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LIDSTONE’S Z-METHOD WITHOUT MAKEHAM’S LAW

By N. A. MUNRO, B.Sc., A.L.A.
of The Commonwealth Bank of Australia

INTRODUCTION

LipsToNE showed that when a mortality table follows Makeham’s law 5
Z-function from which to determine ‘mean’ maturity age in his bulk method
of valuing endowment assurances may be suitably chosen in the form

Z(M)=A+ Bc*,

M being the variable maturity age. When Makeham’s law does not apply,
however, it is somewhat artificial to constrain the function Z(M) to the
form A+ Bc¥, although Lidstone has shown (¥.I.4. 38, 1 and 64, 478) that
suitable functions of this form may be found for applying his method with
the O™ and A 192429 (ultimate) tables within the range of maturity ages
then most popular.

2. A method of deriving a more general Z-function is given below. This
method is then used to derive a new Z-function for use with the recently
published A 1949—52 (ultimate) table. Some examples are given with this
mortality table to illustrate that although the Z-method may still be used with
the same Z-function found suitable for A 1924—29 (ultimate) mortality, the
new Z-function not of the form A+ Bc¥ would be more satisfactory.

BASIS FOR DERIVING A Z-FUNCTION

3. If Wy is a set of positive weights such that ZW,=1, Z(M) and
F(M) are functions of the maturity age M, and mean maturity ages M, and
M, are defined from the equations

Z(M,)=Z W, Z(M),
F(M)=3W, F(M),

then it is well known that the necessary and sufficient condition that M,=M,
for all possible weights Wy is Z(M)=A+ BF(M), where A and B are
constants.

4. For integral values of M this condition will be satisfied if
AZ(M)=BAF(M),
ie. if AZ(M)AZ(M — 1)=AF(M)/AF(M—1)

assuming AZ(M)and AF(M) are not zero at any of the values of M concerned.
For non-integral values of M it is assumed that Z(M) and F(M) may be
obtained by the same linear interpolation formula

Z(M)=co Z(My)+c, Z(M)+ ...,
F(M)=cy F(My)+c, F(M)+...,
where M, M,, ..., are integral values of M and ¢y+¢;+...=1.
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It then follows that
Z(M)=cy Z(My)+¢; Z(My) + ...
=co{A+ BF(My)} +c{A+BF (M)} + ...
= A+ B{c, F(My)+c, F(M) +...}
= A+ BF(M).

The relation AZ(M)/AZ(M—1)=AF(M)/[AF(M—1) for integral M is
then sufficient to establish Z(M)=A+ BF(M) for all M and thereby to
ensure that Z(M) and F(M) will always produce the same mean ages.

5. The present problem is to find, if possible, one function Z(M) that will
produce a mean age close enough to the mean ages produced by each of
a given series of functions Fy(M), F,(M), .... A solution should be
possible if AF(M)/AF(M—1) does not vary too much from one function to
another, even though for each function it might vary a lot with M; this
solution is found by choosing AZ(M)/AZ(M—1) close to the values of
AF(M)/AF(M—1). It is shown in the Appendix that a bias in

AZ(M)YAZ(M - 1)
a little on the high side will in practice bring out higher mean ages M,.

6. For the particular case when F,(M) is the temporary annuity a,_, ;.7
with A 1949-52 (ultimate) mortality at 4%, some values of AF(M)/AF(M —1)
are shown in Table A. (See §§12 and 13 for other rates of interest.)

In the preparation of this table annuity values were calculated to more than
the customary three decimal places and the rates of mortality from which
annuities were derived to more than five decimal places in order to enhance
the smoothness of the figures. Whilst such refinement is not essential a cruder
table would have been more difficult to interpret. This table also shows
suitable values of AZ(M)/AZ(M — 1) obtained by reference to the body of
the table alongside corresponding values from the function Z(M)=c¥-55
suggested by Lidstone for the A 1924-29 (ultimate) table, in which c=1-117.
It will be noted that at each term n, Aay_,_1.7/Ady_ 5.7 tends to decrease
as M increases.

A Z-FUNCTION FOR A 1949-52 (ULTIMATE) MORTALITY

7. The values of AZ(M)/AZ(M— 1) in the penultimate column of Table A
were chosen to be slightly higher than the average value of Aay_,_;.7/
Aay_p_g.57 in Table A with M constant. This should have the effect of over-
estimating mean ages ‘on the average’ when mean ages are to be obtained for
all outstanding terms, and thereby tend to a safe total reserve. This margin is
important where bonus is valued with the same mean ages as sum assured
because for a given outstanding term higher maturity ages are likely to be
associated with relatively higher bonus. Intermediate values of AZ(M)/
AZ(M—1) were then chosen by smooth interpolation, a Z-function finally
being calculated with the arbitrary constraints suggested by Cooksey* by
first finding AZ (50) by trial to make Z (60)—Z (50)=300. The resulting
Z-function, tabulated in Table B, could be related to a sum assured of, say,

1000.
£ * The Actuarial Society of Australasia, Bulletin, no. 5, 251.
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8. Table B has not been extended below maturity age 30. For M< 30,
@y _y_1.7 hardly differs from agy_,_;.7 S0 @y_,_1.7 may be replaced by
83_n—1:7 Without error. The rating up of maturity ages to a minimum of
30 may be given effect to by entering Table B at age 30 whenever the maturity
age is 30 or less.

Table B. A 1949-52 (ultimate) Z(M) table

M ZM), M ZM)\ M ZM)y| M ZM| M ZM)

30 135 40 141 50 200 60 500 70 1448
31 136 41 143 5I 215 61 556 71 1604
32 136 42 145 52 232 62 619 72 1775
33 136 43 148 53 251 63 690 73 1961
34 136 44 152 54 274 64 768 74 2163
35 137 | 45 156 55 301 65 856 75 2382
36 137 46 162 56 331 66 952 76 2620
37 138 | 47 169 57 366 | 67 1059 | 77 2876
38 138 48 177 58 405 68 1177 78 3152
39 140 49 188 59 450 69 1306 79 3447
8o 3763

9. For the purpose of calculating the mean value of M by inverse entry
Table C gives values of Z(M —1/20) for a sum assured of L1000 for each
tenth of a year from M=45-0 to M=74-9. This table follows the convenient
plan proposed by E. H. Brown (¥.I.4. 42, 211). It has been constructed by
linear interpolation; Lidstone has pointed out (7.I.4. 64, 487) that the error
thereby introduced is compensated when the mean ages derived from the
table are used to determine annuity values etc. by linear interpolation. The
mean value of M correct to the nearer -1 of a year is obtained by taking from
the table the age corresponding to the tabular value of Z next lower than the
mean Z. ;

COMPARISON OF MEAN VALUES BY USE OF
A 192429 (ULTIMATE) AND A 1949-52 (ULTIMATE)
Z-FUNCTIONS

10. A comparison is made in Table D between true mean annuity values
with A 1949-52 (ultimate) mortality at 49, (and true mean maturity ages) and
the corresponding means obtained from Lidstone’s A 1924-29 Z-function
and those obtained from Tables B and C. The weights I¥,, are proportional
to the numbers 1, 2, 3, 3, 2, I, respectively, at maturity ages 35, 40, 45, 50,
55, 60 in example (a), at maturity ages 45, 50, 55, 60, 65, 70 in example (5),
and at maturity ages 55, 60, 65, 70, 75, 8o in example (c).

In each example the weights W, have been made zero, however, when the
age attained M —n—1 is less than 18.

11. Example (a) calls for little comment, although A 1924-29 mean ages
are on the whole perhaps a little on the low side. Example (b) demonstrates
that near the ‘mean’ maturity ages assumed when deriving the A 192429
Z-function it would be reasonable to keep the same Z-function for use with
A 1949-52 mortality, even though it would be more comforting to rely on the
results of the new Z-function. Example (c) shows that an increase as much as

17-2
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Table D
Example (a)

4% Annuities ay_p,_;:7]

Maturity ages M

Deviation in excess Deviation in excess
Term of true mean of true mean
n True True
mean With With mean With With
A 1924— A 1949 A 1924— A 1949~
29 Z’s 52 2’s 29 Z’s 52 Z’s
1 957 ‘000 — 001 50°0 0 411
6 5183 ++003 — 006 50°4 — 4 + 7
I 8-640 +-o10 —-003 50:8 - -8 + -3
16 11-481 +-o17 + o001 512 —12 -1
21 13-809 +-015 +-004. 51-8 —11 — 3
26 15709 “+-o11 +-004 52°8 -8 - 3
31 17252 —+-+005 +-003 545 - 3 — 2
Totals| 73-031 + 061 +-002 — — —_
Example (b)
4% Annuities ay_,_;:7 Maturity ages M
Deviation in excess Deviation in excess
Term of true mean of true mean
n True : N True - N
mean With With mean With With
A 1924- A 1949- A 1924~ A 1949~
29 2Z’s 52 Z’s 29 2Z’s 52 2°s
1 ‘948 *000 *000 600 +-1 +-2
6 5074 — 009 —~*0L1 596 +-5 +6
11 8431 —+0I5 —+019 597 +-4 +°5
16 11°222 —+009 —-014 590 +2 ++3
21 13°552 +-004 —002 602 —-1 0
26 15'489 +-013 +--008 604 —3 —2
31 17:067 +-013 +-013 61-0 —3 —3
36 18-341 +-008 +-008 622 —2 —2
41 19°350 000 +-004 642 ‘0 -1
Totals| 109474 + 0053 —+013 —_ -_— —
Example (¢)
4% Annuities ay_,_1:7) Maturity ages M
Deviation in excess Deviation in excess
Term of true mean of true mean
n True True
mean With With mean With With
A 1924- A 1949- A 1924- A 1949~
29 Z’s 52 Z’s 29 Z’s 52 2Z’s
I ‘927 —-002 *000 695 + 6 +-1
6 4-803 —+029 —-008 69°4 + 7 +-2
11 7:9go0 —-0b4 —+023 693 + -8 +-3
16 10°523 —-089g —-034 693 + -8 +-3
21 12789 —-094 —-032 693 + -8 +-3
26 14747 — 076 —-014 695 + <6 +-1
31 16°421 ~—+050 + o007 69-7 + 4 —-1
36 17-831 —+031 +-018 69-8 + 3 -2
41 18-949 —+020 +-016 705 + -2 —2
46 19:823 —-016 ++008 71-8 + 2 —*1
51 20°475 —-o17 +-008 740 + -2 -1
Totals| 145:188 —-488 —+054 — — —
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10 years in the over-all level of maturity ages could necessitate a complete
new Z-function if this is constrained to the form A+ Bc¥, a new valuation
constant then being needed for every policy. A general change in the level of
maturity ages as much as 1o years seems unlikely to occur, however, before
the mortality table becomes out of date anyway.

USE OF OTHER RATES OF INTEREST

12. Table A was derived from annuities at 4%,. At 29, the values of
Ay _p_1./A8y _n_s.7 are a trifie smaller, so mean ages obtained with 29/
annuities would be a little less than corresponding mean ages obtained with
4%, annuities. The Z-function in Table C should, therefore, still be on the
safe side when used to estimate mean 29, annuities. That the margin of
safety is still reasonable may be seen from Table E, which is an extract from
the full table corresponding to example () of Table D.

Table E
2 9% annuities Maturity ages M
Term n Deviation in excess Deviation in excess
True mean of true mean with | True mean | of true mean with
| | A1949-52 2% A 194952 Z’s
|
6 5418 | —-011 596 +-6
21 16372 —-004 6o'1 +-1
36 24555 1 + 009 62°1 -1

13. It seems clear that a change in the valuation rate of interest from 49,
to 2%, would not require any change in the Z-function for A 1949-52
(ultimate) mortality, and the Z-method would still be practicable. It is
likely that with any mortality table if the Z-method were practicable at one
rate of interest it would be practicable at another rate, and the same Z-function
would do, but this would be readily verifiable in any particular case.

LIDSTONE’S GROUP-CHECK FOR PURE PREMIUMS

14. For a mortality table following Makeham’s Law, Lidstone has shown
(§.1.4. 52, 488) that the pure premiums on a group of endowment assurances
all having the same original term can be checked in bulk because the mean
maturity age obtained with pure premiums (i.e. with the pure premium rate
per cent for the particular term replacing the Z-function as a function of
maturity age) should differ only little from the mean maturity age obtained
with the Z-function, the difference being an amount which can be expected
to vary smoothly as different groups of policies are taken with successive terms.

15. Lidstone was clearly of the opinion that whether a mortality table
follows Makeham’s law or not, if the Z-method is practicable then his group-
check for pure premiums would also be practicable. The correctness of this
opinion can be readily demonstrated, as follows:

I
P —p=lpFi = —d.
Ay —n—1:7F1
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1 1
Therefore APy 1ir -
au—n nFll CM-n-1:AFT
—Aay_p1. 27
au —n:n+i] - au—n 1: n—f[
—Aa
S s - H—n—2:7]
Similarly, APy _poirni== e .
aﬂ-—n—-l:n+1 'all—n—z:n+1
Therefore AP, _,._ varn_ Ay_p- ~1:7 Gy _p— 2:AFT]

APy _p sisr Dy n2m  dy—navn

APy 1770/ OAPy_n_ 2.7 is thus usually slightly greater than Aay_,,_;.5/

@y p—9:7, DUt the difference is quite small (for example APy, 2—|/AP38 o)
exceeds Adgg. 557/ Adgg. 57 by -008). Since AZ(M)/AZ(M — 1) is on the average
also shghtly greater than Aay_,_;. :m[A@y - p—g:7 it is nOt surprising that the
true ‘mean’ age for pure premiums is close to the mean age obtained with
the Z-function.

APPENDIX

A bias in AZ(M)/AZ(M—1) a little on the high side will in practice bring
out higher mean ages M. This can be seen as follows by comparing the mean
ages M, and M. produced from two functions Z(M) and Z'(M) given that,
for all M, AZ(M) AZ/(M)

AZ(M ~ 1) AZ'(M-1)

It is assumed for convenience that Z(M) and Z’(M) are increasing functions
of M. A given value of Z’'(M) will then determine a unique value of M which
in turn will determine a unique value of Z(M). Z can therefore be regarded
as a function of Z'.

The inequality can be written

AZ(M)  AZ(M-1)
AZ' (M)~ AZ (M—1)

AZ(M)/AZ'(M) is a divided first difference of Z as a function of Z' for the
values of Z' corresponding to ages M and M+1. These divided first dif-
ferences therefore increase as successive increasing values of Z’ are taken
corresponding to successive integral values of M.

Assuming that in practice Z would be a smooth function of Z’ it follows
that the slope dZ/dZ’ would increase with Z'. The curve of Z plotted as a
function of Z’ would therefore lie above the tangent to the curve at any point,
and in particular the tangent at the point Z'(M,). Let the slope of this
particular tangent be

dz
az =k say.
Zr=2"(M 3

Then [Z(M)—Z(M,)] > k[Z'(M)—Z'(M_.)}, (1)

whether M is greater or less than M.
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As in §3 let the mean ages be defined with a set of positive weights 17,
such that Wy =1, from the equations ’
Z(M)=ZWuZ(M),
Z'(Mz)=ZWuZ'(M).
Then Z(M,)—Z(M,)=ZWuZ(M)— Z(M)Z Wy
=W [Z(M)—Z(M )]
> kEWul[Z'(M)—Z'(M,.)] from (1)
=k[EWuZ'(M)—Z' (M) Z W)
=k[Z'(M,)—Z'(M,)]
= O,
and since Z(M) is an increasing function of M, M, exceeds M,..




