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LAWS OF MORTALITY WHICH SATISFY
A UNIFORM SENIORITY PRINCIPLE

By T. N. E. GREVILLE, Pr.D., ALA.,, F.5.A,
Assistant Chief Actuary, U.S. Social Security Administration

GENERAL IDEAS

It is well known that a principle of uniform seniority applies to mortality
tables which follow Gompertz’s or Makeham’s law, and, in a modified form,
in the case of certain other laws, such as Makeham’s second law and the
double geometric law, It is natural to inquire what is the most general class of
mortality laws to which such a principle applies,* In its most general form
the uniform seniority principle implies that the value of a joint-life annuity
on m lives of different ages is equal to that of 2 joint-life annuity (possibly
computed at a different interest rate} on % lives of equal age, in such a way
that the new interest rate ', the number of substituted lives %, and the
difference between the youngest age and the substituted equal age, depend
only on the various differences in age between the youngest life and the other
original lives, and not on the actual age of the youngest life.

Let 2, o+ Ay, 2,4 kg, ..., 2,+k,, be the ages of the original lives, x, being
the youngest. We seek values of #*, k and g such that
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where the accented symbol denotes a value computed at the rate ', If a
principle of uniform seniority applies, we can determine ¢', & and g so that all
three are functions of &,, %, ..., b, only, and do not depend on x,. Dif-
ferentiating on both sides with respect to x,, treating the /’s as constants {and
omitting the subscripts of the annuity symbols), we obtain

5(:“%"‘#’@&&. + oo Flep, T 3) —1I= &'(kﬂx,-t-# + 6‘) —I
Upon simplifying and making use of equation (1), this gives
St ot agngt oot laying ="+ Rphrig. (2)

On the other hand, if equation (2) holds for all values of #;, integration of
both members with respect to , gives

colog Dy, 4, 4h,. ... 2 4he = C0LOZ D;a-l-v. g, ..o+ colog C,

where C'is an arbitrary constant. Inotherwords, we have(omitting subscripts),
D=CD for all values of %,, from which equation (1) follows easily. Therefore,
condition (2} is both necessary and sufficient for a uniform seniority principle.
If we write x, for %,+k; (j=2, 3, ..., m) and w for &, +g, it becomes

a+ﬂ’$‘+ﬂ’x‘+ “‘+F’¢m=3'+k)uw’

# Several of the results obtained here were previously given by Walter Borland,
Jr. in T.F.A. 7, 138. The approach used here has been suggested by that of Atthos
Pagano (Ligdes de Estatistica, Sio Paule, Brazil, 1953, 3, 313-14). He considers,
however, only the case of two lives, assumes that i ={ and % is constant, and obtains
only Gompertz's and Makeham's laws as solutions.
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which, for 8"=4, evidently reduces to the well-known relation between the
forces of mortality for a table which follows Gompertz’s or Makeham’s law.
Partial differentiation of equation (2) with respect to one of the &’s yields

’ a8 I ag ok
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where the accented symbols other than &’ indicate derivatives, Taking partial
derivatives in this equation with respect to both x, and 4,, equating the right
members of the resulting equations, and simplifying, we obtain, finally,
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Since x; can have any value, x +g can have any value, and we may replace
x1+g by & in equation (3). Moreover, by assigning fixed values to the #’'s we
shall obtain a second-order differential equation for g, with constant co-
efficients, By investigating the various possible solutions of such an equation,
we shall ascertain the various possible expressions for the force of mortality
which satisfy a uniform seniority principle.

SOLUTION OF THE DIFFERENTIAL EQUATION

The second-order differential equation obtained from equation (3) by
assigning fixed values to the ’s is of the form

Y +gy +ry=s. 4)

Three essentially different situations arise as regards the possible solutions of
this equation. These are (i) the case in which 730, (ii) the ‘degenerate’ case
in which r=0 (but ¢50) and (iii) the ‘doubly degenerate’ case in which
g=r=o0 (but ps£o). All possible solutions {including those arising in other
special situations as regards the values of the coefhicients p, ¢, and r) are
included in the solutions of these three cases. Under case (i) there are three
sub-cases according as the roots of the characteristic equation

P+ gutr=o (5)

are (a) real and unequal, (#) real and equal or (¢) complex. The expressions
for the force of mortality obtained in these five situations are, respectively,

po=A4 Be*+ Mn®, ()]
Yro=A-+(B+ Hx) =, (7
pp=A+ Be® sin {dx +f), (8)
Ho=A+ Hx+ Be”, (9)
Ho=A+ Hx+ Bx?, (10}

The expressions (6) and (9) are well known, and the simple quadratic expres-
sion (ro) has been mentioned by Borland in the actuarial note previously
referred to. The form (g) is of course Makeham’s second law; and the form (6),
which was mentioned (without the constant term A) by Sir George Hardy,
we shall call the double geometric law, For convenience, we shall refer to the
expressions (7) and (8), respectively, as the arithmetic-geometric law and the

8-2



116 Laws of Mortality and Uniform Seniority

trigonometric law, The latter seems unlikely to be useful in connexion with
mortality tables, though it must be admitted that ungraduated mortality rates
derived from some population data present an appearance not unlike what this
equation might be expected to produce. On the other hand, it reduces to
Makeham’s law when d=o, and by taking 4 quite small the span of human life
can be made to correspond to a small portion of the oscillation of the sine
function.

DETERMINATION OF i,k AND w

The procedure to be followed in determining the adjusted interest rate i’,
the number of substituted lives %, and the equivalent equal age w is somewhat
different for each of the five expressions (6}10). In those cases where ¢’
differs from 7, the formulae will give directly the adjusted force of interest &°;
this is, of course, readily converted to an interest rate ¢’

It is convenient to consider each of the three expressions obtained in case

(i) as of the form pig=A+(%), (11)
where, in each case, ¢(x) is an expression containing an exponential factor, or
a sum of such expressions. Substitution of the right member of equation (11)
for g, in equation (2) gives

S+ mA+P(a)+d(@)+ ... + Play) ="+ kA + kp(w0), (12)

where, for convenience, we have written x; for a+h; (j=2, 3, ..., m) and
w for x,+g. Successive partial differentiation of this equation with respect

to % gives () B () F . + 8 () = R (), (13)
G )+ )+ o+ () =k (@), (14)

We now ohserve that in all three sub-cases of case (i), ¢(x) satisfies the
homogeneous differential equation

29 (%) +gd' (%) +rd(x)=0.

Thus, on multiplying equations (14}, (13) and (12) by p, ¢ and », respectively,
adding, and dividing by r (which, for case (i), is different from zero), we

obtain § =8+ (m—k) 4. (15)
This result, taken in conjunction with equation (12), gives
B+ P} + o+ P(w) =RP(w). (16)

From equations (13) and (16), we could, in theory, determine % and w.
However, in all three sub-cases it turns out that simpler equations are
obtained by suitable combinations of these two equations, Let us suppose

;‘:‘; a3 +HY (D =1va () (17)
o p(x}+ Ba @ ()= vaifa (%), (18)

where the a's, §'s and ’s are suitable constants (both ¥, and v, being different
from zero) and (%) and yy(x) are simpler expressions than ¢({x) and ¢'(x).
Then, on multiplying equations (16} and (13) by &, and f#,, respectively, adding
and dividing by y,, we obtain

P la) e+ F ¥ () =Ry (w) (19)
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In a similar manner, we find that

Valw) +¥alma) + .+ () =R (). (20}
Dividing equation (20) by equation (19) gives
¢s(w)_¢s(%)+¢e(‘”z)+---+'.f’s(xm) (21)

Ya(w)  Ya(e)+vn(@a)t . + (e

In all three sub-cases, it turns out that the ¢’s, #’s and s can be so chosen
that equation (21) can be solved for w. The value of % is then determined
‘from equation (19} or (20).

The «'s, 8%s,7’s and ¥’s to be used for the three sub-cases are as follows:

Double Arithmetic- . .
Quantity geometric geometric Trigonometric
law law law®

& —logn —loge d cos (a~f)=log ¢ sin (a—f)

H 1 1 sin (a—F)

i Bloge—logn) H Bd

¥y (x) P Fod £® sin {dx+ a)

oty fog ¢ H+Bloge —dsin (a—f)—log ¢ cos (a—Ff)

£ —1 -8B cos (a—)

Va M (log c—log ) e Bd

¥y (x) "t x> % cos {dx+ a)

* a denotes any convenient constant vahie,

It is easily verified that the use of the &’s and £’s given in the table will result
in the indicated expressions for the ¥’s and s,

The requirement that both ¥, and ¥, be different from zero calls for some
discussion. Referring to the expressions in the table for the ¥'s, we note that
in sub-case (a) the expression (6) reduces to Makeham’s first law if B=o or
M=o0. This special case will be discussed later in the note. The same result
would follow from log ¢c~log #=0 (which implies #=¢), but this relation
cannot hold in any event, since it would imply equal roots of the characteristic
equation {5), and sub-case {a) is the case of unequal roots.

In sub-case (b}, the expression (7) likewise reduces to Makeham’s first law
if H=o0. Insub-case (¢}, d=0 would imply real roots of equation (5), whereas
for this sub-case the rocts are complex. On the other hand, if B=o, the
expression (8) would reduce to the trivial case of a constant force of mortality
pz=A, under which

1
5¢w=...(m=m,

whatever the ages of the lives involved.

The specific equations for determining % and @ in each of the three sub-
cases atre given in an Appendix to the paper. When the value of & is known,
equation (1§) gives &’

In discussing case (ii), it will be assumed that B and H in expression (g)
are both different from zero. (If H =0, the expression reduces to Makeham’s
first law, while, for B=o, it reduces to the simple arithmetic law, .= 4+ Hx,
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which also will be taken up later.) Substitution of the expression {g) in

equation (2) gives & _ 5. (o0 k) A+ HO(x,)+BA(x), (22)
where
6(x])=xl+xg+ hE +xm_kw’
and
Ay =4 94 ...+ O — e®,

Successive partial differentiation of equation (22) with respect to »; gives

(m—B)H+BA(x,) log c=o0 (23)
and
B (log c)* A(x)=o. (24)
Equation {24) gives A{x;)= o, or, in other words,
g b =RV {25)

and substitution in equation (23) yields k=m. Finally, substitution of these
two results in equation {(22) gives

& =8+ H(x,). (26)

In discussing case (iii), it will be assumed that B3£0; otherwise it reduces
to the arithmetic case to be discussed later. Substitution of the expression (10)
in equation (2) gives

§'= 8-+ (m— k) A+ H(s,)+ Bo(r), (27)

Plo) =+ b+ ..y — Bt
Successive partial differentiation with respect to x, yields

where

(m— k) H+ 2B(sy) =0 (28)
and
2B(m—Fk)=o,
whence 2=m and #(x,)=o, or, in other words,
%y Xy oo b Xy =T, (29)
Substitution in equation (27) then gives
8'=8+ Bp(x,). (30)

It may not be immediately evident from the preceding equations that, in
every case, i, k and g=w—x, are functions of the /4's only and independent
of #, as demanded in the introductory part of the paper. This can, however,
be verified in each case by suitable algebraic manipulation. The actual
expressions in terms of the A’s can be obtained from those given in the appendix
by setting », =0, so that w is replaced by g and each x,(j=2, 3, ..., m) by the
corresponding ;.

It should be pointed out also that the equations for determining ¢, k and w
are not only necessary but also sufficient for the uniform seniority property.
As regards case (i), we note first that equations (17) and (18) will give a solution
for ¢{x) as a linear combination of the ¥'s provided «, #,—f,a,, the deter-
minant of the coefficients in the left members, does not vanish. The values
of this expression in the three sub-cases are, respectively, log n—loge, —H
and d. It appears, therefore, from the table previously given that this deter-
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mmant does not vanish if the necessary condition as to the non-vanishing of
the s is met. We may conclude, then, that if equation (21) holds, together
with either equation (19) or (20), equation (16) necessarily follows. This, in
conjunction with equation (1g), leads back to equation (x2), which is the
form taken in case (i) by the general condition (2).

Likewise, it is evident that equation (22), which is the corresponding
condition for case (ii), follows at once from equations (25} and {26) and the
equality of & and m. Finally, it is clear that the same equality, together with
equations (29) and (30), leads immediately to equation (27), which is the
necessary and sufficient condition for uniform seniority in case (iii).

THE INDETERMINATE CASES

In the preceding section, frequent reference has been made to two special
cases: Makeham’s first law, under which

=A+ BeT, (31)
and the arithmetic law represented by
#o=A+ Hz. (32)

In these cases, the values of §', k and w are not completely determined. The
indeterminacy arises from the fact that these two expressions satisfy a dif-
ferential equation of the first order. The former case is conveniently treated
as a special case of Makeham’s second law by taking H=o in expression (g).
Equation (22) then reduces to

=8+ (m—E) A+ BNz, (33)
and equation (23) becomes BA(x,) log c=o.

From these two equations we obtain at once equations (15) and (23), and
further partial differentiation dees not yield any new equations. Conversely,
the necessary and sufficient condition (33) follows immediately from equations
{15} and (25). Since we have three quantities, ¢', k and 20, to be chosen and only
two conditions to be satisfied, we may select any one of the three quite
arbitrarily,

The traditional methed is, of course, to take i" =i, so that k=m. However,
another expedient, also well known, is to take 2=1, so that ' =d+{m—1) 4.
This avoids the necessity of tabulating multiple-life annuity values, but
requires interpolation between single-life annuity values at different interest
rates. A third possibility would be to take a fixed interest rate: for example,
i’=4'=0, so that 8

k=m+ I
This method would require the tabulation of expectations of life for various
numbers of joint lives of equal age, and interpolation between the values for
different numbers of lives to obtain that correspending to the value of & com-
puted by the formula.

The expression (32) may be considered as the special case of expression {10)
when B=o, and, accordingly, equation (27) becomes

8' =8+ (m—k)A+ Hb(x,), (34)
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while equation (28) becomes (m—k) H=0
and further partial differentiation yields only the trivial identity o=0. Thus
we arrive at the equality of % and m and the equation (26). On the other hand,
the two latter assumptions take us immediately back to the condition (34).

In this case, & is determined (as equal to i), but either ¢’ or @ may be chosen
arbitrarily, the other being then determined by equation (26). The natural
choice is, of course, to take ¢’ =i, in which case w is the simple arithmetic
average of the ages x,, x5, ..., %+

RESTRICTIONS ON THE VALUES OF & AND ¢/

Exception may be taken to the fact that, in case (i}, the value of & will usually
not be an integer. In theory, at least, this is not a serious difficulty, because
the number of substituted lives %, like the equal age w, is merely a computa-
tional device, and the annuity value

T, = f: oy )t dt

is defined mathematically even when % is not an integer. If, however, it is
desired to fix the value of %, equation (3) shows that we are limited to cases (it)
and (iil). We must have k=m if the expression for g, contains a first or second
degree term in x, while X may be chosen atbitrarily if such terms are absent.

If it is thought inconvenient to tabulate values at many different interest
rates, and it is therefore desired to fix the value of ', the right-hand member
of equation (3) vanishes. Incase(i), the generalsolutionof the resulting home-
geneous equation is ¢(x), and, from equation (11), we have, therefore, 4=o0.
It follows then from equation (15) that¢"==¢. In cases (ii) and (iii}, equation {3)
is transformed by direct integration to the form

Pup+Qpe=R,

of which the general solution is of the form (32) if  vanishes, and otherwise
of the form {31). 1n both these cases we have seen that it is possible to choose
' quite arbitrarily.

If #* and % are both to have fixed values, we are limited to the two special
cases last mentioned. In the former case we must have k=m; in the Iatter i’
and k must be chosen so that equation (15) is satisfied. This shows, incidentally,
the well-known fact that in the case of Gompertz's law, when 4=0, we must
have £’ =4, but k can be chosen quite arbitrarily.

COMBINATIONS OF MORTALITY TABLES

Under the various laws discussed, the principle of uniform seniority can
be applied to a set of lives for which different mortality tables are assumed,
provided the same differential equation is satisfied by each of the different
expressions for the force of mortality. In other words, these constants which
depend on the roots of the characteristic equation must be the same for all
the tables employed, while those depending only on the constants of integra-
tion may differ. The constants which must have identical values for all the
tables used are ¢ and # in the case of the double geometric law, ¢ for the
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arithmetic-geometric law and for Makeham's first and second laws, and ¢ and d
in the case of the trigonometric law. For the quadratic and arithmetic laws,
all three constants may differ,

Thus, in the case of the double geometric law, if we wish to use for the jth
life a mortality table in which

#o= A+ B;e*+ Myn®,

while constants without subscripts denote these of the mortality table to be
used for the 2 substituted lives, we have
B (E ¥ Byc"t4-Bycm+...+ B, o
M\n] “Mypt Myno .. o+ M, n¥

hBc®= B, "1+ Byc»+ ...+ B, ¢,

and
¥=8+4 +Ay+...4+4,— kA

In cases (i) and (iii), it will generally be most convenient to take k=m and
to use the same combination of mortality tables for the substituted lives as for
the original lives. Thus, for Makeham’s second law,

_ B¢+ By +...+ B,
-~ B+By+..+B,

uH

and
§=0+Hx+Hywg+ ...+ Hypxp—w(H 4+ Ho .. .+ H,).

SUMMARY

We have shown that there are five distinct mathernatical forms which admit
of 2 uniform seniority principle—distinct in the sense that no one of them is
merely a special case of another. These are the double geometric law, the
trigonometric law, the arithmetic-geometric law, Makeham's second law and
the quadratic law, All but the last of these include Makeham’s first law as
a special case. The last three include as a special case the simple arithmetic
law. In the case of the three forms first mentioned, both the number of
substituted lives and the adjusted interest rate (in general) depend on the
differences between the various ages. In the last two cases, the number of
substituted lives is, in general, the same as the number of original lives, but
it can be chosen arbitrarily in the special case of Makeham’s first law, The
dependence of the adjusted interest rate on the differences between the ages
is eliminated only (i) when the constant term is lacking from any of the first
three forms and (ii) in the case of Makeham’s first law and the simple arith-
metic law. Only in the last two cases can both the adjusted interest rate and
the number of substituted lives be chosen independently of the differences
between the ages.
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APPENDIX
Formulae for determining §', R, and w in the various cases
I. Double geometric law:

(g)“’_ s Sl ST
n Hwp A L
ReW =M1 g | g,
8'=0+4+(m~k) A
IL. Arithmetic-geometric law:

=xlc"l+x,r.‘°’+...+xmc‘”~'
LR kT -
RV =™, g,
' =3+(m—Fk) 4.
II1. Trigonometric law:
¢® sin (dx, + a)+ ™ sin (dxy+a)+ ... + ¢ sin (dx,, +a)
¢* cos (dx, + a)+¢™ cos (dxy+ a)+ ...+ ™ cos (dx,, +a)’

ke sin (dw+a)=c¢™ sin (dx, 4 a)+¢™ sin (diey+ a)+ ... + ™ sin (d,, -+ a)
(where a is any convenient constant),
&' =8+ (m—R) 4.
IV. Makeham's second law:
me¥ = O g e,
k=m,
& =64+ H{x + x5+ ...+ x,,—mew).

V. Quadratic law:
M=% +%s+ ...+ ¥,

k=m,

&' =0+ Biaf+ a3+ ... + 4% — mu?).
VI. Makeham’s first law ¥

ke® ="+ ¢4, 4 ¢,

8'=58+(m—k) A
VII. Arithmetic law:}

k=m,

&' =8+ H{x, + %5+ ... +#,,—muw).

tan(dw+a) =

* In this case, the equations do not fully determine &', k and .
1 In this case, the equations do not fully determine 4” and 2.





