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M 

OST writers on the subject of life annuities have had occasion
to lament the paucity of tables available for the performance of
calculations involving two or more lives. The late Mr. David
Jones has done much to supply this deficiency by the publication
of complete sets of tables for two lives at various rates of interest;
but, beyond this, it is extremely improbable that, under the pre-
sent system, any considerable progress will be made, owing to the
multiplicity of the different combinations when three or more lives
are concerned, and the consequent magnitude of the task involved
in the construction of complete sets of tables for such cases.

It is scarcely necessary, I presume, to enlarge to any great
extent upon the advantages of a ready and expeditious mode of
computing accurately the values of annuities on three or more lives,
according to a certain predetermined table of mortality, in pre-
ference to the usual methods of approximation at present adopted
for the purpose of avoiding calculations of formidable length.
Although the values deduced by such methods of approximation,
in many instances, are, perhaps, as near the truth as the values
correctly deduced would be, yet it is generally felt that, having
assumed a certain table of mortality as the basis of calculation,
it is desirable that the results attained should be strictly consistent
with that basis—in short, that our conclusions should be in accord-
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302 On the Law of Mortality [JAN.

ance with our premises. Granted that such a rate of mortality and
such a rate of interest will obtain, then such a sum, and no other,
is the value of the given annuity or other contingent benefit. To
this very proper regard for logical consistency, which is the founda-
tion of mathematical science, we owe the construction of tables of
annuities certain to five or six decimal places: for it cannot be pre-
tended that any assumed rate of interest represents the real value
of money so exactly as to render such extreme accuracy at all
necessary to the abstract justice of the case.

The chief object of the following investigation has, therefore,
been to find a formula which should represent with sufficient accu-
racy the results of observations on the law of mortality; and which,
at the same time, should be adapted to facilitate the construction
of complete sets of tables of annuities involving several lives.

PART I.— On the Law of Mortality.

It seems to be generally admitted, that the theoretical law of
mortality propounded by Mr. Gompertz, although by no means a
perfect representation of the actual law, at the same time is so
nearly borne out by facts, as to render it highly probable that
further progress in the investigation will be made in the track thus
opened up; in other words, that practical improvements in the
construction of mortality tables may be looked for in some modifi-
cation of Mr. Gompertz's formula.

As the subject is more conveniently treated logarithmically, the
theoretical law in question may be defined by stating that the
logarithms of the probabilities of living over any given period pro-
ceed in geometrical progression.

To see how far this theoretical law is supported by experience,
let us examine the following data, derived from three of the most
approved mortality tables :—
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Now, if the Gompertzian theory were strictly true, the two
terms in the column of differences would be equal; but, instead of
this being the case, it appears that in each of the three instances
the second difference is considerably greater than the first, which
shows that the logarithms of the probabilities, instead of pro-
ceeding in uniform geometrical progression, increase (numerically)
in a far greater ratio in the higher than in the lower ages.

But although the three terms in the first column do not obey
the law assigned, yet they may be made to do so by the addition of
a certain uniform quantity (x) to each term, such quantity being
the numerical value of the following expression, in which the three
given terms are denoted respectively by the letters a, b, and c :—

The addition of this quantity to the logarithms of the proba-
bilities is, of course, equivalent to multiplying the probabilities
themselves by the number corresponding to the quantity added,
considered as a logarithm; and the definition of the law of mor-
tality becomes—" the probabilities of living, increased or diminished
in a certain constant ratio, form a series whose logarithms are in
geometrical progression."

I proceed to describe the method of deducing the rate of mor-
tality at every age according to the law last defined, and to exhibit
the results in comparison with those derived from actual observa-
tions, and also with the results deduced by means of Mr. Gom–
pertz's formula.

Let ΠX denote the probability of living one year at age x, and

the probability of living n years at same age: then the three
quantities in the first columns of the foregoing table will be repre-

sented by and Further: let a20

stand for the quantity by which and are to be
multiplied in order that the law of geometrical progression may
prevail, and let q20 be the common ratio of the three resulting
terms. Now,

and, by the assumed law of mortality,

Y2
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whence

and having found, by the last equation, the first term of the series
log.2(aπ

x

), the successive terms are obtained by the repeated addi-
tions of log. q, and the series log. πx is then deduced by the simple
subtraction of log. a from each term of log. (aπx).

It remains now to test the proposed formula by its application
to actual observations, for which purpose I select the well–known
" Experience" mortality amongst assured lives. In this case, the

data for the ages between 20 and 80 is by far the most important
in comparison with the rest; first, because the observations on the
ages not included between those limits are made upon numbers too

small to give much weight to the deductions made from them; and,
secondly, because the great mass of the calculations of an Assur-
ance Office will be but slightly affected by errors in estimating the
rate of mortality at the excluded ages. For these reasons, the
following law of mortality has been deduced entirely from the
observations on lives between the ages of 20 and 80, leaving the
remaining portions of the table to be constructed on the assump-
tion that the law so deduced may be taken to represent the true
rate of mortality—say, from the age of 10 years upwards, to the
extremity of human life.

The data derived from the Experience observations gives

Adding to each of these terms the quantity log. a20, deduced from
the formula,

we have
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whence we obtain the following values of the constants used in the
process:—

The following is a specimen of the actual process of finding the
logarithms of the adjusted probabilities for each age :—

The differences of the series log. (aπx) are here taken out, and
the value of log. π20 being found by subtracting log. a from the
first term of the series (viz., log.aπ2 0), the successive addition of
the differences gives the several values of log. πx thus :—

I now beg to direct the reader's attention to the following
table, showing the annual mortality amongst 1,000 persons enter-
ing upon each year of age from 20 to 80; first, from the actual
experience of the 17 Offices; secondly, from the Actuaries'
Adjusted Table based upon it; thirdly, from the formula herein
described; and, lastly, from Mr. Gompertz's own formula.
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Annual Mortality per 1,000.

It will be seen, by inspection, that the numbers in the third
column follow very fairly the original and adjusted data in the first
and second; while the last column, obtained by the application of
Mr. Gompertz's formula unmodified, exhibits so little conformity
with the original data, as to render it totally unfit to be adopted as
a substitute.

I proceed, in the next part, to show how the method of con-
struction herein proposed may be made of considerable utility in
forming a complete set of annuity tables involving two or more
lives.

PART 2.—On the Construction of Annuity Tables.

It will be convenient to abandon the logarithmic form hitherto
adopted, and pursue the subject with the aid of the characters
denoting simple quantities.

The following equations are deduced directly from the assumed
law of mortality as defined in the first part.
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whence

Let and we have

consequently, if vr be the value of £ 1 (certain) due r years hence,
the value of £ 1 contingent on a life aged n years surviving the

term of r years will be The

value of an annuity, payable in advance, on a life aged n years,
will, therefore, be represented by

[1];

and, similarly, the value of an annuity on two joint lives aged
respectively m and n, by

[2],

where

In seeking for a suitable modification of Mr. Gompertz's for-
mula, it is, of course, highly desirable to avoid introducing any
unnecessary intricacy. Now, it will be observed that the addi-
tional constant, a, enters in the formula precisely in the same way
as the element of interest, which may almost in practice be said to
form an inseparable part of i t ; and consequently, that, for all
practical purposes, the proposed modification does not alter the
form of the function deduced by Mr. Gompertz.

If the two lives be of the same age, p, the value of the annuity
becomes

[3].

Comparing this with the formula [2], it will readily be seen
that the value of an annuity on the two lives aged m and n will be
the same as the value of an annuity on the two equal lives aged p,
provided that B m B n =B 2

p · The same property, of course, holds
good for any number of lives. Thus, the value of an annuity on
three joint lives, each aged p, is
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which is also the value of an annuity on any other combination of
three lives, aged respectively i, k, and l, provided

The property in question, as I shall now proceed to show, gives
the power of constructing a table of the correct values of annuities
for any given number of lives (according to the law of mortality
before explained), with a considerably less expenditure of time and
labour than is required in constructing a complete set of tables for
two lives only according to the usual method.

Taking the qth power of each side of the equation

we have but wherefore
and, generally, consequently,

and from which it appears that if

then and, therefore, having found p,
the common age equivalent to m and n, the common age equivalent
to (m+t) and (n + t) will be p + t. Now, let m be the younger of
the two ages m and n, and let p = m + d, then p + t=(m + t) + d;
that is, the addition which must be made to the younger age m, to
give the equivalent common age p, is the same which must be
made to the younger of any other two ages where the difference is
the same, viz., n — m.

I annex (Table I.) an extract from a table of annuities on two
lives of equal ages, according to the proposed law of mortality,
constructed in the usual way, but having the values of every tenth
part of a year's difference in age inserted by interpolation. The
latter process is rendered comparatively easy, by the fact that the
values of annuities at consecutive ages are nearly in arithmetical
progression. The further subdivision of the ages, when necessary,
can be performed by the aid of the column of differences.

Before the table so formed can be used for finding the values
of annuities on combinations of unequal ages, we must have a
table showing the addition, d, to be made to the younger of two
ages whose difference is k, in order to give the equivalent common
age. Assume the younger age =0 , then
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by which formula the values of dx in the annexed table have been
computed.

In a similar way, it may be shown that, in the case of three
lives, if k and l denote the differences between the youngest and the
other two ages respectively, in order to find the equivalent common

age we must add to the youngest age the quantity

To calculate the value of this expression for every combination of
k and l would be a work of considerable labour, but by means of a
table of the values of qx (vide Table II.), the quantity in question
may be easily computed m any particular case. The annuity table
for three, or indeed any number of lives, would, of course, be found
precisely in the same way as the table for two lives, and would re-
quire, in its construction, the same amount of labour, and no more.

TABLE I.—Two Joint Lives (Extract).

TABLE II. (Extract).

I conclude with an example of the actual process of determining
from the table the value of an annuity on two joint lives, and also
of the equivalent common age in a case of three lives. The corre-
sponding annuity in the latter case would, of course, be found
from the table of three lives in precisely the same way as the
annuity on the two lives.
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Example 1.—Required the value of an annuity on two joint
lives aged respectively 30 and 45.

Here, k=15 and (Table II.) d15 = 9·954; wherefore the equiva-
lent common age=39·954. By Table I. we find the value of an
annuity for the age 39·9 = 13·2904, and the corresponding differ-
ence for one-tenth of a year= —233. Therefore,

=value required.

Example 2.—Required the common age equivalent to the three
ages, 25, 40, and 45,

Here, k= 15, l=20 .

and common age required =




