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IN the following pages I shall have frequent occasion to avail
myself of a term which the progress of the analysis of life contin-
gencies has rendered indispensable, but which is not found in any
of the standard elementary works in that science. I think, there-
fore, that I cannot better commence this paper than by an attempt
to give an explanation of the expression “force of mortality,” suffi-
ciently ample to obviate any difficulties which might otherwise be
experienced on this score.

In the subjoined table L, denotes the number living at age @
in a mortality table, and AL, the difference corresponding to an
increment of Az in the age—in this case 10 years. The other
characters will be explained further on.

1 AL {Ly—Len 1 dL.
@, L. ALy I Az 1 I .
(L) (2 (3.) 4) (5.) (6.) (7.)
20 9626-100 754:934 00784 00775 00775 20
30 8871°166 818-836 00923 00875 -60872 36
40 8052-330 998-874 -01241 01108 01097 40
50 7053456 1370-050 01942 01653 01626 50
60 5683-406 1918-892 03376 02919 02868 60
70 3764514 2190-060 -05318 05826 ‘05780 70
80 1574454 1350-552 08578 *12310 *12614 80
90 223-562 221-368 09887 25824 28647 90
100 2:534 2-534 16000 *49913 66265 100
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The second coluomn then, headed I, contains the numbers
living at successive decennial intervals of age; the third (—AL,)
shows the decennial decrements; the fourth <~ fl— AA—I:> gives

x
the ratio which the average annual decrement of each decennial
period bears to the number living at the commencement of the
Lm_"Lz'+1

period; while the fifth column < ) exhibits the series

@€
known as the rate of mortality—i.e., the ratio of the number
actually dying in one year to the number living at the commence-
ment of that year.

Thus, out of 9626100 persons living at age 20, 754934 die
before attaining the age of 30—which is at the average rate of
754934 per annum. Dividing this last by 9626:100, we have
‘00784 for the ratio which the average number of annual deaths
bears to the number living at the commencement of the decennial
interval.

Comparing this with the corresponding number in column 5,
we see that it is bat little in excess of the rate of mortality for the
least of the 10 ages included in the given interval—the rate of
mortality at age 20 being -00775. The same comparative defi-
ciency in the average annual proportion of deaths of the decennial
interval will be observed upon comparing the two columns for the
respective ages of 80, 40, 50, and 60. At the age of 70 and
upwards, however, the deficiency in question becomes much more
apparent—the average annual rate of decrease, during the 10 years,
being then actually less than the rate of mortality for the youngest
age of the decennial period; and so rapidly does this go on, that
at the age of 100 the former is little more than one-fifth of the
latter.

It is scarcely necessary to point out that this result is owing to
the fact that as the numbers living are gradually diminishing by
the effect of mortality, the number of deaths must also experience
a corresponding diminution ; and the longer the interval between
the ages observed, the greater must be the distarbance caused by
this incessant reduction in the number exposed to the risk of death.
My object, however, in calling attention to a phenomenon which
must be sufficiently familiar to all who have given the least con-
sideration to the subject, is to show how extremely inadequate the
average annual number of deaths—taken for several years together
—becomes as a measure of the actual infensity or force of the
operating causes by which the decrements of life are produced.
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Now, it will be observed that the function L”;ﬁ’ (vepre-
c4
senting the rate of mortality), of which the values are shown in

col. 5, is of precisely the same form as the function — 1 A—L"'

L, A,
1 AL, . .
(or —_— ——-—), from which the values in col. 4 are computed.
L, 10

For the latter is equivalent to Lw—l_()#, which becomes identical

with the former by substituting 1 for 10 as the increment of .
But it is evident that the same causes which render the series in
col. 4 so imperfect a measure of the force of mortality must also
tend (in a less degree) to make the series in col. 5 unfit for the
same purpose. If, therefore, instead of making Az (or the incre-
ment of age) =1 in the formula — le . AA—I;:,
tion (say °5, for instance), we shall obtain a still better expression
for the measure in question. And if we go still further, and
diminish Az without limit, we shall evidently get rid of the dis-
turbing element altogether, and thus obtain a perfect measure
of the actnal intensity or force of mortality at each age.

This 1s, in effect, the process adopted in the construction of

we make it a frac-

col. 6; %” (which in the language of the differential calculus is

called the differential coefficient of L) being the limit of the ratio
of the infinitely small decrement of L, to the infinitely small inere-
ment of #, by which it is produced. The means by which the
limit in question may be computed will sufficiently appear in the
course of the following pages.

The considerations to which I have thus ventured to call
attention afford, I think, a sufficient explanation of the nature of
the function known as the “force of mortality,” as well as of the
reason for its designation ; and at the same time convey some idea
of the importance which such a function is calculated to possess
in the investigation of the nature of the law of mortality, and the
analysis of life contingencies generally.

I proceed now to establish some theorems in connection with

the expression — %— . %, which will be of service to us in the
sequel ; premising that when finite differences are used they are
(unless the contrary be expressed) to be taken from the series L,
L.in, Lizigs, &e.—in other words, » is substituted for Az.

2c¢c2
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I. The usual expansion of % in terms of the finite dif-

ferences is (De Morgan’s Diff. and Int. Calculus., p. 264) -

dL,
e == =AL— AT, +3A L, — .. .

Transforming the second member of this equation into the system
of central differences (see Mr. Woolhouse’s paper on Interpolation,
Assurance Magazine, vol. x1.), we have
n dL, AL, +AL,, 1 AL, ,+4A%L,,,
= — 2 23 2
1.2 AL, ,,+A%L, 4,
8435 2 -
Hence, neglecting third and higher differences, we get for an
AL, +AL,_,
2nL, ’
If n be taken =1, we have the formule given by Mr. Woolhouse
in his excellent paper above referred to.
The following still more rapidly converging series may be used
with advantage when the values of X .5, Lizran.a, &e. (n:2

approximate expression for the force of mortality —

denoting the quantity g, &c.) are contained in the table :—

sz 1 3
" E; =AL, .- ﬁAaLz-au:ﬁ'*" @A5L,_5a:2— R

I1. If the force of mortality be denoted by F,, we shall have
—~dl, =1, F dr. Now it will be shown further on, that whether
a population be stationary or fluctuating-—and by whatever law, in
the latter case, the fluctuations may be governed—the ratio of the
the annual average number of deaths, during a period of n years,
between the ages v and v+, to the mean or average population
during the same period and between the same ages, is accurately
represented by the formula

'dLm
A e
f EJ,WG,.dx

where C, is a funetion of z depending upon the nature of the fluctu-
ations of the population during the period and between the ages
observed, and which becomes a constant and disappears when the

* The higher differential cocfficients may be similarly developed. For instance, we

w @, A, . 1 At g, 12 AT,z
Tl " Tmm  — T E—am Pl Rl k. f L.
bave 5 '3 2 33 & ‘'345 6 cov. Of course L,

may here stand, generally, for a function of =,
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population is stationary. But from the equation —dL, = L,F.d»

we have —d L, ,C, =Ly, oy ,Codz, and therefore — f i dg;*' 2 C dx
a

= f 7i]v+,F,,+,Czdx. Now if ¥,,, be supposed constant between
4]

the limits of integration, and equal to its value at the mean age v + 4=,
the second member of the last equation becomes ¥y 4,/ Ly, .Codr,
)

and we have
" dLu+x
- ¢ dz

‘/; EL,, 120,

so that the ratio of the average annual number of deaths to the
mean population between given ages approximately represents the
force of mortality at the mean age.

III. Our opening remarks will have made it sufficiently appa-
rent that the force of mortality expresses the rapidity with which,
at any given instant of time, a body of individuals of a given age
are diminishing by death. Being a function of the age it is inees-
santly varying in passing from one age to the next, but it may be
accurately defined as the ratio between the number living at the
given age and the number of deaths which would take place in one
year, supposing the force of mortality to remain constant during
that period, and each vacaney arising by death to be filled up as
it occurs by the substitution of a life of the same age. When
speaking of the general mortality, irrespective of the particular
causes, it may be designated as the * total” foree of mortality, to
distinguish it from the  partial” forces, by whick latter term 1
propose to designate the ratio above defined, when we are con-
sidering the deaths arising from one or more particular diseases only.
The total force of mortality at age # I have denoted by F,, and
similarly the several partial forces will be represented by F.,
F,, &e.

IV. Let the total force of mortality in a given body of indi-
viduals be composed of the two distinct and independent partial
forces ¥, and F,. And as L, denotes the number living at age z
in a body subject to the total force of mortality, let L, and L;
respectively represent the number living in a body subject to
each one of the partial forces only. And let it be supposed that
the decrement — AL, (corresponding to any small inerement of
time A,) takes place at the commencement of the interval, and the
decrement — AL, at the termination thereof. Then the total

Cdz

Fu+§n = ?
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decrement of 1., (supposing hoth causes of mortality to be in ope-
ration together) will be
AL AL N AL

—AL = — ek — 2.
AL=-Lx T2 L (1- ) 5

AL,  AL" AL, ALY,

=)

z

Now, by taking Az sufficiently small, the supposition as to the
time at which the decrements take place may be made as near the
truth as we please. Let Az be diminished without limit, in which
case AL,. AL, becomes infinitely small in comparison with AL
and AL;, and the term in which it is a factor may therefore be
neglected without affecting the truth of the equation. Dividing
the remaining terms by L,dz, we have

dL, 4L, 4L,
T Lz Ldv LUldz
or F=F_+F..

Hence, generally the total force of mortality is equal to the sum of

the several partial forces.

dL, _dL, 4L
Tods ~ Uida ™ T’
we have log L,=log I, -+log L, + ¢, whence gL,=1/,L/;. Buta
table of the values of gL, and one of 1, are, for all practical
purposes, the same. From this it appears that if we have tables of
L, ¥, 1y, &e., showing the numbers living at successive ages
in several bodies of individuals, each of which is suppesed to be
subject only to one given cause of death, we may construet a table
of the numbers living in a body subject to all or to any given
number of such causes by merely multiplying the number living at
each age, in the separate tables, into each other. Henceforth,
then, L, will denote L/,. L% . . .

VI. Representing by — A’L, the number dying from one par-
ticular cause (viz., that corresponding to 1/} out of L, persons subject
simultaneously to several causes of mortality, let it be required to
find an expression for its value. The probability of a life aged »
dying in the instant immediately following the expiration of the
time x is found by multiplying the probability of the life surviving
the period #z into the probability of a life aged v+ dying in-
stantaneously. We have, therefore, for the probability required,

LI”)‘L“’ . %ﬂ, or — %., -1z dl/y, ;. Integrating from =0
v LX)

V. Integrating both sides of the equation
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to z=n, we have for the probability of the life dying within

n
n years, from the given cause, — IIT f LVosie dﬁ;“
(] 0

f I / dL 2 dz, and multiplying by L,, we find that
—A'L —-/‘ T dL

Hence also —A"L—=— f L’ ”

dz, or — 1

L,

Adding together the corresponding sides of these equations, the
sums should be equal. Now fL7.dU, +f1/, dL =L 1=1L,,
and taking the limits £=v to s=v+n, we get L, ,— Ly or AL,
Therefore

—A'L,—AL,=—AL,,
the two members of which equation are evidently identical.

The value of — AL, may be deduced in a somewhat different
Ijj—_:.- dLIﬂ—l»z — Lv+.’rF,9+: d:c
L, Ve I
plying by L, gives us
o+
—AL,— f L, P, da.

form, for — Integrating and multi-

VII. The probability of dying (from the given cause) in the

infinitely small interval of time dz being _ 4L the infinitely

T,
small decrement (—d’\L,/) from the deaths resulting from this par-
ticular force of mortality, in the number L,, is ——Lx-i,—‘-" or
L,F,dz. And from the equation —d'L,=F L dz we get
a'L,
Lds’

2+n
and also —AL,= f L, ¥ dz, the result already arrived at by a

different process in ({TI)
VIIL. From the equation —d'L,=1L,F" dr we get the approxi-
@ Lipy o
T < Code
,/:) L-n+zczd-7"
adopted in II. We see then that the theorem established in that
article, viz.,  That the average annual deaths in a given population
(whether stationary or fluctuating) between the ages # and z+n,
divided by the average number living between those ages, approxi-

F,=—

mate equation ¥y = by the same process as that
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mately represents the force of mortality at the mean age &+ in,”
1s applicable as well to “ partial” forces as to the “total”’ force of
mortality.

In establishing the preceding theory of partial forces, it has been
tacitly assumed that the numbers of the population are affected
only by the births on the one hand and by the deaths on the other.
But in all practical applications of the subjeet another important
element, viz. migration, presents itself, so that it becomes necessary
to show that the theorems hold good when that element is taken
into consideration.

Let P, denote the number of annual births—which we will
first suppose to be constant—and of these let there be P, who will
survive and remain in the country until the eompletion of n years of
age. To simplify the case, let us assume, in the first instance, that
there are no immigrants. Then if the law of mortality and migra-
tion remain constant (varying only with the age) during the period
required for a whole generation to become extinet, the population
will then have reached the stationary state. The number thence-
forth annually completing the age x will be P,, and —AP, or
P,—P,,, will represent the number annually disappearing by
death and emigration between the ages # and # 1.

If, again, we take the case of a population increasing in geo-
metrical progression—Dby reason of the annual births exceeding the
annual disappearances in a constant ratio to the existing population,
the numbers annually completing each successive year of age will
be in the following proportions, viz., P, Poyv !, Poyor 2, ...
where Py, Pry1; Poy2 .. . are the corresponding numbers in the
case of a stationary population.

And as in the preceding theorems relative to the decrements of
life no supposition was made as to the nature of the law of mov-
tality, it is evident that they must all hold good in the case of the
decrements resulting from death and emigration together—which
for the sake of distinction we may term the decrements of popula-
lation. And farther, as we have seen that by means of the theory
of partial forces of mortality we may investigate the law which
regulates the deaths from one or more particular diseases, notwith-
standing that the population may also be affected by deaths arising
from other diseases; so we may with equal facility perform such
investigations notwithstanding that the population may be affected
by the disappearance of individuals by emigration, and this even
although we may have no record of the number annually emigrating
at each age.
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To complete the subject we have now to include the case in
which #mmigration as well as emigration takes place. If we assume
that at every age the emigrants exceed the immigrants, the case
has just been disposed of, for the whole of the immigrants may be
supposed to take the place of an equal number of emigrants; and
the effective force of emigration at each age is represented by the
excess of the latter over the former. But it is evident, nevertheless,
that emigration and immigration may also be considered as distinet
forces, the one being a positive and the other a negative foree ; and
this consideration leads us naturally to the case in which the immi-
grants may exceed the emigrants, which we may see is met by
extending our conceptions of the force of migration as one which
may be either positive or negative.

This mode of treating the subject gets rid of the necessity of
investigating separately the effect of migration, which Mr. Milne
has done, in considerable detail, in his able and elaborate work on
life contingencies; and also renders unmnecessary the limitation
which the eminent writer referred to has introduced in some of his
theorems, viz., that the population subject to investigation shall
not be affected by migration. (See Milne, articles 184 and 188.)

We are now in a position to proceed with the investigation of
the subjeet which forms the title of the present paper.

The formula which I have already had oceasion to bring under
the notice of this Institute, as representing very closely the normal
law of human mortality, is derived from a modification of Mr.
Gompertz’s simple and highly ingenious theory that the power to
oppose destruction loses equal proportions in equal times. The
modification which I propose to introduce consists in the limitation
of the theory to a portion only of the partial forces of mortality;
and the assumption that the remaining partial forces operate (in
the aggregate) with equal intensity at all ages. This modification
will, T think, lose none of its claims to an impartial consideration,
from the fact that it in no way interferes with the philosophical prin-
ciple upon which Mr. Gompertz has shown his theory to be based :
a feature which distinguishes his formula from all others which
have hitherto been proposed, and which doubtless accounts for the
favourable reception it has met with from the highest scientific
authorities ; from those in fact best qualified, from their habits of
thought, to distinguish the “ general” from the < particular”—the
permanent and essential law from the temporary and aceidental
circumstances by which that law is obscured and modified.



334 On the Law of Mortality. [Jory

From one or two quarters, indeed, Mr. Gompertz's hypothesis
has met with an opposition which I can account for only by supposing
the existence of a vague suspicion that the hypothesis in question is
nothing more than a mere abstract theory, not derived from experi-
ment, but to support which, on the contrary, it is necessary to do
violence to the facts supplied from actual observation. How much
opposed such a suspicion is to the trath, the following extracts from
Mr. Gompertz’s writings will testify:—*This equation between the
number living and the age,” he says in his first paper, “is
deserving of attention, because it appears corroborated during a
long portion of life by experience ; as I derive the same equation
from various published tables of mortality, during a long period of
man’s life, which experience therefore proves that the hypothesis
approximates to the law of mortality during the same portion of
life ; and in fact the hypothesis itself was derived from an analysis
of the experience here alluded to.”” And again, speaking of the
modification introduced by himself, for the purpose of extending
his formula to the whole duration of life, he says, after giving the
result of his experiments, “ And I consider the eguation quoted
sufficiently interesting for my endeavour to discover the cause of its
existence ;”’ and further on he adds, * And contemplating on this
law of mortality, I endeavoured to inquire if there could be any
physical cause for its existence,”

These extraets prove conclusively that this eminent man fol-
lowed no such erroneous method as that supposed; but that, on
the contrary, he confined himself strictly to the interprefation of the
facts supplied by experiment. His method is in perfect accordance
with the precepts of our great Enghsh philosopher, Bacon, of
whose highly figurative and graphic style we are reminded by
Mr. Gompertz’s writings—a feature which renders their perusal
quite refreshing in this oppressively logical age.

In the supplement to the 25th Annual Report of the Registrar-
General are given—{1) the mean population of England (in decen-
nial intervals of age) during the years 1851 to 1860, (2) the
average annual number of deaths from different causes during the
same period, at the corresponding ages, and (3) the ratios of the
latter to the former, which we have shown to be the approximate
value of the several partial forces which together make up the
aggregate or total force of mortality. We have here, then, the
means of testing the value of the propesed modification of Mr.
Gompertz’s theory (so far as the necessarily uncertain nature of
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the data will admit) by comparing the results with those deduced
from the theory as originally propounded.

The formula for F,, according to Mr. Gempertz’s theory, is
Bg®. Tor this I propose to substitute A4 Bg?, where A is the
sum of certain partial forces which we assume to be, in the aggre-
gate, of equal amount at all ages. The quantity Bg* may also
consist of the aggregate of several forces of a similar nature. So
that we may put

F=(at+d+d"+.. )+ G+E++.. )5

where a+a' +a”"+ ... =A,and b+ +8"+ ... =B.

I do not profess to be able to separate the whole category of
diseases into the two classes specified-—viz., diseases depending
for their intensity solely upon the gradual diminution of the vital
power, and those which depend upon other causes, the nature of
which we do not at present understand. I apprehend that medical
science is not sufficiently advanced to render such a desideratum
possible of attainment at present. I propose only at present to show
that there are certain diseases—and those too of a well-defined and
strictly homogeneous character—which follow Mr. Gompertz’s law
far more closely than the aggregate mortality from all diseases
taken together. I shall then have given sufficient reason for the
substitution of the form Bg*+ ¢(z) for the force of mortality in
lien of Bg?: the proof that the terms included in ¢(2) form, in the
aggregate, a constant guantity, I shall leave until we come to the
examination of data mere satisfactory than the returns of population
and the public registers of deaths.

The two following tables are taken from the supplement before
referred to. They give, first, the number of annual deaths {from
all causes) to 1,000,000 living; and secondly, the number of
annual deaths from certain specified causes to the same number
hiving. The causes of death, as well as the ages for which they
are given, have of course been selected as the most favourable
exponents of the law of geometrical progression; but it will be
observed that the former embrace all the prineipal vital organs of
the body, and the latter include the whole of the period from early
manhood to the confines of extreme old age.

The column headed “ total force of mortality” should form a
geometrical progression if Gompertz’s law were applicable thereto.
That it does not, however, form such a progression, is evident by
inspection ; the rate of increase in the earlier terms being less than
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50 per cent., and gradually increasing until it exceeds 100 per
cent. A similar result is found in all the known tables when the law
is applied to the fotal force of mortality, the remedy for which (in
constructing mortality tables by Mr. Gompertz’s formula) is usually
sought in a change of the constants of the formula after certain
intervals. It is this gradual but constant variation of the rate of
increase in one direction, and the fact of its being uniformly found
in all tables, that show unmistakeably that if the law itself be true,
its application stands imperatively in need of some modification.

Male Life, 1851-60.

ParTiAL FoRcEs oF MoRTALITY.

Total Force
Ages. o Stomach Sum of five
Mortalify- | 1ungs, Heart. |Kidneys. | and Brain. | preceding
Liver. Columns,
25-34 9,574 712 514 174 464 638 2,562
35-44 12,481 1,624 1,002 292 890 1,180 4,888
45-5¢ | 17956 | 3002 | 1898 | 471 | 1,664 | 1,990 9.115
55-64 | 30,855 | 6.616 | 4130 | 937 | 3032 | 4007 | 18812
65-74 65,332 13,416 8,714 2,453 4,837 9,831 39,251

Female Life, 1851-60.

ParmiaL Forces oF MomTAnITY.

' Total Force
Ages. of Stomach Sum of f
Mortality. { yongs, | Heart | Kidmeys.| and Brain, | precoding

Liver. Columns.

25-34 9,925 582 603 109 570 532 2,395

3544 | 12147 | 1049 |3,118 | 151 | 83 | 872 4127

45-54 | 15,198 2,062 | 2,064 212 | 1,608 | 1,681 7,627

55-64 | 27,007 5,027 | 4,558 317 | 2,967 | 3,818 16,687

65-74 58,656 11,016 8,916 485 4,692 8,905 34,014

The modification whieh I have suggested, viz., there are certain
partial forces of mortality (how many I do mnot pretend to say)
which increase in intensity with the age in a constant geometrical
ratio, while there are also certain other partial forees which do not so
increase, may be tested by an examination of the six columns which
follow that of the Zofal force above referred to. The tendency to
a geometrical progression is more or less apparent in all of them;
the average rate of increase being such that the force of mortality
somewhat more than doubles itself in 10 years.

It should be observed that, in addition to the diseases of the
particular organs specified, other diseases of a kindred nature are
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also included under each of the above five partial furces. Possibly
if more detailed information were accessible, we might be able to
trace the geometrical character during a still more extended period
of life. This, at least, I find to be the case in reference to one
particular disease, viz., bronchitis, which in the preceding tables is
included in the class of “lung diseases.” Now it so happens that
the deaths from bronchitis alone, for a long series of years, are
given in the 26th Annual Report of the Registrar-General, from
which the materials for the following table are taken. The number
living is supposed to be 100,000, instead of 1,000,000 as in the
two preceding tables.

1848 10 1854. 1855 To 1857. 1858 1o 1863.

(7 YEAns.) (3 YEASRS.) (6 YEARS.)
Ages.
Males. | Females. Males. | Femaies. | Males Females.

15-25 8 9 9 9 9 9
25-35 17 16 21 22 22 21
3545 42 34 55 45 59 50
45-55 107 85 133 112 151 126
55-65 259 218 333 316 379 351
65-75 589 525 801 697 876 834
75-85 1,027 9906 1,463 1,325 1,614 1,479

In the preceding examination of the results of the Begistrar-
General’s returns of deaths, I have confined myself to the object
of proving that Gompertz’s law is traced much more distinetly in
the deaths arising from certain specified diseases, than in the
deaths arising from all causes together. If I have succeeded in
this object (and I think it can scarcely be denied that I fave suc-
ceeded), I have justified the introduction of an additional term in
the formula representing the total force of mortality ; but I have
as yet brought forward nothing to show that such additional term
is a constant in respect of the age, and varying only with the
peculiar characteristics which distinguish different sets of ohserva-
tions from each other.

The several observations, however, which I now proceed to
examine, if they do not enable us (like the former) to test par-
ticular terms of the function referred to, yet they will nevertheless
afford a very satisfactory criterion of the complete expression. Not
only, therefore, do they form by themselves (on account of their
unquestionable accuracy and trustworthiness) ample evidence of
the truth of the supposed law of mortality, but they also supply
the deficiency, above adverted to, in the preceding investigation, as
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regards the requisite proof of the constancy of the term repre-
senting the aggregate of the remaining partial forces of mortality.

Commencing with the very valuable observations on the
“Peerage Families” (both sexes), I find, by dividing the entire
period of life into intervals of 14 years—neglecting, however, the
first—the following results :—

log L= 99034

—-05068

log Log=— 93966 -2273 | — 00716
log L= 88182 _ ', . —02559
log Lys= +79839 __197 g — 11895
1 = - - —41

og Lg=_-60101 _ 273

log Ly, =1-99090

The tendency to a geometrical progression in the four terms of
the second order of differences is sufficiently apparent. In order,
however, to show this more distinetly, I have devised the following
method of correcting the series log L, so that the four terms in
question shall form a perfect geometrical progression.

If the series consist of five terms, and consequently the second
order of differences of three, the latter may be converted into a
pure geometrical progression by substituting for the original series
another of the following form, viz.,

log Lo-+p, log Ly,—p, log Laa+p, logLa,—p, log Luntp,

where p is derived from the equation
_(ADR—Alx AL *
T OAr2a+AL

This method, it is true, changes the value of the radix of the
table, but I see no necessity for making a distinction between that
and other terms of the series; for in comparing the terms of the
altered with those of the original series, the objeet is to ascertain
their bearing with respect to the original series generally, and not
to any one term in particular. Secondly, by the method adopted,
the first differences (which are the logarithms of the probabilities
of living » years) are increased or diminished by an wuniform
quantity ; whereas by omitting the correction in log L, the first
term of the first order of differences would be increased or
diminished by one-half of the quantity introduced into the
remaining terms. Lastly, the equation for p would be of the
second order, instead of the simple one given above.

4p

* The differences are those of the fanction log L.
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Again, if the series consist of siz terms—in which case there
will be four terms in the second order of differences—the required
effect may be produced by substituting for log L, the series

log Ly+(v—w), log L,—(v—w), log Ly, +v, log Lz,—v,
log Ly, + (v +w), log Ls,—(v+w),

v and w being determined from the equations

gy AC—B?_ . AC—B?
=Ay2Bro ¢ T A B
where
A=A}+ AL, B=AL+AL, C=AL+ AL,
and

A=Alt4w, B=A}, C=Aj—4w.

Here again, by involving the corrections symmetrically, we
obtain for the unknown quantities simple instead of complicated
quadratic equations.

Applying these formule to the series at page 338, we have
2w=-002651, and 8v=-007725. The transformed series there-
fore becomes—

log L',= +989980

—-049980 -

log L'yg= 940020 057934 — 007274 log=386177 58757

log L= ‘882786 ossge — 028128 log=244914 <8733

log Lse= 797424 Hodige 108760  log=103647 ‘58737
o= 603302 —4 log=1-62384

logLin= 603302 . 20572  log=16238

log L', =1-988608

The logarithms of the third series, and their differences, show
that the transformed series fulfils the required conditions.

I have now to show that this result has been attained without
a greater alteration of the original series than is warranted by the
probable errors of the latter. In the following table the first
column contains the age, the second the natural numbers eorre-
sponding to the original series log L, the third gives the decre-
ment (dedueed from the original data) of the year immediately
following, while the fourth and fifth contain respectively the trans-
formed series (denoted by L',)* and the amount by which it differs
from the original series in the second column.

* Hitherto the accent has beert used to disfingunish the “ partial” from the “total™
forces of mortality, but as we have now done with this branch of the subject, no con-
fusion will be caused by using it to denote (as it will be nsed henceforth) the corrected
values of the fanction to which it is applied.
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@, L.. D.. L's L,—L"..
14 9780°0 414 97719 + 81
28 87028 69-8 87100 - 72
42 76176 783 76346 -17-0
56 62862 1503 62723 +139
70 39903 220°3 4011-5 -21-2
84 979°3 152-2 9741 + 52

7123 726

Comparing columns 3 and 5 together, term by term, we find
that in one instance only (viz. at age 42) does the alteration made
in the numbers living exceed one-fifth [-2171] of the corresponding
yearly decrement; while from the sums of the same columns it
appears that the average alteration is little more than one-tenth of
the average decrement. 'We may, therefore, say the limit of the varia-
tion of the two series (cols. 2 and 4) is about cne-fifth of a year.

If we turn now to the original table of the  Peerage Families,”
we shall find that the series showing the annual rate of mortality
at successive ages exhibits considerable irregularity—in one in-
stance (age 57) being one-half only of the mortality for the ages
immediately preceding and following it. Now, I think few persons
who have had much experience in the construction of wmortality
tables will venture to maintain that a table which contains such
irregularities as these ean be relied upon within anything like one-
fifth of a year. I say few persons, because I am not sure but that
some have an idea that the standard of accuracy is always to be
found in the numbers determined from actual experienee, however
limited in extent, and however great may be the difference in the
conditions under which the observations are made and those
affecting the lives to which they are to be applied as the basis of
computation.

Let us now examine the important observations conducted by
Mr. A. G. Finlaison upon the lives generally known as the
“ Government Annuitants,”” male and female. Dividing the whole
period of life comprised in these observations—viz., from one year
upwards—as before, into intervals of 14 years, and neglecting the

first, we have
log L;j5=38-98821

—-06068

log Lyg=8-92758 _ . —"00633
log L3=586052 —.09371 —-02670
log Ly;;=38-76681 _.2 o149 — 10771
log Ly =35+ - —44
ogLn=856589 . o 978

log Lgz=2-91419



1867.] On the Law of Mortality. 341

Proceeding as before, we get the following transformed series
(log L',), which fulfils the given condition of a perfect geometrical
progression in the four terms comprising the second order of
differences :—

log L');=8-988254

log L5y =35-927486 — 060768 06s57 log 3-80825

— 0671 i 61616

log 1. 3=58"860361 _gg;?jg —-026267 log 2'41941 1-61 621
)y - —108548 log 1-03562

log Lgr=3-766969 _ 1oy — 108548 log 103562 00

L%=3" 9 —44 log 1+651
log n 356502 850478 8538 log 1°65180
log /g5 =2-914551

In this case the alterations introduced in the process of trans-
formation are, in each of the six terms, perfectly insignificant, as the
following table of the values of L, I/;, and L,—1/,, will show :—

. L,. L'e L.~ L.
15 9732-2 97332 -1-0
29 84631 8462-3 + '8
43 72530 72504 +26
57 58453 58475 —-22
71 36761 36731 +30
85 820-7 8214 - 7

It was originally my intention to extend the examination of the
two preceding observations to the first 14 items of each series,
which have been omitted in the foregoing comparison, with the
view of deducing a formula which should be applicable to the
whole period of life. But as such extension has no direct bearing
upon the object which I have more immediately in view—viz., to
establish a method for shortening the Iabour of forming tables of
annuities on several lives, and for which object I find I shall have
but little space to spare—I must postpone to a future opportunity
the examination of so interesting and important a subject as the
mortality of infancy and childhoed.

In the records which we have next to examine, consisting of
Mr. Hodgson’s important observations on the clergy, we have
necessarily no data for ages under 24. This circumstance has
rendered it necessary to reduce the interval to 13 years.

log Ly, =4-00213 03057

log Lyy=3-97156 _ "' —02059
log Lig=392040 — U0 —07252
log Lg=3-79672 _ . ' — 22938
log Lys=344366 — 74045
08 Lr=544366 _ ) hegs1 — 740

log Lgy=2"35015
VOL. XIII. 2
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The following are the adjusted series log I,, and the com-
parative table of L, and I/, :(—

log L'yy=—4-001668

— 02064 _
log Ligy=3-972022 _051832 —022186 log=284608
log L/5y=8-920190 —-071428 log=2-85387 T
, — 128260 =z + 50780

log Ligg=3796980 _ _*°0 ) —220968 log=196167 | "
log Liyg=8:448702 | 771 —740366  log=T-86945 +
log L'sy=2-350108

. Ly L' L,-L%.

24 160492 100385 +107

37 9366°1 93761 - 10°0

50 83253 83213 + 40

63 62621 62651 ~ 30

76 27775 27778 - 3

89 2239 2239 0

The numbers exposed to risk during the first five or six years
of this table are so inconsiderable, that I should have preferred to
exclude them, if 1t were not that the initial age is already some-
what advanced. In the next case, consisting of the observations
known as the “Experience of the Seventeen Offices,”” Tables D{(4)
and E, I have neglected the ages under 20 and over 80, on account
of the comparative insignificance of the numbers at risk at the

excluded ages.

log Ly;=3-97023
log Ligy,=3-92832
log 1.44=8"87693
log Ly=3879222
log Lgg=38-60781
log Lgg=238"11517

—-04191
—-051389

—03332
— 09970
—+30823

—-08471

— 18441

—49264

By means of the formula previously used, we obtain the following

values of log L, :—

00 =5969914
log Lpy=3969914 11978

log L’32=3-928636 _on1gsg — 010580
log L'yy=38:876778 _ o\ —032548
log Lsg=3792372 o u55o — 100144
L =38 2 —-308114
log Lioy=3:607822 . —308

log L/ge=58115158

log=2-02449
log=2-51252
log=1-00062
log=1-48871

+-48803
+ 48810
+ 48809
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Taking out the natural numbers corresponding to the above,
and comparing them with those of the original series, we have—

x. L. L'y L,- L7z
20 9337'5 93307 +68
32 84785 84847 ~62
44 75323 75297 +26
56 6197°5 61997 -22
68 4053-3 405634 ~ 1
80 130637 13036 + 1

The differences (L,—1/,) are in this case also evidently unim-
portant ; they do not in fact, in any instance, exeeed one-tenth of
the yearly decrement.

I have only one more instance to give—viz., the observations
on the males of the Friendly Societies, hy Mr. A. G. Finlaison.
For the same reason as in the preceding case, the examination is
restricted to the ages commencing with 20 and ending with 80.
Here we have

log Lyy=38'79612

—0894
log Lyy=8-75665 oissg —-00922
log Ly=370796 _ . —02993
log Lyg=3'62984 _ _ . —-08296
log Lgg=346776 40457 —+24299
log Lgy=8'06319
which is transformed into
1 —- 1—
ogL’go 3795915 039053 _
log Liyy=3756862 _ 0 o) 010068 log=200294 .
log L/ y4=8"T07741 —029055 log—=2-46322
, —+078176 o +-46034
log L/'5s=58-629565 162037 —-083861 log=2'952356 +-46036
'es=3467528 —+245 =T
log L/gg=238"467528 404099 42062 log=—1-38392

log L’30=3'063429

The observations which we are now examining are chiefly valuable
on account of the large number of the lives observed, and I have
availed myself of this circumstance to compare the results of the
original observations year by year with those of the formula. The
first table contains the numbers living and yearly decrements (L,
and D), the second the rate of mortality (m,), and the third the
“ expectation” or mean duration of life (E,).

202
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@ Lo | Lo | D llo-Laf Lp | La |Da |Le-Lo
18 | 63330 | 63386 | 441 | — 56 | 62 | 36590 | 36742 [1123 | —152
19 162807 | 62945 | 440 | — 48] 63 | 35553 | 35610 1168 | - 66
20 | 62535 | 62605 | 440 | + 30§ 64 | 34392 | 34451 1211 | — 69
21 | 62018 | 62065 | 441 | ~ 47§ 65 | 33267 | 33240 1255 | + 27
22 | 61560 | 61624 | 442 | — 64 | 66 | 32121 | 31985 1299 | +136
23 | 61084 | 61182 | 442 | — 98| 67 | 30692 | 30666 (1342 | + -6
24 | 60650 | 60740 | 443 | —11-0 | 68 | 29360 | 29344 1381 | + 16
25 | 60205 | 60297 | 445 | — 92| 69 | 28016 | 27963 |1419 | + 53
26 | 59781 | 59852 | 447 | - 71| 70 | 26425 | 26544 [1453 | — 119
27 | 59379 | 59405 | 4409 | — 26 } 71 | 2497-0 | 25091 1482 | —121
28 | 58939 } 58956 | 452 | — 17| 72 | 23411 | 23609 11506 | —19-8
29 | 58497 { 58504 | 454 | — 7| 73 | 21929 | 22103 {1528 | - 174
30 | 58043 | 58050 | 459 | — 7| 74 | 20559 | 20580 1533 | — 21
31 | 57549 { 57591 | 462 |~ 42| 75 | 19052 | 19047 11534 |+ -5
32 | 57102 | 57129 | 467 | — 27} 76 | 17563 | 17513 {1525 | + 50
33 | 56706 | 56662 | 472 | + 44§ 77 | 15931 | 15988 [150-6 | - 57
34 | 56232 | 56190 | 478 | + 42| 78 | 14596 | 14482 1476 | +11+4
85 | 55769 | 55712 | 484 | + 57| 79 | 128596 | 1300'6 {1433 | —150
36 | 55296 | 55228 | 402 | + 68| 80 | 11566 | 11673 1380 [ - 7
37 | 54864 | 54736 | 500 | +12:8 | 81 | 10000 | 10193 1315 | —193
38 | 54380 | 54236 | 508 | +144 | 82 | 8818 | 8878 1239 | — 60
39 | 53852 | 53728 | 518 | +124 | 83 . 7659 (1153
40 | 53314 | 53210 | 529 | + 104 | 84 6486 1058
41 | 52704 | 52681 | 541 [+ 23] 85 5428 | 956
42 | 52172 | 52140 | 553 |+ 32| 86 472 | 852
43 | 51629 | 51587 | 568 [+ 42| 87 3620 | 744
44 | 51046 | 51019 | 582 | + 27 | 88 287°6 | 638
45 | 50443 | 50437 { 599 |+ 6] 89 2238 | 535
46 ] 49836 | 49838 | 617 |- 2} 90 . 1703 | 43-9
47 149229 | 49221 1635 |+ -8} o1 . 1264 | 3571
48 | 48570 | 48586 | 657 | — 16 | 92 . 913 | 272
49 | 47021 {47929 | 679 { - 8] 93 . 641 | 206
50 | 47217 | 47250 | 702 | - 33 ] o4 . 435 | 149
51 | 46516 | 46548 [ 729 | - 32| 95 . 286 | 106
52 | 45813 | 45819 | 756 | - -6 96 180 | 71
53 | 45011 | 45064 | 785 | — 53| o7 109 | 46
54 | 44272 | 44279 | 816 |- 7] 98 63| 28
55 | 43452 | 43463 | 848 |~ 11} 990 351 17
56 | 42593 | 42615 | 883 | - 22§ 100 18] 9
57 | 41581 | 41732 | 919 | —151 | 101 9| 5
58 | 4058:3 | 40813 | 957 | —230 | 102 4| 2
59 | 39474 | 39856 | 997 | -382 | 103 2] 1
60 | 38531 | 38859 {1037 | —32:8 | 104 1] 1
61 | 3746'8 | 37822 {1080 { — 354 0 0
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. M m' s @. Mz [ ES M. o
18 68 692 4} 1-01 1-026 64 327 3516

19 58 698 42 104 1-061 65 345 3777
20 ‘83 704 43 113 1-160 66 445 4061
21 74 711 44 118 1-142 67 4-34 4-371
22 77 716 45 120 1-187 68 4-58 4708
23 T4 723 46 1-22 1237 69 568 5074
24 70 730 47 134 1-292 70 551 5473
25 70 739 48 134 1-351 71 624 5908
26 67 746 49 1-47 1416 72 6-33 6379
27 T4 755 50 1-48 1-487 73 624 6892
28 75 766 51 1-51 1-565 74 7-33 7448
29 77 778 52 175 1-649 75 782 8053
30 85 789 53 164 1-741 76 929 8708
31 78 803 54 1-85 1-842 77 8-38 9-419
32 69 817 55 198 1-952 78 1192 10-189
33 84 -833 56 2-38 2:072 79 1003 11-023
34 82 851 57 240 2203 80 13-54 11-925
35 ‘85 870 58 273 2:345 81 11-82 12-900
36 78 ‘890 59 2-39 2501 82 2036 13-953
37 88 ‘913 68 276 2670 83 1593 15088
38 97 -938 61 2:34 2-855 84 1250 16-311
39 1-00 965 62 2:83 8057 85 1875 17°627
40 1'14 *994 63 327 3277 86 1463 19-040

Z, Ea. e E:~-F.] o E, E.. E.—E
18 44-79 4478 01 50 22-60 22-04 —-04
19 44-09 44-09 00 51 21°32 21-35 —-03
20 43-34 4339 ++05 52 20-63 20°68 —--05
21 4269 4269 00 53 19-38 20-01 —-03
22 42-00 41-99 +01 54 19-30 1934 —-04
23 41-32 4129 +03 b5 18-64 1869 —05
24 4062 40°58 +°04 56 18700 1804 — 04
25 3990 3987 +-03 57 17-41 17-40 +01
26 39'18 39-16 +°02 58 16-81 1677 +-04
27 38-44 3845 —+01 59 1626 1615 +-11
28 3772 3773 —-01 60 1563 1554 +-09
29 36-99 3702 - 03 61 1505 1494 +-11
30 3628 36-30 -2 62 1438 1435 ++03
31 3558 3558 B0 83 1377 1877 00
32 24-85 34-86 —01 64 1321 1320 +01
33 34-09 3414 —05 65 1262 1264 —02
34 3336 3342 - 08 66 1203 1210 — 07
35 32-63 3269 — 06 67 11-55 11-57 — 02
36 31-50 3197 —07 68 11-03 11-05 -92
37 31°15 31256 —10 69 1651 1055 —04
38 30-41 30'53 --12 70 10-08 1606 +02
39 2970 29-81 11 71 961 959 ++02
40 2899 2909 —10 72 9-18 912 ++06
41 2832 2837 - 05 73 873 868 +05
42 2760 27-66 —*086 74 825 825 00
43 2687 26°94 —07 75 782 783 —-01
44 2617 2623 — 08 76 7-40 7-43 --03
45 25:47 2552 05 77 7-06 704 +°02
46 2477 24-82 —05 78 681 667 -06
47 24-06 24-11 —05 79 637 531 +-06
48 2337 2342 -05 80 597 597 00
49 2268 2272 —-04
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I commend the three tables last given to the attention of those
who entertain the notion that by adhering to the actual figures, or
the ““raw material” of the observations, we necessarily attain the
highest possible degree of accuracy, and who look upon the process
of adjustment as one of the fine arts, which imparts a pleasing
regularity to our tables at the expense of truth. In no tables that
I am acquainted with are the original data so little altered by
the process of adjustment as in these, a circumstance attributable
chiefly (no doubt) to the great number at risk at each age, and the
exclusion of disturbing influences by the peculiar character of the
observations. Let it not, then, be too hastily assumed (as I fear
it sometimes is) that the more considerable alterations which we
are compelled to make, when dealing with cbservations made under
less favourable circumstances, are necessarily departures from truth,
It may be difficult to determine the best mode of making these
alterations, but we cannot get rid of the difficulty by evading it;
and I have no hesitation in saying that the very worst course that
could possibly be adopted is to pin our faith upon the crude results
of observation, just as accident may have chanced to present them
to us, and hoodwink ourselves into the belief that in so doing we
are following the path indicated by experience. Let us have the
Jacts by all means, but unless we also possess the power to interpret
their meaning—to evolve the hidden laws of which they are the
rude exponents—we shall, I am afraid, turn them baut to a very
poor account.

It may not be without interest to compare the decrements of
life obtained by the theory of geometrieal partial forces with those
of De Moivre’s celebrated hypothesis. In the preceding tahle we
find the series is nearly stationary for a few years (or rather it
begins with a slight decrease), and afterwards gradually increases
with an augmenting velocity for a considerable period. The
rapidity of its inerease then slackens, and ultimately changes to a
decrease at the age of 75, from which age the series rapidly
diminishes until it becomes insignificant at about the age of 105.

The decrement at the climacterie age (75) is 153-4, while the
smallest decrement in the preceding portion of the table is 44—(see
ages 19 and 20). In this case the chimacteric age is exactly the
same as in Mr. Brown’s adjustment of the “ Clergy” observations;
but in tables showing a heavier mortality in the preceding years it
occurs somewhat earlier. Nevertheless, the general characteristics
above enumerated will be found in all the tables of any authority.

Although subsequent observations have shown that De Moivre’s
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attempt in the discovery of the law of mortality was made in the
wrong direction, yet the idea was a happy and ingenious one, and
the hypothesis by no means deserves the contumelious terms in
which the late Mr. Morgan permitted himself to speak of it.
De Moivre, we may be quite sure, was as fully alive as Mr. Morgan
could be to the shortcomings of his hypothesis; but he was also
equally alive (which the other was not) to the defeets of the tables
formed with the means of observation then existing. We may also
safely assume that such a man as De Moivre, had he been living,
would not have sanctioned the use of the Northampton table for
granting annuities after the experience of the Equitable Society
had proved the unfitness of that table for such a purpose; and
until such experience had been obtained, his own * wretched
hypothesis ” would certainly have been as trustworthy a guide as
the table which Mr. Morgan relied upon so implicitly—because
(as he imagined) it was based upon facts and not upon fheory.

I have now coneluded my examination of the facts which have
appeared to me suifficient fully to entitle Mr. Gompertz’s hypothesis
to the favourable reception it has met with from the scientific
authorities of the day; and I will conclude this paper with a few
remarks upon the formula which I have deduced from it to repre-
sent the numbers living at every age from the period immediately
following childhood to the utmost extremity of life.

1. Although no two sets of observations will yield precisely the
same value of g, yet the coincidence is, generally, sufficiently close
to lead to the inference that this important constant differs from the
others in the formula in being independent of the conditions which
determine the mortality in different classes of individaals. In the
mortality tables which I have constructed by the use of this formula,
I have found that an average value of ¢ may be used in all without
materially affecting the result. This being the case, there remain
but three constants to be determined in the formula for L,, for
which, of course, three terms of the function are sufficient. In
other words, if we determine three values of L,—say Ly;, Ly, and
Lg;s, or Ly, L, and Lg;—{rom the original data, we have the
means of constructing the entire series, which shall exhibit all the
essential characteristics of the mortality table, as above described.
Let any one endeavour to do this (with the same terms) by the
ordinary rules of interpolation, and it will be speedily shown what
a power it is that this discovery of Mr. Gompertz’s has conferred
upon us. For instance, if between the values of Ly;, Ly, and Lg;,
of the Carlisle table, we interpolate by means of the method of
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finite differences, we shall have a eontinually inereasing decrement,
which shortly after the age of 85 exceeds the number of survivors,
so that the latter for all higher ages is negative. It is true that
this absurdity may be avoided by logarithmic interpolation ; but in
that case we shall find that at the commencement of the series the
differences are positive, so that the suceessive values of L, (in that
portion of the table} form an increasing series.

2. In a paper which I had the honour of reading during the
last session of the Institute, I endeavoured to show that the prin-
cipal defect of our tables consists not, as some imagine, in faulty
methods of adjustment, or rather in the fault of over-adjustment,
but in the difficulty, if not the impessibility, of securing an ade-
quate correspondence between the bases of the table and the con-
ditions which are known to affect the individual lives to which the
table is to be applied. And it is evident that the path to improve-
ment in this respect must lie in the minute subdivision of our
observations, a necessity which will often compel us to rely upon
data much more limited than it is desirable they should be. Now
the use of a suitable formula with only three constants will enable
us materially to lessen this disadvantage by the long series of years
which is brought to bear upon the determination of the three
terms required for the computation of the constants, a circumstance
which is equivalent to a corresponding increase in the number of
the lives observed.

3. We have seen that the expression for the number living at
any given age in a normally-constituted inereasing population—
in which the yearly births as well as the yearly deaths (and conse-
quently also the excess of the former over the latter) are propor-
tional to the existing population—is of the same form as that
representing the numbers living at the given age in a stationary
population, and alse the numbers living in a table of mortality,
But the function L " is also of the same form as the latter, for
L, contains a factor s* whieh combines with that introduced by the
interest of money. Hence it follows that to determine the number
living between given ages in a population normally eonstituted—
whether increasing or stationary—as well as the expectation of life
and the value of annuities, the summation of a function of one
form only (viz., dg?’s*} is required.

4. The following transformation of the integral in question,
JA9¥s%dx, is worthy of attention. T,=a+ bg*=— %— . ‘{% s
'z %
oo —logl,=c+az+ 1—9%—9 A T s‘“‘“"é&‘qz. Put
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b
v=—¢% and n=— , Whenee =@ =goge.me—g" . T,

a

log g log ¢
=0 g% *=mse".¢"°. Now the series L, may be multiplied by
any arbitrary quantity whatever. Multiply the last expression by

( b )".Igg_g’ by which the equation to the number living is
fogg/ m

changed to L¢=s_"’<

n
log q.,f:) Jogg=s"1"logg. But vlogyg
= % . Henee the integral in question becomes

f Lde= f e~ v""dp,

the limits of the right-hand member being the values of v, corre-
sponding to the limits of the left-hand member for values of z.
The form thus obtained will be recognised as that of Euler’s celebrated
second integral —which, taken between the limits of O and o0, is
one of the most important of the definite integrals which have been
tabulated ; and we have seen that it is the form to which all sum-
mations connected with questions of population, the expectation of
life, as well as the values of annuities, are reduced.

ArpENDIZ.
I

Let the number of annual births (L) in a stationary population be
equally distributed over the year, then will the number annually completing
the age v (viz.,, L,) be similarly distributed. Hence the number of com-
pletions taking place in any given fraction of a year Az will be L,.Ax.
And during any given portion of time Az there will be

L, Az who complete the age o,
i PRN.Y s 3 v-}Az,
Lﬂ-i—?AJM 2% 3 P + QAI’

Lomia-Az o, - v+p—1.Az

Taking the sum we have for the total number completing every Azth
of a year's age—between v and v+pAw, or v and ¢v4r—during every
portion of time Az—

(Lot Loy et Losasct - - - + Luggmr.aAs.

If Az be decreased without limit, this becomes -L,H__.,dx, which conse-

8
quently denotes the total number constantly living between ages v and v4-».
Again, in any year L,—1L,,, will be the number dying between the
agesvand v+1, L,,,—1L, ., between the ages v+ 1 and v+ 2, and so on.
Hence the total number dying in a year between the ages v and v-+n is
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L,—L,,,=—AL, And the ratio of the deaths during one year between
the given ages to the number constautly living between the same ages is

—AL,
AT
If the population, instead of being stationary, increase in a geometrical

progression, and if in any given portion (Az) of a year L,Az complete the
age v, then during the same period of time there will be

LAz who complete the age v,
Lopa Az s »  U+Az,

L, 5o s An e~ -4 » v+p—1.Az;
and summing, we have for the total number completing every Azth of a
year of age, between v and v+n, during the given time Az,
(Lv+ Lu-i—Azr—M-!- Lv+2AzT 2Az+ veset Lv-}-;:i.Azr_ (P—‘I)AE)A""
Hence decreasing Az without limit, we have, for the number living between
the ages v and v--» at any given instant of time, f L,y r~"dz.
4]

Suppose that the number completing each interval Az of age do so
altogether in the middle of the given peried of time Az. Then taking a
succession of such intervals of time p in number, we shall have for the
number living, in the middle of the

1st interval, (L~ Lippagm ™2+ Loyon 22+ o o o Ly jmga s 029 Ag;
2nd (Lo + Lyya, +Lopoad ™ + .o o+ Ly s s~ P 58%)Ag;
8rd (L22" 4 Lopae®+Lpgoa, +.-.. -}—L,_kﬁmr'”‘am’)Ax;

pth " (LJ(?—I)Ar_*_ LH_AJCP—%}AZ_l_ LD+2M(17—3)A=+ .+ Lv+p———lAz)Am'
Summing and dividing by p, we get
1pa? 202 |, yle-Das

P
(Lu+Lo+AzT_‘A"+L,,+2AJ—2A’+ . -i—L,,H',rX.AJ'(?_l)A’)Ax;

and decreasing Az without limit, this becomes (ﬂ:p.Az or 1 = ‘%:)
¥4

7}2_ /; :’dz % /; ”L,,_},,r"dz.

= ”—1
But f rdr= . Hence we have, for the mean or average number of
0 log»

the population living between the ages v and v+n, during a period of
rﬁ_—l ”n
n years, I—O_EFT /; Lv+=7” dx.

Again, the number of deaths during the same period will be, in the
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st interval, —(AL,+ AL, ar™2"+........ + AL, 155 Mr"’T‘ AAgs
2nd  ,, —(AL/FALggagt ceveennn + AL, a2 AT
3rd  ,,  —(AL2 L AL, ... + AL, yoqea? T A AT
pth ,,  —(ALA A L AL on p P | AL, o, AT,

Summing and dividing by pAz or », we have
14roog 208y | folr-tias y

n
(AL, 4 AL,y o7 2%+ . . . 4+ AL, 5,07 5% Az

and reducing Az without limit, this becomes
=1 dL,,.. _,
— @}7 [] d—; r~*dz.
Dividing by the mean population, we have
— f a0
_—0 .
‘/; ﬂLH,r"dx

which is the ratio of the average annual number of deaths during » years,
between the ages v and »+n, to the mean population.

Instead of supposing the number living at age v+ to be L, 7% let
us suppose it to be L,,,B,, where B, may be any quantity whatever. We
shall then have for the number living in the

Istinterval, (L4t Lo, Bastorerrnnns, + L5 a0 B an)ATs
2nd Yy (L B—Az+ Lv+Ax+ ........... + Lw-}—pTlA.t'B TAz)Am’
. . . . -+ . .

pth (L B_;5 1Aa;+Lv+Az B_ponacteee FLoz5a0)A
Hence, summing and dividing by p, and reducing Az without limit, we have

L/ i )

ELF

or, putting f szdzz(}g, this becomes

1 n
;’l‘ ‘/; 'Le:-f-sozdx)
which is the mean population, during » years, between the ages v and v 4-z.
e 1
If B,=r"", f Bdz (or C)) = o7 777, and the expression for the
x—n (=]

mean population becomes

1og = f Loywr~—da,

which is the formula already arrived at.
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The number of deaths, during the n years, in the preceding case will be,

in the

1st interval, —(AL,+AL 4 a,Ba,+ ... oount 4 ALy 575.4.8555.a0)A%5
2nd ,, —(ALB_po, +AL F. e, + AL, 554855000075
8rd —(ALB _gr, + ALpyaB_a+. ... + ALy 577 .0.8575.00 AT

pth . —(ALB_ ;5 s+ AloyaB 5 st AL s o a0 AR,

Summing, dividing by =, and Jeducing Az without limit, we have for the

average annual deaths —— / ’C dz. And dividing by the expression
[

for the mean population, we have

~ f"ddl;’(},,dz
1]

_/; uLw-i-zCzdx

for the ratio of the average annnal deaths to the mean population during a
period of n years between the ages v and v4-n.

If A'L, and d'L, be substitated for AL, and dL, respectively, we see
that the preceding processes are also applicable to deaths resulting from one
or more particular causes only.

1L
To expand the differential coefficient of y, in terms of the central finite
differences:—

d; 1 1 1
1) ”—&-A.%—§A2 z+'§As z—zA‘i z+""

1 1 1
=A‘T/_.‘—' § (Agyz_,-}- A"' z—a) + _(AS z—u+ A4 .x-n)_ Z(A4 z—-n+A5y1—n) + .

1 1
=(Ay¢— § Agy-‘t—’l - A yz—u'*‘ A sz_,. PR

_ Ay tAY. 1

2 6 A yz—n"" (A yz—-Zn+A yz—ﬁn)_

1
= _2' (Ay1+Ayz—ﬂ)— é (AS x—n—%Ad.yz-ﬂn)"}' ..

1 1
=3 (B + Yem)— 15 (A% + A%, a)F ..

dy, i, 3 b 1 s 1
2)1’0 Ay, A z+3A Z—ZA . 5 Ay: 3 A A N
63

3 5 a3 6
Ayl—n 2'—Ay: 3/:‘?’833/3 16A z+ 128A £ 2 256A 3+--a-
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&y 1 47 61
e Ay 3, 4 Al 5 6
Map o eemiT 24A et gAY a0 N YT Teg AT
1 1 1 5 35
— — A3 ] 3 — Aty — — Ab eses
94 = Yainis Taa M gAY g At g A -
dy, 1 3 3
TE A
ndx yx—n.? 24A yz—sn 2+ 640 yz 256 A yx—*— v
3 3 3
.___A5 e —pu:2=— —— Ay — —AS [P
640 Yoo t a0 N gpe N et

dy 1 3
= — A3
d:z: A.%—;.:z 24 A y:—sn:2+ 640 A y.r—an 127

By a process similar to the last, the following development of a definite
integral may be obtained, viz.,

z+n

.’%dﬂ— {yz—i-n 2+ A yz %:27

17
5760 2 Ye-smat - }

1.

PropLEM.—To find an expression for the nuwber living at any age
when the law of mortality is such that the chances of living a year,* multi-
plied by a constant factor, form a series whose logarithms are in geometrical
progression.

The above is the form in which the law of mortality, which I have
endeavoured to establish in the preceding pages, was first propounded in a
paper published in vol. viii. of this Journal. Shortly after its publication
I was favoured by Mr. Sprague with the following elegant solution of the
above problem, which I doubt not will be received with the interest which
the communications of so excellent a writer invariably command. I may
add that I believe it was the first attempt to give an analytical expression
for the function in gaestion.

Let L, be the number living at age . Then the chances of living a

L L
“ year at the ages =, z-}-1, #4+2... are ;‘“, ... And by the
23 'z-+1

L.,
‘ hypothesis, whatever the value of , log { a ( L’ 2 ) =g ]og( L;'”) . Hence
e+1
“logatlogLl, ,—logl, ;—=¢logatglogl,,—¢logL,. AndlogL,
“ —(¢g+1)log L, +g logL,={¢g—1)loga.
« Now let log L,—u,; then the last equation becomes
Ua—(g+ 1)t +q. u.=(g—1)log a.
¢ Separating the symbols of operation,
{D*—(g+1)D+gju,=(¢—1)loga,
“or (D—1)YD—g)u,=(g—1)loga.

* Of course any period whatever may be taken as the nnit of time.
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¢ Integrating this equation of finite differences,
u,=log L,=¢;,+c5.6" —z log a,
< and L, =t tor—aloga—go i g—2l0ga,
¢ Let now e4—=d, e%=g, then we have
d &
L= i

?
o~

¢ the expression required.

< For the solution of the equation (D—1)(D—g)u,=(g—1)log a, we
“ proceed as follows :—

¢« Since D=144, we have

AA+T—g,=(¢g—1)loga
{(g—1)loga
Afa—(g—1}

loga A\t
=+ 634" — —— (1— 9_—1>

Uy=0Cy + "2Yz+

A A?
=cl+c29'z——<1+ — +(f——1_)2

A
—£1+C29 —(E+g 1—}_(9’ 1)2 )}Oga

=o; 460" —2 loga— (—%

+..)loga

¢ And changing the constants,
u,=c;+ 6o¢° —2 log a.

“The expression for L, may be got by a more gradnal process, thus:—
“ Let p, denote the chance of living a year at the age z, then by hypo-
¢ thesis, log (ap,i1)=¢.log (ap,), whenee

log a+log p,n=g loga+gqlogp.,
“and log poi—g logp,={g—1)log a.
¢ Then, putting logp,=v,,
v —gv,={g—1)loga
 or {(D—gw.=(g—1)loga,
o
“ whenee v,=logp,=cqg*—loga; and p =er—logo— f;— ; or, putting

x

“E=g, p="

“Then L;j ! ‘9 » log L, —log L,—¢".log g—log a,

'z

u,+1—-u,=g’. log g—log a, or Au,=g"logg—loga.
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“ And, integrating,

w,=log L, = g_ligl_g —zlogate
Lz=sq;l_(fg—zloga+c
logg
—¢gl g 4-1 ,g—sloga
RIS
=d(yq—1) . E” 1
e (putting e°=d, y=g7—1).
= az

Mr. Sprague concludes with the following concise demonstration of the
property of « equal lives”:

Lz+. dng'l"‘ dgf yQE(Q"'— b

p“’:” = Lz =T"a:+n - o s (1,‘
L @(—1)
¢ Bimilarly, p, . = —3
o

1
S P =5, gaEteNg -1,

1
“Soalso  pran= g,

¢t Now, whatever the value of n, we shall have p.,,=pi,., if 2 is found
“ from the equation 29°=¢"4¢*. This being the case, it is clear that any
“ annuity, whether immediate, deferred, or temporary, on the joint lives z
“and y, is equal to the similar annuity on the joint lives z and 2.”

Iv.

The formule for the corrections to be applied to a series in order that
the second order of differences may form a geometrical progression, are found
as follows :—

Let the given series {B,) consist of five terms; and, in order to produce
the greatest effect upon the second differences with the least possible altera-
tion of the original series, let the terms of the original series be alternately
increased and diminished by the gquantity p, the value of which is to be
determined by the conditions of the problem.

By +p
B,—p
By tp
By, —p
B4n _}'}7

8% W gy 4ap
AB, +2p op _ ip
ABy,—2p AZ *

B.
ABS" + 2]’ 2n + 41)
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The three terms of the third series are to form a geometrical progression :
therefore,

(A%By+4p)(A®By, +4p)=(A"B,—4p)%;
or AByX A?B,,+ 4p(A%By+ A2, )+ (4p)2=(A?B,)2—8p.A?B, + (4p)?
4p(A?By+ 2AB,+A?B,,)=(AB,)?— AB, x A2B,,

_ (A?B,)2—A?B, X A%B,,
T A?By+2AB_+A%B,,

4p

Let the given series now consist of six terms. We shall, in this case,
require two nnknown quantities, which we shall find it convenient to intro-
duce as follows:—

By +(v—w)
—v—
B” —_(v_w) AB() (l) w) A2B0 +(4'U—3u’)
By +v AB, +(20—w) ap _(4v—w)
2 AB,,—2v g
By, —v AB, +(20+) ABy + (4o +w)
vt w
B, +(v+w) AB&’—ﬂ(v-;-w) AB;,—(4v+ 8w)
Bs,—(v+w) 4

Before proceeding to determine the values of v and w, it will be neces-
sary to prove the following theorem, viz.:—If we have any four quantities,
a, b, ¢, and d, and if 5—a, ¢—5, and d—c are in geometrical progression,
and likewise b+4a, e+ 5, and d+c, then the four given terms g, &, ¢, and
d, shall also form a geometrical progression.

By hypothesis, (6 —a)(d —c)={(¢— 5)? and (5+ a)}{d+ c)={(c+5)?; or,
multiplying out,

bd—ad—be+ ac=c2—2bc + 12,

and bd + ad +be + ac==c® 4 2bc+ 52,
whenee, by adding and subtracting,

2bd 4 2ac=2c2-+28%; or bd+4ac=02+c%

And 2ad 4 2be=4bc; or ad=bhe.
From bd+ac=082+c* we get ? = b_cd; and from ad=be we
- b—d
have = - = -5 Dividing the first of these equations by the second,

. a b
wegettheequamonz=—; Soazbubie
c

But from ad=be, we see that @ : 5 :: ¢ : d; consequently,
a:bitbie:ic:d,

and the four terms are in geometrical progression.

Applying this to the four terms of the second order of differences of
the series
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ABy + (4v—3w)
A’B, —(dv—w)
A?By,+ (v +w)
A?B,,—(dv+3uw)

A3B, —8v+4w A?B, +A?B, —2w
A®B, +8v A%B, + A?B,, +2w
A3By,—8v—4w A?B,y, + A?B;,— 2w

We have to determine v and w, so that the three terms of each of the last
two series shall be in geometrical progression. Putting A?B;+ A?B,=A,
A’B,+A?B, =B, A?B,,+A?B;,=C; A®By+4w=A', A’B,=B, and
A®By,~4w=C/, and proceeding as in the determination of the value of
4p, we shall find

we AC—B? . NC—B
= Az2B3C M T A eEFCO”
V.

The following is a method of interpolating intermediate values in the
series log Ly, logL,, &c., which will be found convenient in constructing
a mortality table according to the theory of geometrical partial forces.

Let A,, A2, &c., represent the first and second differences of logL,
when the increment of x is unity, and ,A,, ,A%,, &c., when the increment
in question is n.

Then Ay=Ag+ (A + A + (A + AJ+ AN+ ..+ (Ao + A+ AT+ ..+ AL,)
=l +(n—1)A+(m—2)AT+ . ..+ A,

and
wBo—nlg=(n—DAH+(n—2)A1+ . ...... +AL,

=A}{(n—D)+—2g+....... F2g gt [1]

Put 8 =(n—1)+(n—2)g+(n-3)g+...+ 20"+ 4",

then  Bg= (r—1)g+(n-2)g>+...+8¢" 3+ 2¢" 2+ ¢",

and S{g-D=—n+1+g+g+ ... +g"-3+g"~2+q"“=§"__11 —

. _ g1 7

B T @-1pT T

Hence, substituting in {17, we bave

nAD—'nAn:Ag-{ r=l _ n } —p. C=D=re—1)

(g—1¢ "~ ¢—1 (g—=1
aAG_nAG A?;
d = )
e T—D—nlg—1)  ([g—1
Again,

B A A 2'(9“—1)—32(9—1)_ _AZ (g"-1)—n(g-1)
aAo—nAn nAo—nAn+An (9_1)2 nAD AO‘W

=n(s—a) (81— T=m=D gy

VOL. XiII. 2=
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But A,—A=AM Al LA =8N+ g2 ™)
_1 2
VT = G @ D=1

and A2Z—AI=Al(y"—1).

Hence, substituting in [27],

A= g_Ang? {n(g"—D(g—1)+(g"—1P—n(g"—1)(g— 1)}

A2
,,Ag Ag nAO— H‘AO

@@= @1 @—D—nlg—1)

By means of these equations the values of A, and A} may be determined
from the valaes of ,A, and ,A}. The successive terms of A2 may then be
calculated from the equation AI=A3.¢%






