsoring employer, active members and 

retirees bear the investment risk.

• Individual defined contribution (DC) scheme.
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Cui et al (2011) - worst performing 

• Standard DB scheme in which only the contributions are 

adjusted in response to funding risks. The sponsoring 

employer and the active members bear the investment risk.

• CDC scheme in which only the benefits-in-payment are 

adjusted in response to funding risks. The retirees bear 

the investment risk.

• A CDC scheme in which both the benefits in payment and the 

contributions are adjusted in response to funding risks. The 

sponsoring employer, active members and retirees bear the 

investment risk.

• Individual defined contribution (DC) scheme.
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Summary

• Investment risk-sharing mechanisms are not well understood.

• Many things mixed up in a buffer, including hedging error.

• Difficult to put risk-sharing into a framework.

• Best attempts are the Pareto Efficient/Financially Fair 

approaches.

– Require utility functions,

– Solutions calculated via algorithm.
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The Actuarial Research Centre (ARC)

A gateway to global actuarial research

The Actuarial Research Centre (ARC) is the Institute and Faculty of Actuaries’ (IFoA) 

network of actuarial researchers around the world.

The ARC seeks to deliver cutting-edge research programmes that address some of the

significant, global challenges in actuarial science, through a partnership of the actuarial 

profession, the academic community and practitioners. 

The ‘Minimising Longevity and Investment Risk while Optimising Future Pension Plans’ 

research programme is being funded by the ARC.

www.actuaries.org.uk/arc
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The views expressed in this presentation are those of the presenter.
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