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Abstract

A pooled annuity fund provides a regular income to its participants. So far as we are
aware, the literature on pooled annuity funds has focused on payments to a single life.
In practice, joint life annuities, which provide a regular payment to a couple until both
have died, are also popular. This is attractive as a surviving spouse can continue to
receive an income, which would not happen under a single life payment.

Here how to provide a joint life income from a pooled annuity fund is detailed. This
involves the calculation of the longevity credit appropriate for a joint life. It is also
shown that this joint life income can not be replicated using two single life incomes.

The method proposed means that pooled annuity funds can offer a range of income
benefits to their participants, which should increase their attractiveness.

Keywords: tontine; longevity risk; mortality; retirement; decumulation.

1 Introduction
The provision of a lifetime income to an annuitant’s partner is an important benefit offered as part
of some life annuities. It is particularly important for women, who typically have smaller pensions
than their male partners and are likely to out-live them. Around one third of UK annuity purchases
include such a benefit (ABI, 2013), showing that there is a strong demand for them. Such annuities
are called joint life annuities, since their payout depends on the life status of both the annuitant
and the annuitant’s partner. The vast majority of UK defined benefit schemes include a similar
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income benefit. In summary, these joint life income benefits are attractive and seen in practice.
Therefore, they should be a standard benefit offered in vehicles like pooled annuity funds.

A pooled annuity fund offers a means of paying a lifetime income to their participants, while
avoiding the costly guarantees in life annuities. They do this by pooling each participant’s longevity
risk directly with the other participants, rather than indirectly through an insurance company.
They lie between life annuities and income drawdown in terms of the risk borne by the participants
in the fund. How to operate them, in terms of how to allocate the money in the fund among the
participants, is the focus of many papers. However, to date, only the payment of a single life
income to each participant has been proposed. None of the academic literature has considered how
to pay out a joint life income.

It is shown here how to pay out a joint life income from a pooled annuity fund. The important
contribution is showing how to allocate the money in the fund among the participants so that the
desired joint life income can be provided. Furthermore, the amount of income paid to the couple,
depending on which of them is alive, can be tailored to their own personal circumstances. It is
also seen that the joint life income benefit is a richer structure than the single life income benefit,
in the sense that it cannot be replicated by a combination of single life benefits. The approach set
out in this paper could also be extended to include more than two lives; for example, children as
well as partners.

Section 2 gives the overview of the longevity risk-sharing field, which pays a single life income
to the participants in the risk-sharing scheme. An exposition of how to allocate the money in the
fund among these participants to give them a single life income is in Section 3. The allocation
is a sharing of the account values of those who have died among the surviving participants, with
the share of funds paid to each participant called a longevity credit. Using this exposition as a
road-map, the allocation of funds to give participants a joint life income is set out in Section 4.
For a joint life income, the longevity credits arise upon the death of either of the couple, and not
just when both of them die. However, not all of the account value is surrendered to the pool when
only one of them dies. It is shown here how much should be given up by each couple when one
of them dies. All the calculations are shown over one time period. They can then be repeated for
subsequent time periods.

2 Literature review
Structures in which longevity risk is pooled directly among participants have increasingly gained
industry and academic interest in recent years. Various ways of doing longevity risk-sharing have
been proposed. Some of these work for single-cohort pools in which every member is an independent
and identical copy of each other (for example, Milevsky and Salisbury 2015; Stamos 2008) and some
are intended for multi-cohort pools (for example, Piggott et al. 2005; Stamos 2008; Sabin 2010;
Qiao and Sherris 2013; Donnelly et al. 2014; Milevsky and Salisbury 2016). Some calculate what
proportion of the funds of those who have died should be received by each participant – whether
explicitly (Stamos, 2008; Sabin, 2010; Donnelly et al., 2014) or implicitly (Piggott et al., 2005;
Qiao and Sherris, 2013). Both of these explicit and implicit schemes then use an annuity value to
calculate the income paid out.

In a general framework, Denuit and Robert (2021) present various fair linear risk-sharing rules,
and a conditional mean risk-sharing rule and study their convergence. Interestingly, Weinert and
Gründl (2021) derive a distribution to model the longevity credits paid from the pooled annuity
fund, rather than modelling directly the mortality experience of the pool of participants.
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In this paper, a longevity risk-sharing method is derived by consideration of the longevity credits
implied by the expected present value of a life annuity. Studying this for a joint life annuity allows
us to propose a longevity credit calculation. Broadly, it is seen that the money given up the pool
by those who experience a death is shared out among the surviving participants. Importantly, how
much can be given up upon one or more deaths is determined: this is the key to the

In the single life income case, attention is drawn to two methods of sharing the money given
up, as longevity credits, so that it is an actuarially fair allocation. The allocation is actuarially
fair if, over a fixed time period, the expected gain due to receiving longevity credits is equal to
the expected loss if death occurs and some or all of the account value is given up to the other
participants. This is an important concept, to avoid a participant gaining at the expense of other
participants.

One actuarially fair allocation is by Sabin (2010), who shows that the characteristics of the
participants – their chance of dying and account value - must satisfy certain mathematical condi-
tions for the longevity credits to be actuarially fair. In his scheme, the payments are made to the
surviving participants at the end of each period of longevity risk-sharing. On the downside, the
calculation of the longevity credits in Sabin (2010) is extremely complex.

The other actuarially fair allocation is by Donnelly et al. (2014). They show that, if the longevity
credits are paid to the participants who were in the scheme at the start of each period of longevity
risk-sharing (with the longevity credit payments made at the end of each period), then no conditions
are needed on the participants. This means that longevity credits are paid not only to the surviving
participants but also to the estates of those who have just died. The calculation is very simple,
being the product of the account value at risk of being given up to the other participants and the
probability of dying over the period of longevity risk-sharing in question. However, the downside of
this particular calculation is that the survivors in the fund have a lower income than, for example,
that under the allocation of Sabin (2010). They have a lower income because money leaves the
fund through payments to the estates of those who have just died.

Trading off ease-of-calculation against paying maximising the income of the surviving partici-
pants means that ‘perfect’ actuarial fairness is given up. But, while it may not hold exactly, it
should hold approximately.

Milevsky and Salisbury (2015) take a different tack and calculate the payout from a pooled
annuity fund which maximizes the expected discounted value of lifetime consumption. In their
approach, the optimal payout to participants varies according to the utility-maximization problem
considered, as can be seen in various papers employing this approach (for example, Chen et al. 2020,
2021). it may be argued whether aiming to pay a constant income is more attractive to potential
customers than, for example, a power utility-maximized income. However, the latter approach is
consistent with using expected utility theory to assess the attractiveness of a particular income
stream.

Complementary to the literature on the attractiveness of pooled annuity funds for individuals
who are not too risk averse, Chen et al. (2018) consider an individual receiving income from a
tontine (which is synonymous for a pooled annuity fund in this context) up to some fixed age,
followed by income from a deferred life annuity. They determine the age at which to switch from
income paid from the tontine to income paid from the life annuity, which is optimal according to
their CRRA utility function-based criterion.

The demand for pooled annuity fund compared to life annuities has been studied by various
authors (for example, Piggott et al. 2005; Valdez et al. 2006; Donnelly et al. 2013; Hanewald et al.
2013; Milevsky and Salisbury 2016; Chen et al. 2021). The results show that the attractiveness
of pooled annuity funds increases as the risk aversion of the retiree reduces. This is because the
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less risk averse retirees are happier to bear the volatility of pooled annuity funds in exchange for
their higher expected return. Pooled annuity funds become increasingly preferred to life annuities
as the loadings on the latter increase.

Hanewald et al. (2013) go back to financial economic basics to show the demand for pooled
annuity funds relative to typical post-retirement investments, when systematic longevity risk is
present. One of their findings is that people with a bequest motive will buy less of the life annuity
and replace it with a risk-free bond, in order to provide the bequest. As the loadings on the life
annuity increase, they will also replace it with investment in a pooled annuity fund.

The provision of a bequest in conjunction with an income benefit is studied by several authors.
Chen and Rach (2022) allow for a bequest through bundling a life insurance contract with a pooled
annuity fund. They take the perspective of the insurer rather than the individual. They find that
their bundled product may lead to lower risk margins than the products sold separately. This is
a different product to that in the present paper, since the bequest is provided through a separate
contract in Chen and Rach (2022) and is not affected by the pooled annuity fund as it is in this
paper.

To provide both an income and a bequest, Zhou et al. (2021) propose a portfolio consisting of a
life annuity contract and a product that pays out the return earned on a principal amount while
leaving the principal untouched (called the “natural income”). The bequest benefit is then the
principal amount. This set-up allows the individual to choose their own attractive combination of
the two products. Due to natural hedging, they find that the interest rate risk can be effectively
hedged by coupon-bearing government bonds.

Bernhardt and Donnelly (2019) propose and study optimal strategies for the pooled annuity
fund with integrated bequest which is analysed in this paper. They determine optimal investment
and consumption strategies when there is no idiosyncratic longevity risk. Their model does not
allow for systematic longevity risk. They find that, the stronger the bequest motive, the more
money that is allocated to the bequest account. Dagpunar (2021) extends the analysis by allowing
the proportion of longevity credits funnelled to the bequest account to vary. He suggests a way of
choosing the parameter that indicates the strength of the bequest motive.

3 Longevity credits for a single life income
In a pooled annuity fund, the participants each have an account value. Each participant’s account
earns investment returns and longevity credits, the latter being discussed next, and withdrawals
of money are made for the participant to live on.

In a pooled annuity fund which provides only single life income, the longevity credit paid to a
participant is the share of the account values of those who have recently died. When the participant
themselves dies, their account value is shared out among all the surviving participants. This can be
viewed as a subsidy from the shorter-lived to the longer-lived or as everyone in the fund becoming
a beneficiary of each other. There are several methods proposed to operate a pooled annuity fund
which provides only single life income.

In this section, it is shown how to calculate the longevity credit for joint lives. To our knowledge,
this has not been done before. As is seen below, the calculation of the longevity credits are more
complex while both partners in the couple remain alive. When one of the couple dies, the survivor
receives a single life income and, as will be shown, the longevity credit calculation is the same as
in a single life income fund.

To motivate the approach, the derivation of the longevity credit in a fund which provides a
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Husband alive. Husband dead.

Figure 3.1.1: The single life model over one time period, at the start of which the participant is
age x.

single life income is presented first. This gives not only a pathway to deriving the longevity credit
for joint lives, but also gives a single life longevity credit calculation which is consistent with the
latter. This is important since many different methods of calculating longevity credits have been
proposed and it is not a priori evident which is suitable for this setting.

To derive the longevity credits for a joint life income, a discrete-time multiple state model is
presented first. The account value released upon transition between the states in the model is
derived from the expected present value of a joint life annuity.

3.1 Model of the single life status

Consider first a single life, who participates in a pooled annuity fund. Time and ages are measured
in years. The participant is age x at time 0, and is alive at that time.

The model of the life of the participant is shown in Figure 3.1.1.
An important principle is that a participant in the longevity risk-sharing method considered here,

can only gain longevity credits in a state if they risk some of their account value in that state. The
gain should be proportional to the account value (i.e. the sum-at-risk) and the probability of the
risk occurring, i.e. the death of the participant in this case. This is a linear risk-sharing principle,
which are discussed in Denuit and Robert (2021).

While risk-sharing rules in the single life case are well-known (e.g. XXX), it is not obvious what
is the sum-at-risk in the joint life case. The single life is explored first to understand the approach
before it is extended to the joint life case.

3.2 Calculation of the single life expected longevity credit

To calculate the expected longevity credit, consider the change in the expected present value (EPV)
of a single life annuity, paid annually in advance, from age x to age x + 1. The difference in the
EPVs is attributed to a gain due to investment returns - which are assumed to be constant - and
the gain due to a longevity credit. This latter gain is, by assumption, conditional on the participant
being alive at age x + 1. The longevity credit gain is an expected longevity credit; it assumes that
idiosyncratic longevity risk has been completely diversified away. There is no systematic longevity
risk.

Let r > −1 be the annual, constant, effective rate of interest. For each k ≥ 0, let kpx be the
probability of the husband, who is age x at time 0, survives to age x + k. Then define the EPV of
a single life annuity which pays $1 per annum annually in advance to the husband, who is age x

at time 0, as

äx =
∞∑

k=0
(1 + r)−k

kpx.

Suppose that the husband has an account value equal to äx at time 0. Using that (äx − 1) (1+r) is
the accumulation at time 1 of the husband’s account value at time 1 and assuming that he is alive
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at time 1, the expected value of the longevity credit paid at time 1 to his account is the difference

äx+1 − (äx − 1) (1 + r) = (äx − 1) (1 + r)
(

1
px

− 1
)

= (äx − 1) (1 + r) 1 − px

px
.

Substitution of the well-known and easily derived relationship

äx+1 = (äx − 1) (1 + r)
px

,

gives that the expected value of the longevity credit paid at time 1 is

(äx − 1) (1 + r) 1 − px

px
.

Each of the survivors to time 1 is expected to gain the latter amount at time 1, in addition to the
investment return rate r earned on their account value.

For any individual who dies before time 1, their account value falls to zero at time 1 as it is
shared out among the survivors.

3.3 Interpretation of the single life expected longevity credit

Knowing the expected value of the longevity credit is helpful because it indicates the sum-at-risk
for the individual in that state. To see this, suppose that there are ℓ0 individuals in the fund
at time 0, each with the same distribution of future mortality. If deaths occur in line with this
distribution, then the number of deaths expected to occur from time 0 to time 1 is ℓ0(1 − px) and
the expected number of survivors at time 1 is ℓ0px. The expected longevity credit paid at time 1
to a surviving participant’s account is

(äx − 1) (1 + r) 1 − px

px

=ℓ0(1 − px) (äx − 1) (1 + r) (äx − 1) (1 + r)(1 − px)
ℓ0px (äx − 1) (1 + r) (1 − px)

=Total value of accounts released by expected deaths over the first year

· Account value at time 1 of the surviving participant × Their risk of death
Sum of the account value at time 1 of each survivor at time 1 × Their risk of death ,

(1)

Interpreting the above expressions, the sum-at-risk is the account value at time 1 of each partici-
pant, (äx − 1) (1 + r). The risk materialises among those who die between time 0 and time 1. The
total of the latter’s account values is shared out among the surviving ℓ0px participants at time
1 in proportion to their own expected loss: the product of their individual account value (their
sum-at-risk) and their probability of dying (the probability of the risk occurring).

It is not evident from what is written here, why the expression above should include the expected
loss (äx − 1) (1 + r)(1 − px) in the fraction. Indeed, it is not needed in this case, in which each
participant has the same account value and the same probability of death while they continue to
live. The motivation for this expression are explored in the next section.

3.4 A calculation of the single life longevity credit

So far, the expected longevity credit has been calculated. What if deaths do not turn out as
expected? For practical purposes, the longevity credit paid to each survivor needs to be based on
the actual deaths and not the expected number.
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Suppose that there are L0 > 1 participants in the single life income fund at time 0 who each join
at time 0 with $F (0−) > 0. Between time 0 and time 1, N1 < L0 of them die, leaving L1 = L0 −N1

alive at time 1.
Let the account value at time 1, after investment returns have been added and before longevity

credits are added, of each survivor at time 1 be F (1). Effectively, F (1) is the sum-at-risk of each
participant. Assume that each participant has the same probability 1 − px of dying between time
0 and time 1. Thus 1 − px is the probability that the sum-at-risk is lost.

The total account value released by deaths between time 0 and time 1 is N1F (1). This sum of
money is shared out among the survivors at time 1. In line with the expression (1), the longevity
credit paid at time 1 to each of these survivors is

F (1)(1 − px)
L1 F (1)(1 − px) N1F (1). (2)

Generalising to the case in which participants are heterogeneous and further motivated by Don-
nelly et al. (2014), suppose that there are again L0 > 1 participants in the single life income fund
at time 0. However, they join with different amounts of money and they have different chances of
dying. Specifically, suppose that the account value at time 1, of Participant i is Fi(1) and they
have a chance qi ∈ (0, 1] of dying between time 0 and time 1, for i = 1, 2, . . . , L0. Let the set of the
indices of the surviving participants at time 1 be denoted by A0 and that of the dead participants
by A3.

Then the longevity credit paid to each Participant i ∈ A0 is

qi Fi(1)∑
j∈A0

qj Fj(1)
∑

ℓ∈A3

Fℓ(1). (3)

This longevity credit calculation prioritises maximising the longevity credit to survivors over actu-
arial fairness. To be specific, using the same approach to calculating the expected loss of each
participant, an actuarially fair version of this longevity credit would require division over all
j ∈ {1, 2, . . . , L0} rather than, as in expression (3), over j ∈ A0. In the homogenous case, when
qi = qj for all i, j, this means the actuarially fair version divides by L0 rather than L1. Since
L0 ≥ L1, a smaller longevity credit is paid to the surviving participants when using the actuar-
ially fair version. In the homogeneous case, the actuarially fair version is, on average, (1 − q1)
of the longevity credit calculated via expression (2). At higher ages, as the chance of dying q1

becomes larger, this translates into a non-negligible difference in the income paid to surviving
participants. Since the focus of the pooled annuity fund considered here is to maximise the income
to the survivors, actuarial fairness is not required of the longevity credit calculations proposed in
this paper.

These last two expressions are used to motivate the longevity credit calculation for a joint
life income. They are important because they motivates the more general form of the joint life
income longevity credit, which can be used for couples with heterogeneous financial and mortality
characteristics.

4 The joint life longevity credit
Now suppose that a large number of couples join the fund. Each couple consists of a husband, age
x at time 0, and a wife, age y. They each want a joint life income. Specifically, they want to be
paid $1 per annum annually in advance while they are both alive. If the wife dies and the husband
is alive, then he wants to be paid $α ≥ 0 per annum annually in advance until her death. If the
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Wife alive.
Husband alive,

0

1
Wife dead.

Husband alive,

2
Wife alive

Husband dead,

3
Wife dead.

Husband dead,

Figure 4.1.1: The discrete-time joint life model, at the start of which the husband is age x and the
wife is age y, showing the possible transitions between states.

husband dies and the wife is still alive, then she wants to be paid $β ≥ 0 per annum annually in
advance until her death. This is a typical ratio of benefits for both life annuity contracts and UK
defined benefit pension schemes, where usually α = 1 and β ∈ {1/2, 2/3, 1}, or vice versa.

The risk-sharing principle that follows from the derivation below is that participants share risk
only with those in the same state as themselves. For example, while the couple is alive, then
share their longevity risk only with other couples. Longevity credits are gained for a living pair
of husband and wife when either one or both partners in other couples die. However, once one
partner in the couple dies, the surviving partner shares longevity risk only with similar survivors.
For example, if a wife dies, her widower shares longevity risk only with other widowers. He receives
a longevity credit only when one of other widowers dies.

4.1 Model of the joint life status

The joint life status of the couple can be in one of four states at any future time t > 0. These four
states are shown in Figure 4.1.1.

The benefits paid to the couple depend on which state they are in. With all payments made
annually in advance, the desired annual payments are

• $1 while in State 0, i.e while both partners are alive,

• $α while in State 1, i.e while the husband is alive and the wife is dead,

• $β while in State 2, i.e while the husband is dead and the wife is alive, and

• $0 while in State 3, i.e when both the husband and the wife are dead.

Except for the null payment in State 3, these payments are not guaranteed in a pooled annuity
fund. They are adjusted as the mortality and investment experience emerges.

The couple starts in State 0 at time 0, when both the husband and the wife are alive. If the
couple moves into State 1 or State 2, then there is only one of them left alive. In that case, the
calculation of the longevity credit is calculated similarly to equation (2).

As described above, a couple in State 0 receives longevity credits when one or more of the other
couples move out of State 0. The calculation of the expected amount of longevity credit received
by each couple in State 0 is shown here. The amount can be decomposed to show how much comes
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from transitions into each of State 1, 2 and 3. These expected values can then be used to motivate
the calculation for the longevity credit when the actual number of transitions are known.

4.2 The joint life income cannot be replicated using two single life incomes

Before proceeding to the calculation of the joint life longevity credits, consider first if the joint life
income can be replicated using two single life incomes. It is seen that it cannot.

Suppose that a couple have an amount of money $F (0) = γäx + ϵäy at time 0. The husband in
the couple takes γäx and joins a pooled annuity fund to get a single life income of γ per annum.
The wife takes the residual money, ϵäy and also joins a pooled annuity fund to get a single life
income of ϵ per annum. The joint life status of the couple can still be considered using the model
in Figure 4.1.1. Since it is the ratios between the payments in different states which are of interest
then, without loss of generality, set ϵ + γ = 1 to normalise the payments in each state.

The total expected payments to the husband and wife, from their separate single life incomes,
are:

• $1 while in State 0, i.e while both partners are alive,

• $γ while in State 1, i.e while the husband is alive and the wife is dead,

• $1 − γ while in State 2, i.e while the husband is dead and the wife is alive, and

• $0 while in State 3, i.e when both the husband and the wife are dead.

Thus, when only a single life income is available, the couple has only one choice available to them.
They can decide how much of the annual income paid in State 0, when both are alive, can be paid
to the husband if the wife predeceases him. The remaining income stream is paid to the wife, if
the husband dies before her.

Suppose the same couple is able to choose a joint life income from a pooled annuity fund. They
want that, in State 1, the husband gets α of the income paid in State 0. In State 2, the wife gets
β of the income paid in State 0. As before, nothing is paid in State 3, when both the husband and
the wife are dead. Let a represent the EPV at time 0 of the desired joint income.

Then the total expected payments to the husband and wife, from this joint life income, are:

• $F (0)/a while in State 0, i.e while both partners are alive,

• $α F (0)/a while in State 1, i.e while the husband is alive and the wife is dead,

• $β F (0)/a while in State 2, i.e while the husband is dead and the wife is alive, and

• $0 while in State 3, i.e when both the husband and the wife are dead.

Thus, with the joint life income offered, the couple can choose the desired income level in State 1
and in State 2. They do not have to make any trade-offs between what the widow and widower
may get. For example, they could choose α = 2/3 and β = 2/3 so that they will each have 2/3 of
the joint income received while they were both alive. In comparison, the two single life incomes
could, at best, offer γ = 1/2 of the total income received while they were both alive.

Furthermore, setting α = β = γ, it can be seen that the joint life income can be used to give
the sum of the individual single life incomes. Thus proposing a joint life income is a genuine
improvement to the possible benefits offered by a pooled annuity fund.
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4.3 Calculation of the joint life longevity credits

The expected value of the longevity credit is calculated first, using the same technique as for the
single life case. The expected value motivates a more useful formula for the longevity credits paid
to couples in State 0.

Assume that the future lifetime of the husband and wife are independent random variables.
Define the EPV of a joint life annuity which pays $1 per annum annually in advance to husband
and wife while both are alive (i.e. while they are in State 0) and nothing otherwise as

äx:y =
∞∑

k=0
(1 + r)−k

kpx kpy.

The EPV of a reversionary annuity which pays $1 per annum annually in advance to the husband
while he is alive, conditional on the wife being dead during the payment time, (i.e. while in State
1) and nothing otherwise is

äy|x =
∞∑

k=0
(1 + r)−k

kpx (1 − kpy) .

Correspondingly, the EPV of a reversionary annuity which pays $1 per annum annually in
advance to the wife while she is alive, conditional on the husband being dead during the payment
time, (i.e. while in State 2) and nothing otherwise is

äx|y =
∞∑

k=0
(1 + r)−k

kpy (1 − kpx) .

The next proposition gives the formula for the expected value of the longevity credits, for a joint
life income.

Proposition 4.1. Let qx := 1 − px and qy := 1 − py. Suppose that each couple in State 0 at time
0 has an account value of $(äx:y + αäy|x + βäx|y) and wishes to be paid

• $1 per annum annually in advance in State 0, i.e. while both are alive,

• $α ≥ 0 per annum annually in advance in State 1, i.e. while the husband is alive and the
wife is dead,

• $β ≥ 0 per annum annually in advance in State 2, i.e. while the husband is dead and the
wife is alive, and

• Nothing in State 3, i.e. when both the husband and the wife are dead.

Based on the EPV of the above payments calculated at the annual effective rate of interest r > −1,
the expected value of the longevity credit paid to each couple which remains in State 0 at time 1 is

pxqy

px py

[(
äx:y + αäy|x + βäx|y − 1

)
(1 + r) − α äx+1

]
+ qxpy

px py

[(
äx:y + αäy|x + βäx|y − 1

)
(1 + r) − β äy+1

]
+ qxqy

px py

(
äx:y + αäy|x + βäx|y − 1

)
(1 + r) .

There is no longevity credit paid at the end of year of the transition, to the couples who transition
out of State 0.

10



Proof. As the payments are in advance, $1 is paid to the couple at time 0 and the EPV of the
future payments immediately falls to äx:y +αäy|x +βäx|y −1. This value accumulates with interest
to time 1 to (1 + r)(äx:y + αäy|x + βäx|y − 1).

The expected value of the longevity credit at time 1, for couples who are still in State 0 at time
1, is the difference between the EPV of the payment starting at time 1 and this accumulated value
at time 1, i.e.

äx+1:y+1 + αäy+1|x+1 + βäx+1|y+1 − (1 + r)
(
äx:y + αäy|x + βäx|y − 1

)
=äx+1:y+1 − (1 + r)äx:y + α

(
äy+1|x+1 − (1 + r)äy|x

)
+ β

(
äx+1|y+1 − (1 + r)äx|y

)
+ 1 + r.

Recall the well-known recursive relationships (for example, Dickson et al. 2013, Chapter 5.11)

äx+1 = 1 + r

px
(äx − 1) , äy+1 = 1 + r

py
(äy − 1) , äx+1:y+1 = 1 + r

px py
(äx:y − 1)

and
äy|x = äx − äx:y and äx|y = äy − äx:y.

Substitution of these relationships and the application of 1 − px py = px qy + qx py + qx qy, and
some algebra gives the result.

The sources of the longevity credit in Proposition 4.1 are the three possible transitions out of
State 0. For example, the probability pxqy is the probability of a couple transitioning into State
1, the state in which the husband is alive and the wife is dead. The other two probabilities, pyqx

and qxqy, correspond to transitions into State 2 and 3, respectively.
Proposition 4.1 is important because, even though it is based around expected values, it shows a

way of sharing longevity credits for couples in State 0. It also shows that the two-state alive-dead
model, such as the one shown in Figure 3.1.1, is not a rich enough model for the joint life longevity
credit calculation.

The coefficient of each probability shows how much of the account value of each transitioning
couple is given up by them. For example, for transitions to State 1, which means that the husband
is alive but the wife has died, the amount(

äx:y + αäy|x + βäx|y − 1
)

(1 + r) − αäx+1

is given up by the transitioning couple. It is shared out among the couples who stay in State 0 at
time 1. The amount is the difference between what the transitioning couple would have needed if
they had stayed in State 0 at time 1 and what they need (or, rather, what the widower needs) in
State 1 at time 1. The first term,

(
äx + αäy|x + βäx|y − 1

)
(1 + r), is the accumulated amount at

time 1 of the couple’s account value, given that they were in State 0 at time 0. The second term,
α äx+1, is the account value that the new widower needs to have, in order to have a payment of
$α per annum for the rest of his life.

4.4 A calculation of the joint life longevity credit

The expression in Proposition 4.1 suggests how to calculate longevity credits for the couples in
State 0. It shows that it matters which person in a couple dies, and indicates how to share the
‘surplus’ account value of a couple in which one or both die, among the surviving couples in State
0. The surplus account value is the account value which the couple no longer needs to support the
desired income payment in their new state.
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Broadly, Proposition 4.1 motivates the longevity credit for couples in State 0 at time n being
calculated as

3∑
k=1

Number of transitions to State k over the year to time n

Number of couples in State 0 at time n

· Account value not needed at time n in State k by a couple transitioning from State 0.

How to express this mathematically is detailed in the next section. However, the approach has
limitations which render it impratical for real world applications. The obvious drawback is that it
assumes all couples are the same at time 0. For example, they bring the same amount of money
to the fund, the husband is age x, the wife is age y. All wives have the same future lifetime
distribution, and similarly for the husbands. Therefore, Section 4.4.2 adjusts the longevity credit
calculation in Section 4.4.1 to allow for real life complications.

4.4.1 A joint life longevity credit calculation for homogeneous couples

Here the longevity credit calculation when the couples are identical at time 0 is set out. It is then
generalised in Section 4.4.2 to allow for couples to have different characteristics at time 0. The
desired annual payments are, for each couple, the same as before: $1 in State 0, $α in State 1 and
$β in State 2. In State 3, the couple is dead and no payments are made.

Suppose that there are L(0)(0) > 1 couples in the fund, who are all in State 0, at time 0. In the
year after joining, some of the husbands may die and some of the wives may die. Mathematically,
suppose that N (0,k)(1) of the initial couples move to State k ∈ {1, 2, 3} at time 1, in which∑3

k=1 N (0,k)(1) < L(0)(0). This leaves L(0)(1) = L(0)(0) −
∑3

k=1 N (0,k)(1) couples in State 0 at
time 1. Transitions occur only at time 1, 2, 3, . . ..

As an aside, if there are no couples left in State 0 at time 1, i.e. L(0)(1) = 0, it is assumed that
the transitioning couples do not give up any of their account value. In particular, for a couple in
which both of them dies over the year to time 1, their estate is paid their account value.

At time 0−, each couple has money $F (0−), which they transfer into an account in the pooled
annuity fund at time 0. They want to have

C(0) = F (0−)
äx:y + αäy|x + βäx|y

per annum paid annually in advance to them while they are both alive. If the wife dies and
the husband is still alive, they want her to receive $αC(0) per annum paid annually in advance
until her death, in which α > 0. If the husband dies and the wife is still alive, they want her
to receive $βC(0) per annum paid annually in advance until her death, in which β > 0. These
income amounts are subject to change over time, as the mortality and investment experience, which
emerges over time, differs from expectations.

Immediately upon joining the fund, each couple is paid $C(0) and their account value falls to

F (0) := F (0−) − C(0) = F (0−)
äx:y + αäy|x + βäx|y − 1

äx:y + αäy|x + βäx|y
.

Let the account value at time 1 of the each couple in State 0, after investment returns have been
added and before the longevity credits at time 1 are calculated, be F (1−).

For a couple in State 1 at time 1, i.e. in which the wife dies and the husband survives, the new
widower expects to have an annual income of $α C(0). Using expected values, this means that he
requires a fund value of $α C(0) äx+1 at time 1. Thus an amount

F (1−) − α C(0) äx+1
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is given up by him, to be shared out among those remaining in State 0 at time 1. In effect, this
is the sum-at-risk for transitions from State 0 to State 1. However, it is a value at time 1, rather
than a value at time 0. Although the time 0 value could be used, it makes more sense to use the
time 1 value since it represents the amount being given up by those couples who transition out of
State 0 at time 1.

The expression in Proposition 4.1 shows that a fraction 1/(pxpy) is paid to each couple in State
0 at time 1 of the expected per couple sum-at-risk released at time 1 by transitions into State
1. Outside of the latter’s expected value setting, the actual sum-at-risk released at time 1 by
transitions into State 1 replaces the expected sum-at-risk. Since N (0,1)(1) couples transition to
State 1 at time 1, there will be N (0,1)(1) times the amount F (1−) − α C(0) äx+1 shared out among
the couples in State 0 at time 1.

This suggests that the longevity credit paid to each couple in State 0 at time 1 due to other
couples transitioning to State 1 is

N (0,1)(1)
L(0)(1)

(F (1−) − α C(0) äx+1) .

Similar reasoning gives that a longevity credit of amount

N (0,2)(1)
L(0)(1)

(F (1−) − β C(0) äy+1)

should be paid to each couple in State 0 at time 1, due to other couples transitioning to State 2.
A longevity credit of amount

N (0,3)(1)
L(0)(1)

F (1−)

should be paid to each couple in State 0 at time 1, due to other couples transitioning to State 3.
In total, each couple in State 0 at time 1 is paid a longevity credit of amount

LC(0)(1) := 1
L(0)(1)

{
N (0,1)(1) (F (1−) − α C(0) äx+1)

+ N (0,2)(1) (F (1−) − β C(0) äy+1)

+ N (0,3)(1) F (1−)
} (4)

at time 1 and hence their fund value increases to F (1) := F (1−) + LC(0)(1).
At time 1, a new income calculation is done for the couples in State 0. The income paid to them

at time 1 is

C(1) = F (1−) + LC(0)(1)
äx+1 + αäy+1|x+1 + βäx+1|y+1

and their fund value at time 1 is

F (1) = F (1−) + LC(0)(1) − C(1) =
(

F (1−) + LC(0)(1)
) äx+1 + αäy+1|x+1 + βäx+1|y+1 − 1

äx+1 + αäy+1|x+1 + βäx+1|y+1
.

The longevity credit is repeated at time 2, using the updated income value C(1) and the number of
transitions to each state between time 1 and time 2. For example, let the account value of couples
in State 0 just before time 2 be F (2−). Suppose there are N (0,k)(2) − N (0,k)(1) transitions from
State 0 to State k ∈ {1, 2, 3} between time 1 and time 2. Then the longevity credit paid to each
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couple in State 0 at time 2 is

LC(0)(1) := 1
L(0)(2)

{ (
N (0,1)(2) − N (0,1)(1)

)
(F (2−) − α C(1) äx+2)

+
(

N (0,2)(2) − N (0,2)(1)
)

(F (2−) − β C(1) äy+2)

+
(

N (0,3)(2) − N (0,3)(1)
)

F (2−)
}

.

4.4.2 A joint life longevity credit for heterogeneous couples

In practice, the couples who join a pooled annuity fund to get a joint life income will bring different
fund values when they join and will be of different ages compared to other couples in the fund. A
longevity credit calculation must take account of these realities. In this section, an expression for
calculating the longevity credit when couples are heterogeneous is developed.

Turn to the single life longevity credit calculation for motivation for a suitable joint life longevity
credit calculation. There have been various ways proposed to share longevity risk in a single life
setting. Some of them are actuarially fair over fixed time periods. In other words, the expected
gain from longevity risk-sharing – here, the payment of a longevity credit upon survival over each
year – equals the expected gain from longevity risk-sharing – the loss of the account value when a
single life dies. Some of the longevity risk methods are only approximately actuarially fair, but in
practice, this is good enough. The circumstances under which they fail to be close to actuarially
fair are the circumstances when pooling is inadequate, for example when there are few participants
in the fund and the fund is very heterogeneous in terms of the participants’ mortality and wealth.

A common thread can be seen in the many proposed ways of calculate a single life longevity
credit. It is that the share of the funds of those who have died should be in proportion to the
expected loss of each participant. The expected loss is the product of the sum-at-risk and the
probability of the risk materialising; in the case, the chance of the single life dying. There are
some variations, for example Qiao and Sherris (2013) divide the sum-at-risk by the probability of
the risk not materialising to define the proportionate share of a participant. Nonetheless, this is
approximately the same as the expected loss.

It is also evident that, as there are many ways of calculating the longevity credit for a single
life income, there will be many ways for calculating it for a joint life income. Here, following the
expected loss approach, first adjust expression (4) to allow for the expected loss. The expected
loss of a couple in State 0 at time 0 for a possible transition to State k ∈ {1, 2, 3} at time 1 is

{Couple’s probability of moving to State k} · {Couple’s sum-at-risk if moving to State k}.

For example, the expected loss of a couple in State 0 at time 0 for a possible transition to State 1
at time 1 is px qy (F (1−) − α C(0) äx+1).

Consider the expression (4) for the longevity credit when the homogeneous couples. To incor-
porate the expected loss means that the term 1/L(0)(1), the inverse of the number of surviving
couples in State 0 at the end of the year, is adjusted to

{Couple’s expected loss if move to State k}∑
Surviving couples{Each surviving couple’s expected loss if move to State k}

.

Since the number of surviving couples in State 0 at time 1 is L(0)(1) and each couple in State 0
has, at time 0, the same expected loss if they transition to a fixed state k ∈ {1, 2, 3} at time 1,
then the above fraction can be simplified to 1/L(0)(1) for each of the three possible values of k.
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In terms of the notation developed in Section 4.4.1, the longevity credit, paid to each surviving
couple when all couples are homogeneous copies of each other at time 0, is

LC(0)(1) = px qy (F (1−) − α C(0) äx+1)
L(0)(1) px qy (F (1−) − α C(0) äx+1)

{
N (0,1)(1) (F (1−) − α C(0) äx+1)

}
+ qx py (F (1−) − β C(0) äy+1)

L(0)(1) qx py (F (1−) − β C(0) äy+1)

{
N (0,2)(1) (F (1−) − β C(0) äy+1)

}
+ qx qy F (1−)

L(0)(1) qx qy F (1−)

{
N (0,3)(1) F (1−)

}
The first line in the last expression can be understood as follows. The first, fractional, term shows
the proportion that a particular couple, which is in State 0 at time 1, should get of the total
sum-at-risk released by actual transitions (by other couples) into State 1 at time 1. The second
term, in curly brackets, gives the total sum-at-risk released by actual transitions (by other couples)
into State 1 at time 1. The explanation of the second and third lines follows similarly.

Following the expected loss approach, the longevity credit for couples in State 0 at time n could
be calculated as follows. Suppose at time 0 that there are N couples in State 0. Couple i consists
of a husband of age xi and a wife of age yi at time 0, for i = 1, 2, . . . , N . Let p(f)(i; x) and
p(m)(i; x) denote the probability of survival from age x to age x + 1 for the wife and husband,
respectively. Define the corresponding probabilities of mortality, q(f)(i, y) := 1 − p(f)(i, y) and
q(m)(i, x) := 1 − p(m)(i, x). It is assumed, as before, that the future lifetimes of the couple are
independent random variables.

Let ä
(f)
i;x and ä

(m)
i;x represent the EPV of a single life annuity payment, of $1 per annum paid

annually in advance, starting from age x, to the wife and husband, respectively. Let äi;x,y represent
the EPV of a joint life annuity payment, of $1 per annum paid annually in advance, starting when
the husband is age x and the wife is age y and stopping when one or both of them die. The EPVs
äi;y|x and äi;x|y of the reversionary life annuities are written similarly.

Couple i bring an amount $Fi(0−) to the fund and their account value at time n is denoted
Fi(n) for n ≥ 0. The amount of income withdrawn at time n is Ci(n), for n = 0, 1, 2, . . .. They
wish to have an annual payment paid annually in advance of: (i) $Ci(0) while they are both alive;
(ii) $αi Ci(0) while the husband is alive and the wife is dead; (iii) $βi Ci(0) while the husband is
dead and the wife is alive; and (iv) No payments if both are dead, in which αi ≥ 0 and βi ≥ 0.

The initial income paid out to Couple i at time 0 is

Ci(0) := Fi(0−)
äi;xi,y(i) + αäi;yi|xi

+ βäi;xi|yi

.

For Couple i, their expected loss for a transition at time 1 to State 1 – when the husband is
alive and the wife is dead – is

p(m)(i; xi) q(f)(i; yi) (Fi(1−) − αi Ci(0) äi;xi+1) .

As before, the sum-at-risk is its value at time 1, at the time the longevity credit is paid out, rather
than the value at time 0.

Suppose that at time 1, the set A(k) holds the indices of the couples who are in State k at time
1, for k ∈ {0, 1, 2, 3}. The index of each couple is in exactly one of these four sets. Then for each
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i ∈ A(0), Couple i gets a longevity credit at time 1 of

p
(m)
i,xi

q
(f)
i,yi

(
Fi(1−) − αi Ci(0) ä

(m)
i;xi+1

)
∑

j∈A(0) p
(m)
j,xj

q
(f)
j,yj

(
Fj(1−) − αj Cj(0) ä

(m)
j;xj+1

){ ∑
ℓ∈A(1)

(
Fℓ(1−) − αℓ Cℓ(0) ä

(m)
ℓ;xℓ+1

) }

+
q

(m)
i,xi

p
(f)
i,yi

(
Fi(1−) − βi Ci(0) ä

(f)
i;yi+1

)
∑

j∈A(0) q
(m)
j,xj

p
(f)
j,yj

(
Fj(1−) − βj Cj(0) ä

(f)
j;yj+1

){ ∑
ℓ∈A(2)

(
Fℓ(1−) − βℓ Cℓ(0) ä

(f)
ℓ;yℓ+1

) }

+
q

(m)
i,xi

q
(f)
i,yi

Fi(1−)∑
j∈A(0) q

(m)
j,xj

p
(f)
j,yj

Fj(1−)

{ ∑
ℓ∈A(3)

Fℓ(1−)
}

.

For a couple ℓ ∈ A(1) who moves from State 0 to State 1, they do not receive any longevity credit.
Rather, an amount $

(
Fℓ(1−) − αℓ Cℓ(0) ä

(m)
ℓ;xℓ+1

)
is taken out of their account, leaving the widower

with an account value of Fℓ(1) = αℓ Cℓ(0) ä
(m)
ℓ;xℓ+1. The amount taken out of their account is shared

out, in line with the longevity credit calculation above. A similar transfer of money occurs for
couples who move from State 0 to State 2. For couples in which both partners die over the year,
i.e. who move from State 0 to State 3, all of their account value is shared out among the couples
in State 0.

With the expression for the longevity credit above, a pooled annuity fund can offer its participants
a tailored benefit. Couples can choose their own values of αi and βi to meet their personal
circumstances. Participants with different fund values and different future distributions of death
can pool their longevity risk together to get their desired benefits.

It is clear that, under the proposed calculation, couples in State 0 can pool their longevity
risk only with other couples in State 0. They cannot pool their longevity risk with the widowed
individuals in State 1 and State 2. However, the widowed individuals can pool their longevity
risk with other widowed individuals. More generally, they can pool their longevity risk with any
individual in State 1 or State 2, using a longevity credit calculation like that in expression 3.

5 Conclusion
For pooled annuity funds to compete with life annuities, they need to provide similar benefits. This
paper contributes to the literature on pooled annuity funds by showing how a joint life income can
be provided. It requires a suitable longevity credit calculation, which is proposed here in a general
setting. There are no restrictions on the mortality and financial characteristic of the couples who
are to be paid a joint life income. The absence of restrictions if the method set out here is to be
used in practice.

As has been shown, the joint life income benefit provides a richer menu of benefits to the couple
than available to them if they chose two single life incomes. This means that they can choose
the benefits that suit their own personal financial circumstances the best. Again, this flexibility
increases the attractiveness of pooled annuity funds offering such benefits.

Additionally, this menu of benefits is richer than the joint life income benefits seen in life annuities
and defined benefit pension plans. These latter products and schemes pay the annuitant or member
a specified income while the member is alive. If they die, their spouse receives a specified fraction
of the joint income, typically half or two-thirds of it. Why does the member get the full amount
of the benefit while they are alive, and their spouse get less than that? In general, their financial
needs as widowed individuals will be similar. Under the joint life income proposed in this paper,
the couple can choose how much to receive when only one of them is left alive.

16



References
ABI (2013). The UK annuity market: Facts and figures. Technical report, Association of British

Insurers.

Bernhardt, T. and Donnelly, C. (2019). Modern tontine with bequest: Innovation in pooled annuity
products. Insurance: Mathematics and Economics, 86:168–188.

Chen, A., Guillen, M., and Rach, M. (2021). Fees in tontines. Insurance: Mathematics and
Economics, 100:89–106.

Chen, A., Hieber, P., and Klein, J. (2018). Tonuity: a novel individual-oriented retirement plan.
ASTIN Bulletin, 49(1):5–30.

Chen, A. and Rach, M. (2022). Bequest-embedded annuities and tontines. Asia-Pacific Journal of
Risk and Insurance, 16(1):1–46.

Chen, A., Rach, M., and Sehner, T. (2020). On the optimal combination of annuities and tontines.
ASTIN Bulletin, 50(1):95–129.

Dagpunar, J. (2021). Closed-form solutions for an explicit modern ideal tontine with bequest
motive. Insurance: Mathematics and Economics, 100:261–273.

Denuit, M. and Robert, C. (2021). From risk sharing to pure premium for a large number of
heterogeneous losses. Insurance: Mathematics and Economics, 96:116–126.

Dickson, D., Hardy, M., and Waters, H. (2013). Actuarial Mathematics for Life Contingent Risks.
Cambridge University Press.

Donnelly, C., Guillén, M., and Nielsen, J. (2013). Exchanging uncertain mortality for a cost.
Insurance: Mathematics and Economics, 52(1):65–76.

Donnelly, C., Guillén, M., and Nielsen, J. (2014). Bringing cost transparency to the life annuity
market. Insurance: Mathematics and Economics, 56:14–27.

Hanewald, K., Piggott, J., and Sherris, M. (2013). Individual post-retirement longevity risk man-
agement under systematic mortality risk. Insurance: Mathematics and Economics, 52(1):87–97.

Milevsky, M. and Salisbury, T. (2015). Optimal retirement income tontines. Insurance: Mathe-
matics and Economics, 64:91–105.

Milevsky, M. A. and Salisbury, T. S. (2016). Equitable retirement income tontines: Mixing cohorts
without discriminating. ASTIN Bulletin, 46(3):571–604.

Piggott, J., Valdez, E., and Detzel, B. (2005). The simple analytics of a pooled annuity fund. The
Journal of Risk and Insurance, 72(3):497–520.

Qiao, C. and Sherris, M. (2013). Managing systematic mortality risk with group self-pooling and
annuitization schemes. Journal of Risk and Insurance, 80(4):949–974.

Sabin, M. (2010). Fair tontine annuity. Available at SSRN. http://ssrn.com/abstract=1579932.

Stamos, M. Z. (2008). Optimal consumption and portfolio choice for pooled annuity funds. Insur-
ance: Mathematics and Economics, 43:56–68.

17



Valdez, E. A., Piggott, J., and Wang, L. (2006). Demand and adverse selection in a pooled annuity
fund. Insurance: Mathematics and Economics, 39(2):251–266.

Weinert, J. and Gründl, H. (2021). The modern tontine. European Actuarial Journal, 11(2):49–86.

Zhou, Y., Sherris, S., Ziveyi, J., and Xu, M. (2021). An innovative design of flexible, bequest-
enhanced life annuity with natural hedging. Scandinavian Actuarial Journal, 0(0):1–22.

18



 

 

 

Beijing 
14F China World Office 1 · 1 Jianwai Avenue · Beijing · China 100004 
Tel: +86 (10) 6535 0248 

Edinburgh 
Level 2 · Exchange Crescent · 7 Conference Square · Edinburgh · EH3 8RA 
Tel: +44 (0) 131 240 1300 · Fax: +44 (0) 131 240 1313 

Hong Kong 
1803 Tower One · Lippo Centre · 89 Queensway · Hong Kong 
Tel: +852 2147 9418  

London (registered office) 
7th Floor · Holborn Gate · 326-330 High Holborn · London · WC1V 7PP  
Tel: +44 (0) 20 7632 2100 · Fax: +44 (0) 20 7632 2111 

Oxford 
1st Floor · Park Central · 40/41 Park End Street · Oxford · OX1 1JD 
Tel: +44 (0) 1865 268 200 · Fax: +44 (0) 1865 268 211 

Singapore 
163 Tras Street · #07-05 Lian Huat Building · Singapore 079024 
Tel: +65 6906 0889 
 

www.actuaries.org.uk 
© 2019 Institute and Faculty of Actuaries 


