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THE MEASUREMENT OF REPRODUCTIVITY

By A. H. POLLARD, M.Sc., M.Sc. (Econ.), F.I.A., F.S.S.
Assistant Secretary of the&Mutual Life and Citizens’ Assurance Company, Lid.

[This paper, for which the author was awarded the Rhodes Prize (see Year Book
'104'7-48. 0. 208). was suhmitted ta the Tnstitute for discussion an 2 May tnaR 1
THE measurement of the rate of population growth has attracted considerable
attention in scientific literature of recent years. This is, no doubt, a result of the
continual decline in the birth-rate which has formed the topic of innumerable
articles in the popular press and elsewhere. Several attempts have been made
to obtain a simple statistical measure of the reproductivity of a population at
a particular time—that is, a measure of the extent to which a population will be
replacing itself if current fertility and mortality continue indefinitely. It is the

aim of this paper,

in section 1, to discuss the simple approximate formulae that have been
suggested;

in section 2, to discuss some more elaborate and more efficient formulae;

in section 3, to analyse the effect on the formulae of section 2 of a change
in the proportions married at a given age;

in section 4, to outline the male versus female rate anomaly;

in section 5, to suggest a formula which avoids the anomaly; and finally,

in section 6, to discuss the application of these formulae to Australian
population statistics.

1. SIMPLLE APPROXIMATE FORMULAE

1-1. Crude birth- and death-rates

Vital statisticians were at first satisfied to study the excess of the crude
birth-rate over the crude death-rate. With the marked changes in age structure
which resulted from decreasing mortality and fertility, it soon became apparent
that this measure was not suitable for comparing the rates at which different
populations (which includes the same population at different periods) were
reproducing themselves. The crude birth-rates, for example, of two ‘equally
fertile’ populations would be quite different if they had different proportions
of women in the reproductive age-group.

1-2. Standardized birth- and death-rates

A more satisfactory measure of the same type which would make some
allowance for the age distribution is the difference between the standardized
birth- and death-rates. The standardized death-rate is the crude death-rate of
a standard population experiencing at the various ages the rates of mortality of
the population under consideration. This measure will depend partly on the
standard population selected, but it is also subject to the more serious objection
explained by C. D. Rich (1) as follows: Suppose the number.of deaths above the
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reproductive age increased and those below that age reduced so that the
standardized death-rate is not altered. Even though a larger number of children
would then survive to the reproductive ages and eventually bear children,
this measure of reproductivity is unchanged and yet there is no doubt that
the rate of growth of such a population would, on our supposition, be
increased.

Fairly extensive basic data—forces of mortality and fertility—are required
to determine this (and for that matter any) measure of reproductivity. In
addition to the two objections mentioned above, we may, in this connexion,
add a third—this measure does not make optimum use of these basic data. For
a measure which fulfils this requirement see paragraph 2-2.

1*3. Replacement Index

The replacement index was introduced by W. S. Thompson and later used
by Lorimer and Osborne in their book The dynamics of population growth. 1t
is the most useful of the simple reproductivity formulae, and requires only
a knowledge of the population in age-groups and the corresponding life table.
The replacement index has three useful forms. They are all particular cases
of the general formula which is obtained by dividing the number of children
in a given age-group in the actual population by the number of women in the
actual population who would have been in the reproductive age-group when
these children were born, and then dividing this quotient by the corresponding
quotient in the life-table population.

The three useful forms of the replacement index are:

(I) 1,, obtained by using the children under age 5 (say) and the females
aged 2045 in the above formula;
(IT) J,, obtained by using the annual births and the females aged 20-43
in the formula; and
(IIT) J5, obtained by using any group of children (say ages 10-14) and the
corresponding females aged 30-53.

A. J. Lotka(2) has shown that J is related to other reproductivity formulae p,
the true rate of natural increase (see paragraph 2-2) and R, the net reproduction
rate (see paragraph 2-1) by the following approximate formulae:

log, J=(aa—0y)p and J=R, 2%,

o

where o, and o, are the average ages of the junior and senior groups respectively
and « is the mean age of net reproductivity of women.

The following remarks about this index (for details see Lotka(2)) should be
noted:

(1) Even substantial changes in fertility and mortality cause little alteration
in the means «;, o, and «, and hence (a, —o; /o is approximately constant for
all conditions met with in practice. Furthermore, numerically it is approxi-
mately unity, and hence, as a rough first approximation, for all populations, we
may take J =R,. In any case, we may compare R, for various populations by
comparing the corresponding J’s.

(I1) If we determine J; (above) for various age-groups from the data of
a single year (e.g. Australia 1939 as in Table 8) we obtain replacement indices
for earlier years, the value of J; obtained by using the junior age-group 10-14
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giving the replacement index 10 years earlier, and so on. For more remote
years the measure is only rough, the factor of immigration alone being sufficient
to cause material discrepancies.

(III) It is simple to calculate and 1s the only useful index when age specific
fertility is not available. If these rates are available a superior measure should
be used.

(IV) The effect of altering the age limits of the junior group (say from under
5 to under 3) has an effect which, though not marked, is not negligible. The
replacement index is not, therefore, a unique measure of net fertility,

(V) Itis not naturally related to general population analysis and tells us little
besides the rate of population increase.

2. SOME MORE EFFICIENT FORMULAE
2-1. Net reproduction rate R,

This measure was originally introduced by R. Boeckh in his study of the
1879 Berlin population, and it has been extensively used since by R. R. Kuczynski
and others. It consists simply of the ratio of births of a given sex (usually female)
in two successive generations under constant conditions of forces of
mortality u (x) and fertility f(x):

Ro=f:%f(x)dx. (1)

The population will increase, remain stationary, or decrease according as
R, is greater than, equal to, or less than, unity.

Lotka (2) has shown that R, is approximately given, in a community growing
slowly by natural increase, by the ratio of total annual births at two epochs of
time ¢ and # —uw, « years apart, where « is (as above) the mean age of net repro-
ductivity of women.

R, is notan annual rate of increase, but a rate of increase per unit of time which
here is the ‘generation’. This varies slightly from one population to another,
and hence a more satisfactory measure (p) converting this to an annual basis
was introduced.

2-2. True rate of natural increase

In 1911 Sharpe and Lotka(s) proved that a population subject to a given age
schedule of mortality and fertility, no matter what its original age distribution,
will eventually approach a stable distribution with a fixed annual rate of increase
p-* In 1925 Dublin and Lotka( showed that p, which satisfies the integral
equation

w l
f P L flyde=1, (2)
0 Zo
may be obtained with sufficient accuracy by solving the quadratic
1(RE_Re) a R -
E(R?;“Ro)p +R0p~—10geR0-—O, (3)
w
where R,= f a2 f(x)dx.
0 zo

* See also C. D, Rich (1) pp. 44, 45 and 74~77, and p. 43 for formula (3).



The Measurement of Reproductivity 291

By fitting a Pearson Type III curve to the net fertility function (Z,/l) f(x),
S, D. Wicksell (s) obtained the following formula, which gives identical results
in practice: R.R

0t

PTRR,~RE
It has been shown (e.g. Rhodes ) that p2 o according as RyZ 1.

p is a true annual rate of increase which makes optimum use of the
given data. It occupies a central position in general population analysis.

{R0<R0R3—R,’>/R,’ — I} . ( 4)

2-3. Gross reproduction rate
Mention only should be made of the gross reproduction rate which is the
total of the age fertility schedule or f f(x)dx. It provides an upper limit to
0

R, when mortality has improved to such an extent as to be negligible.

2+4. Properties of these reproduction rates

It should be remembered that, other things being equal, if all persons were
to die after passing the reproductive ages, although the expectation of life and
the age distribution of the population would be altered, the above three
measures of reproductivity would not change.

Each of these measures can be used to estimate the effect of different rates
of mortality, fertility remaining constant, or of various fertility rates with the
same mortality. They can therefore be used to measure separately the effect
on reproductivity of the declining mortality and the declining fertility of the
present century.

Given age schedules of mortality and fertility for one sex, we can determine
not only R, and p, but also many other characteristics of the ultimate population
which it is interesting to compare with the present population. We could thus
determine the ultimate age distribution, the true birth- and death-rates, the
distribution of daughters’ ages for given mother’s age, the average age of
daughters for given age of mother, the proportion of daughters of a given
age whose mothers are alive or the proportion of female maternal orphans.
Given further data our knowledge of the ultimate population could be
extended.

These measures of reproductivity, by ignoring duration of marriage, yield
misleading results if, for any reason, marriage conditions are abnormal.
A sudden temporary increase in the number of marriages would, because of
the high fertility of early married life, result in increased births in the following
fewyearsif marriage fertility remained constant. If we usetheseincreased births
to determine age specific fertility without allowing for the abnormal marriages
(as in the case of Ry and p) we are overestimating the reproductivity because we
are, in effect, assuming that the high marriage rates will continue indefinitely.
In many cases this is theoretically impossible as it may lead to the assumption
that more females are married than actually exist! T'wo measures suggested
with a view to overcoming this difficulty, which has no doubt occurred in most
civilized countries during the last 15 years because of the deferred depression
marriages and accelerated war-time marriages, will be outlined in the next
paragraphs. The effect of varying marriage rates on the several measures
will be more closely examined in section 3.
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2-5. Karmel formula

Allowance can be made for the inflated births resulting from an abnormal
number of marriages of short duration by using a formula based on current
birth-rates, as a function of duration of marriage, combined with normal
marriage-rates to be expected in the future.

A practical difficulty arises here in that the necessary data to determine
birth-rates in the required form may not be available. With Australian data
we have to be content to relate the annual births for the year under investigation,
divided according to marriage duration (r), to the annual marriages recorded
in the returns of previous years. T'his ratio &, (say), which in a modified form was
first used by P. H. Karmel) in determining his ‘index of current marriage
fertility’, makes no allowance for discontinuance of marriage due to divorce
or death of either spouse, and is not a birth-rate in the true sense. While it does
not give all the information we would like, it can be used to give the Karmel
measure of reproductivity K, (say) corresponding to R, if we know the
proportion m,, of females aged y who marry at that age. Thus

@], PR fg Lymy,dy
Ky= [ pmay S, =Fo, 20— )
There are three obvious methods of determining 7, namely:
(I} from the marriages during the year being investigated;
(11) from the proportion of females married at age y at the end of the year
being investigated; or
(111) by using typical average values of the proportions mentioned in (IT),
such, for example, as the proportions during a period of normal
marriages or the proportions at a previous census.
Method (I) should not be used because of the large marriage fluctuations
mentioned in paragraph 2-4 which could give values of m, such that

f :lymydy>lo,

which is impossible. If we use method (II) during a period of increased
marriages (e.g. war-time) it may be unlikely that such high proportions married
will be maintained. However, whether it will be maintained or not is beside
the point; it certainly can be and as it is an indication of recent trends it probably
should be used. For many countries the proportions never married will only
be available at census dates and method (III) will have to be used. If, as is
now the case in Australia, the previous census was taken at a time when these
proportions were abnormally low, then, with this method, reproductivity
would throughout be underestimated.

The following points regarding this measure should be noted:

(I) migration affects 4,, particularly for large values of r—births are
included from marriages contracted outside and vice versa;
(IT) illegitimate births, though small in proportion, have to be allowed for.
A simple sufficiently accurate method is to increase the results obtained
in the ratio of total births to legitimate births;

(I1IT) changes in the proportion of remarriages would slightly alter the index
because of their lower fertility, resulting probably from the higher
marriage age;

and, most important of all,
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no allowance is made for the age at marriage. The number of children
per family depends to a large extent on age at marriage (see Table 1)
and hence, if the average age at marriage is changing appreciably,
fertility must be considered as a function of age at marriage.

Table 1. Marriage fertility rates in each quinquennial age-group based on all
legitimate births registered in 1944—Queensland
(Data from Clark and Dyne®), p. 32)

Calendar Births per 1000 marriages at age of mother at marriage

year of

marriage | —19 2024 | 25-29 30-34 | 35-39 | 40—44 | 45— | All ages
1944 140 76 53 52 50 21 — 78
1043 490 | 364 315 265 208 70 — 346
1942 278 250 224 186 126 23 6 229
1041 275 252 228 200 97 22 — 229
1940 281 236 211 177 93 10 — 215
1939 248 217 200 166 63 6 — 199
1938 213 186 183 119 277 — — 170
1937 200 176 153 10X 38 — —_— 156
1936 174 160 135 85 32 6 — 139
1935 159 150 123 48 7 — — 119
1934 153 129 92 39 7 - - 106
1933 135 117 88 30 5 —_ — 103
1932 108 98 64 23 — — —_ 85
1931 148 89 52 11 5 — — 78
1930 123 77 43 7 — — — 72
1929 112 69 33 4 -— — - 58
1928 96 58 20 4 — — — 44
1927 8o 46 16 — — — — 34
1926 76 36 5 — — —_— — 29
1925 67 30 2 2 — — —_ 26
1924 68 25 3 —_ — — — 20
1923 54 18 1 — — — — 15
1922 55 9 — — — — — 10
1921 27 7 - — —_ — — 7
1920 21 4 — —_ —_ — - 5
1919 24 2 — — — — — 3
1918 8 2 — —_ — — — 2
1917 7 — — — — — — 1
1916 5 — — — — — — I
1915 7 1 — — — — —_— 1
Total |3832 | 2884 2244 | 1519 758 158 6 2580

2-6. Clark-Dyne formula
Clark and Dyne @) suggested a modification of the Karmel formula to take

marriage age into consideration and hence to correct for (III) and (IV) above.
They obtained 4, for various ages y (or age-groups) at marriage (say) ,b, and
hence obtained a measure of reproductivity C,, corresponding to R, and K,
given by

o J o
Co= |, 7 Siubr - (6)

0
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This formula involves more calculation and requires data which are not
published for many countries. Its undoubted superiority over Ry and Ky under
abnormal marriage condition will be demonstrated in section 3.

27. Corresponding annual rates

C, and K, are rates of increase per ‘generation’ and not annual rates of
increase. The corresponding annual rates, which are more useful, will be
denoted, following the precedent of Ry and p, by the corresponding small
Greek lettersy and « respectively. Let C, and K, be the moments corresponding
to R,. The births for each age at confinement x, which in the case of R, are
given by (4,/1;) f (x), are for C, given by

x ly
Z:o T My by

Having determined these births, we obtain C, by taking moments and then
v by substituting these values of C, for R, in equation (3) and solving.

2-8. Numerical calculation

The calculation of C, and y is illustrated in Table 3.

Column 3 is obtained from the survivors in column (2) and the proportions
P of Table 2 with a small addition for remarriages. Columns (4) and (5)
result from applying the marriages of column (3) to the fertility rates of Table 1.
The total of column (4) adjusted for illegitimate and female births gives C,.
Adding columns (5) diagonally gives column (7). The totals of columns (7), (8)
and (9) enable us to write down the equation for y. The grouping for ages and
durations is broad, and, for more accurate results, narrower groups or individual
durations should be used.

The calculation of K, and « proceeds in the same way,

In the determination of R, and p (for several examples, see Dublin and
Lotka () we obtain column (7) immediately from column (2) by multiplying
by f(v) and then continuing in the same way, using y (column (1)) for the age
at confinement.

3. THE EFFECT ON REPRODUCTIVITY FORMULAE OF
CHANGES IN THE PROPORTION MARRIED AT AGE »

[Note. The reader interested only in results could proceed immediately
from paragraph 3-1 to paragraph 3-8}

3°1. Periods of economic depression or years of war are examples of ‘events’
which either accelerate or postpone the marriages of a community. Even if
exactly the same pairings are made at a later date and these pairings have the
same number of children large variations will occur in the annual births.
False impressions of the fertility trend and the reproductivity trend will result
if these birth variations are not correctly interpreted. It is the aim of this
section, therefore, to investigate the effect of a change in the proportion of
females married at a given age on the reproductivity formulae of the previous
section, assuming that the fertility, measured according to age at marriage and
duration of marriage, remains constant throughout. This investigation will
yield some indication of the efficiency of the various reproductivity formulae,
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and, with respect to a given formula, will at the same time indicate conditions
under which it may be expected to underestimate or overestimate the re-
productivity.

3-2. Let us assume that the population being considered has resulted from
constant annual births throughout the past and is subject to fixed mortality;
and let us denote the total females at age x by ;. Let the proportion of females
aged x who are married be represented at time ¢ by 7 {x, #), or more briefly =,.

Then, for a given value of #, the marriages between ages x and x +dx less
the married deaths between these ages equals

Lovanm (2 +dx, t+dxy— L (x, 1),
. . J @
This may be written. dx (% + 33) Lom{x, ),
. om, o, ol
that is, dx (zx%f+z$@.§+%5§),
Since the last term, with its sign changed, equals the married deaths between

ages x and x + dx, the number of marriages between x and x +dx, for a given
value of ¢, must be given by

{Om, Om,
L (%? +-é-9;) d. o)

This result could have been immediately written down.
For a given ¢, then, the number marrying between x, and %, is

% (Om, Om,
3 Tz 8
fxxl”(8t+8x)dx' ®
Integrating by parts, this becomes

2N 3 /
9 zmwmdxwm—lmh—fm s g

ot ) e ml ey
& [z Zg
=% Lmpdx 4 L my, — b e 4 f T Ly thr %0 (9)
2 *1

If we assumed 7, to change gradually with time in accordance with an inverse
tangent function from a steady value of p, to a steady value of P, a given
percentage of the change (say 95 9,) occurring over # years, then, by fitting
polynomials to [, p,, P and the marriage-age marriage-duration birth function,
we could, making use of expression (9), obtain an analytic expression

for the births at time ¢ since f tan—t ke dt, f ttan—1ktdt, etc. are integrable.

This method, however, has no advantages over the straightforward method

discussed in the next paragraph, particularly when the effect of varying =, on
several formulae is required.,

3-3. Let b, be the chance that a female marrying between ages x; and x,
has a child during the 7th calendar year after marriage;
X indicate summation over all marriage age-groups;
S indicate summation for all values of 7;
B{t; 22 = Sw, &gy b’l‘ .
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We will proceed to determine the annual births in a community subject
throughout to Australian 1933 census female mortality (A™) and, for ¢>o,
to the marriage-age marriage-duration fertility rates given in Table 1 (i.e.
Queensland 1944), and in which m, =p, + (P, —p,) ¢;, where ¢, is a function of
t only.

We assume that the fertility in the past was such that the population just re-
placed itself.

The values chosen for p,, and P, in our examples are given in Table 2 and are
respectively the Queensland 1938 and Queensland ‘war-time’ proportions.
The figures are thus not exaggerated but are selected from actual experience.

From (9), for given #, the marriages between ages #, and x, are

2]
A+ "1 @,mp) v A+ B O (say),
where A=l p.,— loypo,+ J‘xzpac Lypend,
&y

L2
and A+B=L,P, -1 P, + J‘ Pl p,dx.
X1

Using values for single ages from the AF® tables and the Newton-Cotes
formula for approximate integration for 5 intervals we obtain the values for
A, B and C given in Table 4.

Table 4. Marriages per age-group at time ¢

Age-group A+Bé;+Cdi

~19 14,969+ 1,214 $;+ 400 ¢
20-24 32,796+ 10,613 ¢y +44,313 $;
25-29 10,740 — 4,768 ¢+ 48,202 ¢}
30-34 7,978 — 4,169 ¢;+22,030 ¢}
35-39 3,919~ 2,581 ¢+ 6,474 4}
40-44 1,136
Total 80,547+ 309 ¢;-+ 121,509

We obtain the total marriages during the calendar year ¢ to £+ 1 by integrating
the marriages at time ¢ from ¢ to £+ 1. If we write

t+1 .ot
Q,:L $,dt and Qt:ft édt,

the total marriages during calendar year ¢ to ¢+ 1 are given, for all integral
values of ¢, by

2 (A+BQ+CQy (10)
Xy Xn
and the total annual births during yearr by
Z St(A+BQt+CQ;)x1wgbr—t' (II)
X1 g

AJ 20
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3+4. We will now consider several forms for ¢;.

(I} A permanent increase in w,. Let m, increase steadily over n years from
constant values of p, to constant values of P, following a cosine blending
function, the time variation in =, being given by

t<o, ¢,=o0, $=o0,

tm T ., it
o<t<n, ¢=}—~}cos—, ng:z—nsm;, (12)
t>mn, $e=1, 5{);:0'

Writing g for the values of Q in (10) which apply to this example, we obtain

4
t<o, g;=0, g;=o0,
o<i<n L2 it sinf ' =} cos’ %cosm_I
= ———sin-7 = ~ 7 ] ——r
SESt = T n A AN n n
14
t>mn, ¢G=1, g;=0.

Substituting these values in (10) we obtain the initial annual marriages A
in marriage age-groups, and the subsequent extra annual marriages

_ % (Bg,+Cqy)
shown for #=6 in Table 3.

Table 5. Annual marriages during a change in proportions
married from p, to P, over 6 years

Age- Initial Extra annual marriages during year ¢ to £+ 1 where ¢ is

g annual

&P | pharriages o 1 2 3 4 5 =6
~1Q 14,969 54 255 551 861 1,103 1,212 1,214

20~24 | 32,796 | 3,202 | 9,710 | 15,030 | 17,748 | 17,140 13,348 10,613

25-29 | 19,749 | 3,131 | 8,121 | 10,208 | 9,078 4,785 | ~1,434 | —4,768

30-34 7,978 | 1,383 | 3,402 | 3,958 | 2,890 485 | —2,600 | —4,%69

3539 3,919 377 797 658 — —1,007 | —2,090 | —2,581

4044 1,136 — - —_ — — — —

Total | 80,547 | 8,147 |22,285 | 30,405 | 30,577 | 22,306 8,436 309

Applying these marriages to the fertility rates of Table 1 we obtain the initial
annual births and the subsequent extra annual births
% S (Bg,+Co),abr i

Zywg t

The calculation of the latter function is shown for illustration for selected years
in Table 6.

(I1) A permanent decrease in w,. Let m, decrease steadily over # years from
constant values P, to constant values p, with the same blending function. In
this case, the values of ¢, are obtained, for all values of £, by subtracting those
in (12) from unity and the values of ¢; are equal in magnitude to those in (12)
but are opposite in sign.

Hence, in this case,

Q=1-¢ and Q;=-g.
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Substituting in (x1), the total annual births during year  are
3. S (A +B—Bg,~ Cg)p, o

Ty %y &
We may therefore find the total annual births by subtracting from ‘the initial
births ¥ (A+B)B,_,, the subsequent extra annual births determined for

LR
case (I) above.

(I11) A temporary increase in m,. Let u, increase in 2 years from p, to P,
according to the same blending formula, remain constant at P, for m years and
then return symmetrically to p, over the next » years,

The values of ¢, for this case are obtained, for all values of ¢, from those in
(12) by subtracting the value there at time £—m —# from the value at time %
The values of ¢, are obtained from those in (12) in the same way.

Hence, in this case, for all values of ¢

Q=¢~Gmn ad Q=g~g mn-
Substituting in (11) the total annual births during year 7 are
x% &;3 (A +B [gt - Qt——m-n} +C [9; - Q;—m—fn]) Ty xgbrwt
= % S(A+Bg+ Cqy) wanlrt— 2 S(Bgmp+ Cqim-n) Ot
;% 1 2@ t

The total annual births during year » may therefore be obtained for this case
by subtracting from the total annual births during year » of case (I) above the
extra annual births there obtained for the year m+n years earlier.

The result of these examples can be confirmed by general reasoning,

(IV) The effect of a temporary decrease in m,, can be determined in the same
manner. .

35. From (1) Ry= Elm Female births to fernales aged x

A Total females aged »

Now in the particular -case we are considering (defined at the beginning of
paragraph 3-2) the births for #<o have been constant and equal to ;. There-
fore for # < 15 the total females aged x equals 7, for the reproductive ages, and
therefore for £ <15 R, equals the total annual female births divided by J,.

The number of annual accessions at age o is, for #>o0, different from [,
because of the altered fertility and marriage intensity after t=o. If, however,
in a particular year the annual entrants are %l instead of [, and also if the
marriage intensity and marriage fertility are constant, then, x years later the
number of females aged » will be kI, instead of /, and the annual female births
during that year will increase in the same proportion. We can see from the
above formula therefore that, for £ > 15, when births will occur to the additional
births in Table 6, we may determine R, by neglecting these second generation
of births and at the same time assuming J, entrants throughout. The reason is,
of course, that in this case the numerator and denominator in the above
expression vary in proportion. We have therefore shown that R, for all values
of # is equal to the total annual female births (excluding births to the additional
births of Table 6) divided by /,.

3+6. The Karmel index of current marriage fertility for a given year may be
obtained by dividing the total births for given marriage durations (irrespective
of marriage age) by the corresponding marriages and by summing for all
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durations. Since on our assumption the population we are considering is
experiencing the fertility of Table 1, to determine the total births for a given
marriage duration 7 it is necessary to multiply the marriages at the various
ages that occurred 7 years ago by the marriage fertility for duration r for the
various ages at marriage given in Table 1. However, since we know the
proportion of the marriages in a given year that occurred in the various age-
groups, we can determine the contribution to the Karmel index for a given.
year of marriages of duration 7, by weighting the fertility of Table 1 for
duration by the proportion of marriages at the various ages that actually
occurred 7 years ago. This will give us the marriage fertility for duration 7 that
would have been obtained in our given population if we had ignored age at
marriage altogether. Adding for all durations of marriage gives the Karmel
index for the given year,

A change in the actual annual births will alter this index as it will alter, in
subsequent years, the proportions marrying at various ages. (These proportions
are used for weighting the fertility rates for a given duration of marriage.)
It will be necessary therefore to make allowance, for ¢> 20, for the additional
marriages resulting from the increased births following #=o.

3~7. We obtain the Clark-Dyne formula at time # by weighting the values of
B, ,,» not by the marriages at age #, to &, actually taking place at time ¢, but by
the marriages that would be taking place in that age-group if the values of =,

had always been the same as at that particular time. That is, it is given by
% (A+Bé) By, o,

X1 Eg

3-8. Graphs have been drawn (see Figs. 1-3) showing the variations which
occur in (1) the net reproduction rate, (II) the Karmel formula, and (III) the
Clark-Dyne formula, in a community built up from constant annual births in
the past and subject throughout to A¥* mortality and, for £> o, to the fertility
of Table 1. The large variations shown result from the one factor which was
allowed to vary with time—the proportion of females married at a given age.
The limits of the variation (given in T'able 2) are selected from actual experience
and are the Queensland 1938 and Queensland ‘war-time’ proportions. The
graphs show the effect of (I) a permanent increase in the proportions married
from p, to P, taking place gradually (see (12)) over # years (n=3, 6 and 12),
and (I1) a temporary increase from p,, to P, over n years (n=3, 6 and 12) at the
same rate, remaining constant at P, for m years (m=o0 and 6) returning
symmetrically to p, over a further n years.

(1) Permanent increase. The following points may be noted:

(@) The number of annual marriages after the proportions have changed is
practically the same as before the change, the increased reproductivity which
occurs being due almost entirely to the higher fertility (see Table 1) associated
with the younger marriage ages after the change.

() To build up the higher proportions married the number of marriages
occurring each year during the change-over is considerably higher than before
or after. For the case n=6 the number of marriages rises to a value 37-5%
above normal for the third year during the change. The net reproduction rate
makes no allowance for these abnormal marriages. In effect, it assumes they
will continue indefinitely. This may be an impossible assumption, as mentioned
previously, leading to more females being married than actually exist. The
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married at a given age from p, to P, (Table 2) spread over 3 years.
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Fig.2a. Theeffect on Ry, Cq and Kq of an increase in the proportion of females married

at a given age from p, to P, (Table 2) spread over 3 years followed immediately by a
symmetrical return to p, over 3 years.
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Fig. 2¢. The effect on Ry, C, and K, of the Fig. 24 increase spread over 12 years
followed immediately by a symmetrical return to p, over 12 years.
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births which result from these abnormal marriages, particularly in the following
few years, cause the net reproduction rate grossly to overestimate the repro-
ductivity. R, reaches its peak at the moment the community attains the final
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Fig. 3a. The effect on Ry and Cy of an increase in the proportion of females married

at a given age from p, to P, (‘Table 2) spread over 3 years followed, after remaining

constant at P, for 6 years, by a symmetrical return to p, over 3 years.
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Fig. 356, The effect on Reand Cy of the Fig.3 ¢ increase spread over 6 years followed,
after remaining constant at P, for 6 years, by a symmetrical return to p, over 6 years.

proportions married, receding to the correct figure as the births from the
abnormal matriages of the change-over become negligible. The extent of the
error depends on the rapidity of the change.

{¢) To build up the higher proportions married, the marriages in the first

few years of the change-over occur relatively in the higher age-groups. As the
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proportions married are built up, fewer and fewer marriages are required in the
older age-groups and more and more in the younger (see Table 5). During the
first few years of the change-over the average age of marriage therefore actually
increases, but soon falls rapidly back past the initial figure to the lower average
age commensurate with the higher proportions married. The Karmel formula
which depends on the sum of the average number of births to marriages of each
previous year, will therefore fall during the first few years of the change-over
and rise fairly sharply during the later years of the change-over. It thereafter
increases almost linearly towards the correct figure as more and more of the
years with the higher proportions married and therefore with lower marriage
ages are included. After about 25 years marriages of the children born during
the change-over begin to take place. At first they are only in the younger age-
groups. The Karmel formula then slightly overestimates the reproductivity
but gradually approaches the correct value.

(d) The Clark-Dyne formula is not unduly biased by the sudden increase
in births and it gives an indication of the changed reproductivity immediately.
The other formulae give a totally false picture for about 20 years.

(I1) Permanent decrease. The reasoning here is the same as in the previous
case. The Clark-Dyne formula is again accurate; the Karmel formula over-
estimates and the net reproduction rate underestimates for about 2o years.

(111} Temporary increase. 'The reasoning here can be deduced from the case
above and will not therefore be given. The following features of the curves
should be noted:

(a) R, overestimates the peak;

(b) even though the community is always more than replacing itself, R,
passes through a dip with values less than unity;

{¢) Kqis too low during the change-over and then overestimates for many
years after;

{d} C, is satisfactory.

(IV) Temporary decrease. The same discussion applies as in (III) with the
curves roughly inverted.

(V) General remarks. It would appear from the above that more attention
should be paid than has been done in the past to movements in the proportions
married at a given age. Variations in R, cannot be correctly assessed unless
viewed in the light of these additional data (see section 6). There seems to be
a good case for publishing annual births according to mother’s age at marriage
and year of marriage so that C, may be determined. If this information were
available, variations in the proportions married which are generally of a
temporary nature could be ignored and typical values used throughout.

4. MALE ». FEMALE REPRODUCTIVITY FORMULAE

One of the most serious objections which can be levelled against all the
formulae of section 2 has not been mentioned so far. It will be considered in
some detail in the following paragraphs.

The formulae of section 2 are based on a determination of the rate at which
a given sex is replacing itself. For various reasons (shorter reproductive period
makes for shorter calculation; the required data are more often available for the
female sex; illegitimate births are easily referable to the mother, etc.) the female
sex is commonly used. There is no reason, of course, why the male sex should
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not be used as a basis. Itis here, however, that the anomaly arises, In practice,
for reasons discussed below, two quite different values are obtained for a given
measure of reproductivity using the two sexes. If these two values of p formales
and for females were to continue until stable conditions eventually emerged
one sex would in course of time swarp the other. The conception of two stable
populations, one for males and one for females, with different values of p is
therefore untenable. The population as a whole, and both sexes in particular,
must therefore ultimately increase at the same rate, which presumably would
lie somewhere between the values obtained for the separate sexes. Unfortu-
nately this frequently leaves a large range (for example, see section 6) anywhere
within which the required value might fall and seriously detracts from the
value of the method. Translated into other terms, the anomaly means that itisan
impossible hypothesis to assume that the rates of fertility obtained for each sex
can continue indefinitely in the future,

To assist us, in a particular case, in deciding where, within the range bounded
by the values of p for the separate sexes, the true rate of increase lies, we will
consider briefly some possible reasons for the difference between the male and

female rates. R. J. Myers(wo) elaborates these reasons with some actual
figures.

(I) If there is a temporary excess of females (e.g. as a result of the ravages
of war) at the reproductive ages, age specific fertility rates and the net reproduc-
tion rate for women will be relatively low as compared with those for men.

(I1) Excess female over male immigration at the reproductive ages, if
females are already well represented, is unlikely appreciably to increase the
number of births. This would lower the female rate relative to the male.

(I1I) The tendency for females over 30 to underestimate, and females under
20 to overestimate, their age tends to lower the computed female net reproduc-
tion rate.

(IV) Because husbands are, on the average, about 5 years older than their
wives the supply of husbands will tend to fall the more rapidly the population
is increasing, and hence the female rate will become smaller relative to the
male rate the more rapid the population increase.

Male rates have generally been found to be appreciably higher than female
and hence, in view of the discussion above, it might well be that some of the
pessimistic discussion in demographic literature, caused by the fall of the
female net reproduction rate below unity, may not be well founded.

The serious theoretical difficulty of the male o, female rates discussed in this
section, and the serious practical difficulty of having an inherent rate of increase
only known to lie within two (perhaps) widely separated limits, amply justify
considerable further investigation whether a unique index of reproductivity
can be found. An index which can easily be calculated, for which data are
readily available, which is theoretically unique and which lies between the
male and female rates will now be discussed.

5. JOINT RATE OF INCREASE
51, Aim
The aim of this section is to outline the properties of an index of repro-

ductivity which has all the advantages of those previously discussed and yet
which does not suffer from their main weakness—the anomaly of section 4.
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5°2. Basic data

The basic data required for the determination of this index consist of the
probability at birth that a male will have a female child between ages x and
% +dx (written ¢ (x) dx) and the probability at birth that a female will give birth
to a male child between ages y and y+dy (written £(y)dy). For almost all
countries, the annual male and female births are published according to age
of mother, and, for most countries, according to age of father also. If these data
are not published they are of such a simple nature that they can readily be
obtained from the birth records. Combining these fertility data with mortality
gives the net fertility functions ¢ (x) and £(y).

The theory which, in parts, resembles that applied by Rhodes ) to Ry and p
will be developed in the next few paragraphs and the results obtained sum-
marized in paragraph 5-13. Readers only interested in results could, therefore,
turn immediately to that paragraph.

5°3. Theory
The female births F () and the male births M (¢) at time ¢ are given by

FO= [ M@a-2)4@ds, (13)
and M@= Fe-9¢0)d. (14)
Hence, we have F(#)= f:f: F(—x—y)d(x)E(y)dxdy, (15)
M@= [T M-a-)p@e0) s, (16)

and thus the total births
BO=[ [ B-2-0)4@ () drdy. (x7)

The last three equations are of the same form and hence so also will be their
solution. We can see at once that equation (177) will be satisfied by a function

of the form B(f)= X B, ",
n

Substituting in (17) we find that that equation is satisfied by this form if the
values of s are given by

f wf " o g (x) £ (y) dudy = 1. (18)
0J0

This equation (18) is obtained whether we are solving (15), (16) or (17) and
hence the values of s obtained apply to male, to female and to total births.

5°4. This equation has only one real solution; for if we suppose s to be real
and denote the left-hand side of (18) by f then

Z{Z “f : f : (%+y) e @038 (x) £ () dudy.
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a3

Now since ¢ (%), £(¥), e-t9s and «x+y are gieater than or equal to zero,
df]ds must always be negative for all values of s. Hence f=1 can have only one
real solution ¢ (say).

5'5. If =0, then J;J:¢(x)f(y)dxdy$1.

If o>0, then Tt < g,
and hence, from (18) J :j mg&(x)g(y)dxdy> 1,
0
o ffco
Similarly, if o <o, ["[* s dedy<r.

Therefore o Z 0 according as

@ oo
[*[s@e0)amayze
v UV e U

This latter expression which will be denoted by S, is analogous to the net
reproduction rate and can be used as a measure of reproductivity which is
independent of sex. It will be called the ‘joint reproduction rate’. Itis a rate
of increase using as unit of time the total male and female ‘generation’. It
cannot, therefore, be compared directly with the net reproduction rate or other
rates and is not therefore recommended.

real and imaginary parts

f X f Ceermcos {(s-+3) o} ()£ () dedy =,

nd f . f : e~etiusin (v +y) v} $ ()€ (y) dxdy =o.

Therefore #— v is also a root.
Comparing the former of these equations with the real solution of (18} we

have, since cos{x+y)v<i,
e~ @+ s p~tv) o,

Therefore u, the real part of any imaginary rooft, is less than the real root o,
Combining conjugate complex roots we may express the solution of (17) as

B{t)=Bye + T evnt(x, sinv, £+ B, c0s 9, 1),
T

which, since #, <o, tends to Bye® as ¢ becomes large.

We have thus proved that the total births, and may similarly prove that the
male and the female births, of a community subject to the net fertility of 52
all ultimately increase at an annual rate of o. o will be called the ‘joint rate
of natural increase’.

5+7. ¢ which from (18) is given by

Y r Fpar Je 7 AN 7 AY
x)axJOe"wg(y)ay=x {19)

~—

[
Joee

may be determined by two methods, corresponding to the method of Lotka )
and that of Wicksell s) for determining the true rate of natural increase.
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0
Denoting f e~%% ¢ (x)dx by 2, we have dz/do= —Cg,
0

f ® xe=02 g (x) d

A
where C=>r

fo e (x)dx

2
M1—0M2+%M3——... -
= - , Where M‘”’:f . x" b (x) dx
Mo“GM1+—2‘Mz—--~

(20)

M M: M
=a+bo+cod+..., where a=2, b=r—-2  etc
¥ M() ’ Mg M() ¥
This series has been shown by Lotka to converge very rapidly and only the
first two terms need be considered. Hence, substituting in the differential
equation, integrating and determining the constant thus introduced, we have

z:fwe—axcﬁ (%) dx = M g~a0-#b0*, (21)
0

w0
We may obtain a similar expression for f . eV ¢(y)dy, and, writing

N, «, 8, etc. for the functions of £(y) corresponding to M, a, b, etc. for ¢ (x),
we may obtain, by substituting in (19), the following equation for o:

3(b+B)o*+(a+a)o—log, MyNy=0. (22)

Alternatively, following Wicksell, we may use a Pearson Type IIT curve to
represent ¢ (x), thus
tu

—_ Nj —1 ol
?S (x) =Moo (u) i AN
___ MM, M
where =M, M, - M2 and %= N, M, — M

Let the Type III curve representing £(y) involve constants v and @ corre-
sponding to # and u for ¢ (x). Then, substituting in (19) and integrating, we have

My _No _

A G (23
I+- 14~

() (-+3)

For all practical purposes (23) gives the same results as (22), but here (22) is
easier to solve,

5'8. Having determined a value of s, say s, from equation (18) or a more
accurate form of equation (22) the following method may be used to determine
B,,.

mWriting land L for the limits of the reproductive period and substituting for
B () we have
T ER Bn

L1 ”
f B(f)eomide=" 3
1

{g(ﬁ‘n-*Sm) (L) — e(é‘n-‘sm)l} o+ Bm 1. (2 4)

Sm
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Also

L+l préi—1 L L1
f { B (¢ —x) 6 (x) dx} omtdt = f {an e b () f e<s»—m>tdz}dx
21 H 1 x+1
n#Em B L L
- ® {e(sn*sm) {L+D f e—sn 935 ( /X/’) dx — elen—smjt f gsm ?S ( x) dx}
Sp =S 7 7
L L
+B,L f e () d =B, f e () d. (25)
From (24) and (25)
L+ -1 L
f { B (1) () dx} emtdt f xe-ono b (x) d
Al -— | B(#)e~nidt +B,, b
f e=m b (x) dw : f e dOLY
I

L
ngmB_lon—sm o4l fz e~ (x) dx ]
= 2 PR T; —I3%.
noom f e~m®d (x)dx J
1

Again using a Pearson Type III curve to represent ¢(x) we may in
equation (26) put
L
35
[emswa s
L e, U, T
f e~ e () dx " "
1

(5= Sm)  u(ut1) snwsm)""__

. “(t+sm)+ 2 (H—sm (27)
If in the thus modified equation (26) we substitute successively

xp(x), *Ep(x), ...,

in place of ¢ (x) we obtain a series of equations of which all terms on the left-hand
side (except B,,) are known and from which the unknown terms on the right-
hand side may be eliminated. Writing I, B,,, I,B,,, etc. for the left-hand sides
and eliminating unknowns, we have

(26)

u(u+1 =0,
Ile, u, —"(*‘2*:‘—2, aen
(u+1) (u+2)
IzBm) u+}I, '——"‘“—2—-—, vee (28)
IB,, u+z, (F2@t3)
m s 2 H

Determinant (28) with as many terms as are necessary may be used to
determine B,,.
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5'9. As t—c0 the ratio M (2)/F () of male to female births tends to
MO eat -+ FO €9 = MU!FO
which is constant.*

If the ratio of male to female births up to time # has been constant and equal
to X, then, by expanding the determinant (28) to determine M, and Fy, it can
be seen by inspection of the form of IB, that the ratio My/F; must be equal
to X, If the masculinity ratio has not been constant in the past, My/F, is a
weighted average of past ratios. Hence the ultimate age and sex distribution
of the population is determined by the joint rate of natural increase, the male
and female mortality and the past sex ratios at birth. This ultimate age and
sex distribution is

fx)y=IPe % and m(x)=XIMe-o® (29)

5-10. If we assume the ratio of male to female births to be constant, inde-
pendent of age or sex of parent and equal to X, then the true rates of natural
increase for males p,, and females p, are given by

f:rmw(x)}cdx: ! and f " e g () Xty =1.
]

Hence, from (19)

[emsman [Temema= [Temp@an et d. 6o

Now if pm=0, then e PrE<e 0%,
P ®
Hence f Temt(dy< f T E(3)dy.
That is, eV eV  or opy.
Thus if P =0, P =0 =ps.
Similarly if PrE0y, PrEOZ Py,

Therefore, if the sex ratio at birth is constant for parents of any age or sex,
o must lie between p,, and p,.

5-11. If we continue to make the assumption that the sex ratio at birth is
constant for parents of any age or sex, we can find approximately the relation
between 8, and the net reproduction rates for males and females R} and R}
respectively, and also an approximate relation between o and p,, and p,.

Since

SQSJ‘O 95(%’)6130 f() f(y)dy, Ra"’: f(} qﬁ(x)de, Rf_.:JAO f(y)X"ldy,
we have, on the above assumptions,
fo=Rp-RS. (v

If for the integrals in equation (30) we substitute Lotka’s exponential form
{21) we obtain, equating powers of e,

(a+o)o+%(b+B)o®=ap,, +4bp, +op,+ EBe}-

# Notice that M, in section 5-9 is not the same as M, in section 5-7.—Eds. ¥.7.4.
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Solving for o,

o=[~(a+u) £{(a+)*+2(b+B)(apy +aps+3bor, + $Bp7)}1 (6 + B)
But, on our assumption, o must lie between p,and p,,,. Henceifp;=p,,=0,0=0.
Substltutmg these values in the above expression for o shows that, of the
alternatives, we must select the positive sign.

Expanding by the binomial theorem and cancelling, we have

=‘ipm+°‘Pf
a+o

This simple formula reproduces to 2 decimal places the values of o for
Australia 1933-44 calculated from formula (22) and given in section 6.

approximately. (32)

5-12. It should be emphasized that the measures S, and o in no way depend
on the assumption of constant sex ratio at birth made in the preceding two
paragraphs. One of their functions is to allow for variations in this ratio. The
usefulness of S, and o in building up a complete theory would be lost if we
simply defined S, as the right-hand side of equation (31). Relations (31)and (32)
while useful practlcal formulae are limited because of this assumption.

5°13. Summary

Given a population subject to the net fertility functions ¢ (x) and £(y) we
have thus shown, amongst other things, that:

(I) the male, female and total births all ultimately increase at the ‘joint
rate of natural increase’ o given by equation (19) or approximately by equations
(22) and (23);

(IT) S,, the ‘joint reproduction rate’, defined in paragraph 5-5 is a unique
reproduction rate corresponding to o}

(III) o020 according as Sy 1;

(IV) the ultimate age-sex distribution of the population is given by (29);

(V) if the sex ratio at birth has been constant in the past o lies between p;
and py,;

(V1) on the same assumption, S, and ¢ are related to R¥, R, p, and p,, by
the approximate relations (31) and (32).

A sample calculation of S, and o is given in Table 7.
"T'his suggestion could be applied to the Karmel or the Clark-Dyne formulae
to avoid, in them, the male v. female anomaly.

6. APPLICATION TO AUSTRALIAN DATA
6-1. Replacement index J,

Table 8 gives values of J; calculated from the estimated Australian female
population in 1939 and A¥* mortality. The figures give a rough but clear
indication of the downward trend in fertility during this century.

6-2. Crude rate of increase

The values of this index given in Table 10 show that, while it is a measure of
the present rate of increase, it is useless as a measure of reproductivity or of
ultimate rate of increase. During the period considered its magnitude is not of
the same order as the measures of reproductivity and its time variations,

AJ 21
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relatively, are small. These discrepancies result mainly from the fact that this
measure is based on the present age distribution which is inflated at the
reproductive ages by the higher fertility of earlier decades {see T'able.8) and
hence yields a high crude birth-rate. As this crude birth-rate falls the
crude death-rate will not fall correspondingly because of the ageing of
the population.

Table 8. Replacement index J,—Australia

. . Ratio of females s Average
Junior age- | Senior age- in (1) to females R:kn}gnm Jo=(3)+(4) | year of
group BYOUP  lin (2). June 1939 birth
) () (3 o) (s) (6)
o- 4 20-44. 20844 21296 ‘979 1937
5~ 9 2549 21412, "21343 1-003 1932
10-14 30—-54 26487 21717 1°220 1927
1519 35-59 29721 22239 1'336 1922
2024, 40-64 ‘31712 22044 1382 1917
2529 45—69 35975 24017 1498 1912
30-34 5074 39213 25811 1'519 1907
35-39 55-79 *46048 28895 | 1'594 1902

6-3. Net reproduction rates and rates of tncrease

(I) Male v. female rates. 'The male and female rates follow one another
remarkably closely and hence either may be used to measure the time trend of
reproductivity. For actual magnitude the relative merits of the two indices
would have to be considered. In the absence of any information favouring one
particularly, the joint rate of natural increase has a good deal to commend it.
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o
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‘6 ] S~ . 42
< | 3ot S e ~42 g
. g
e “"”‘“:::»El &
S 28 RN ANUUURY RN RN [NRUR SO AN HEOON SO 40 A
=~ 1933 1935 1937 1939 1941 1943
Year

Fig. 4. Average age of net reproductivity (males and females) and difference
in ages—Australia 1933-44.

(I1) Reproduction rates v. rates of increase. The reproduction rates for male
and female move almost parallel throughout the 12 years; the rates of natural
increase, however, converge with time. This convergence is a direct result of
the convergence shown in Fig. 4 of the average ages of the male and female net
reproductivity schedules. The steady fall over 12 years in both average ages
causes the rates of natural increase to rise more steeply than the corresponding
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reproduction rates. With these two corrections the rate of natural increase
is a more efficient measure of reproductivity than the corresponding
reproduction rate,

(I1I) Negative values. The negative values of p;, or the rates of natural
decrease, obtained throughout the thirties by considering the female sex were
the cause of many gloomy prophecies. The male rate, which has equal claims as
ameasure of the population reproductivity, is only negative for the short period
of 2 years. This would provide an inadequate basis for gloomy prophecies,
Further, it may well be that the male reproduction rate for these 2 years is too
low rather than too high and if full data were available we might have been able
to show that the population was more than replacing itself throughout the
1930’s. This possibility is justified by Table g which shows the proportion of
the female population in a given age-group marrying in a given year. We
could deduce from this table that the proportion of females married at a given
age fell from just after the mid-1920’s until the early 1930’s. The results of
section 3 tell us that in these circumstances the net reproduction rate (and
corresponding true rate of natural increase) would for some years after the
early 1930’s underestimate the reproductivity. It is likely that the negative
values obtained during the 1930’s for p; do not indicate a failure of the popula-
tion to replace itself, but are the direct result of fluctuations in marriages in
a community always more than replacing itself.

Table 9. Proportion of females in a given age-group marrying
in a given year—Australia

Age- Year

BIOUP | 1927 | 1929 | 1031 1932j1934|1936{1938 1940 1942}1943 1944

—19 | 0283 | -0270 | ‘0242 | ‘0251 | ‘0256 | *0275 | ‘0276 | *0337 | ‘0407 | *0359 | -0381
20-24 | 0842 | *07778 | *0618 | "0674 | 0773 | *0859 | ‘0009 | *1186 | ‘1345 | ‘1031 | 1035
25—29 | '0465 | '0427 | '0331 [ -0396 | ‘0475 | <0536 | ‘0543 | *©643 | 0588 | ‘0427 | ‘0410
30-34 | ‘0178|0163 | 0120 | "0139 | ‘0177 | ‘0205 | ‘0212 | 0240 | ‘0247 | 0187 | 0181
35-39 | ‘0097 | *0088 | 0063 | -0067 | 0083 | 0094 | ‘0103 | 0123 | *0132 | *0105 | *0107
40—44, | *0058 | 0052 | *0039 | ‘0042 | '0044 | 0031 | *0050 | 0066 | ‘0080 | 0069 | 0068

(IV) Upward fertility trend. After the mid-1930’s the steady upward trend
in the values of Table 9 seems to indicate a steady increase in the proportion
of females marrying at a given age up to the year 1942 after which the proportions
appear to be constant, The results of section 3 would suggest that, while the
reproductivity has increased, it is considerably overestimated by these measures
and, assuming it remains constant, these measures may be expected to fall
gradually to lower values,

(V) Possible future movements. It is possible that the ‘ proportions of females
married at a given age’ may return to pre-war values, If this occurs and if
fertility remains constant, section 3 proves that Ry will fall to an unduly low
value, and, even if the population is more than replacing itself, negative values
of p (or values of R« 1) may be obtained. It should then be remembered that
these values simply indicate a faulty index, and the underestimate at this time
should be balanced against the overestimate of some years earlier.
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6-4. Replacement index J,

The values of J, in Table 1o give an indication of the extent to which this
simple index can be used to measure reproductivity. Over the 12 years, during
which time great variations have taken place in reproductivity, J, moves
parallel to R} within a range of error of less than 2%, In the early years J,
exceeds R} by just over 49, and in the early 1940’s by about 4}9%. The
variation from parallel of the two curves follows closely the change in the
average age of net reproductivity of women (Fig. 5). The figures thus confirm
the relation between these indices given in paragraph 1°3.

12
140
0-8 kG
06
04
02

0

Annual rate of increase (%)

0255

I { I i { i i i ! |
1933 1935 1937 1939 1941 1943

Year
Fig. 5. Measures of reproductivity—Australia 1933-~44.

6-5. Karmel formula

It is rather difficult to explain the course of the Karmel rates in practice. In
section 3 we showed that a temporary change in the ‘ proportions married’ has
little immediate effect on the Karmel rates, but causes discrepancies over the
next zo years. The upward trend in the ‘ proportions married’ during the 1930’s
will therefore exert little influence on the Karmel rates in Table 9. The high
initial values are probably a reflexion of the high post-war marriage rates and
the steady decline a result of the decreasing proportions married up to 1931,

6:6. Clark-Dyne formula

No application of this formula to Australian data has been made because the
form in which birth data are published scarcely justifies it. In the Demography
Bulletin, Australian legitimate confinements for a given year are published
according to curtate duration of marriage and mother’s age at confinement in
quinquennial age-groups. The Clark-Dyne formula requires fertility to be
expressed in the form of Table 1; that is, we must relate the births of a given
year to the relative marriages. As the latter are given per calendar year the
births would need to be given according to marriage duration expressed in the
form of calendar years. The mother’s age should be given in age-groups at
marriage rather than at confinement.

To determine the fertility in the form of Table 1 from the present data would
involve averaging greatly varying annual marriages and the broad age-groups
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would introduce errors in the age transformation. Little satisfactory informa-
tion is available for Australia regarding typical proportions of females married
at a given age. This has to be used in conjunction with the above fertility.

So great are the approximations that the results could not be used with any
confidence. Calculations were not therefore carried out.

6-7. Remarks

After all this, the first question one would naturally ask is: ‘Well, what
course did the reproductivity take over the last 15 years?’ The honest answer
to this question is ‘We don’t exactly know’. The general direction of the
change as suggested by the net reproduction rates is probably correct but the
actual figures are more misleading than is generally supposed. If we must use
this method it would be better to base our prophecies on the joint rate of
natural increase, considered in conjunction with previous variations in the
‘proportions married’. '

The additional information about population trends given by the Clark-
Dyne formula must surely justify the small change in presentation of the
annual births; that is, their tabulation according to mother’s age at marriage
and calendar year of marriage. This information can be obtained from the
present birth registration form. From these data we could determine reproduc-
tion movements with confidence.

The values obtained by applying the Clark-Dyne formula to female data
would give us accurate relative annual figures. The male sex must be considered
if an absolute measure of reproductivity is desired. For this purpose the
determination of a joint rate of increase by the Clark-Dyne method is suggested.
This would involve the tabulation of female births according to father’s age
and male births according to mother’s age. Given births each year in this form
and figures for the proportions married either every 5 or every 1o years then we
could determine an absolute measure which would correctly reveal inherent
population tendencies.
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ABSTRACT OF THE DISCUSSION

The President (Mr A. H. Rowell) said that all the members would wish to join
with him in extending to Mr Pollard a particularly warm welcome as the winner of the
Rhodes Prize Essay competition, who had flown all the way from Sydney to attend the
sessional meeting of the Institute.

Mr A. H. Pollard, in introducing his paper, thanked the President for his words
of welcome and the Council for their consideration in arranging, for his benefit, that
the present meeting should be held so close to the date of the Centenary Assembly.

The paper was, he realized, one the subject of which was not included in the present
syllabus, nor were papers in that field often discussed before the Institute. It might be
of interest to mention, therefore, how it was that he became interested in this subject.
Some years previously, he had been present at a meeting of a small number of economists
who were discussing the economics of a declining population. When they came to the
statistical aspects of population movements they turned to him and asked him a number
of awkward questions, thinking that as an actuary he would be an expert in that field.
Not wanting to let himself or the profession down, he did not confess to them that he
had not heard before of the net reproduction rate about which they talked so much. He
had a very awkward evening, but he took great care before the next gathering to spend
many hours in the Sydney Public Library, reading the works of A. J. Lotka and others.
Some years later two papers appeared in an Australian journal, the first by Karmel and
the second by Clark and Dyne. It was largely to the inspiration provided by those two
papers that the present paper was due.

Mr P. R. Cox, in opening the discussion, said that the paper dealt with a very
interesting topic and a suitable subject for actuaries to exatine, though unfortunately
it was one not often raised at Institute meetings. A reconsideration of the means of
measurement of reproductivity was especially opportune at the present time, because
the study of fertility had been making big strides recently and ideas about it were
undergoing some changes. The author’s contribution was therefore particularly
welcome. It covered a wide field and raised some interesting technical questions.
Section 5 consisted of an ingenious development of Lotka’s mathematical formulae of
the stable population in an attempt to eliminate inconsistencies between the sexes.
There were some elegant formulae at this point, especially on p. 307, which could not
fail to appeal to the mathematically minded.

The subject of fertility was suitable for actuaries to discuss because their training
gave them the power to get down to fundamentals in demographic matters and it was
very important at the beginning of the discussion to consider what was really funda-
mental in fertility. The author had chosen a general title for his paper, though he had
really dealt only with certain specific points. He had based his analysis upon ideas as to
the nature of fertility which were undefined and which, when brought to light, might
possibly arouse some criticism. Again, mathematical developments in a very complex
subject of this kind involved the danger that in their more remote processes there might
be some departure from reality. That danger was enhanced by the fact that in most
countries the data required for a full analysis of the position were lacking. It might
almost be said that it was necessary to devote attention as much to collecting fresh
information and fresh data as to developing what might amount to untested hypotheses.

In order to emphasize the essentials in fertility, certain significant facts were worth
noting. First, there had been a big decline in fertility since the last century, due to the
use of contraception. Secondly, there had been a rise, probably followed by a fall, in
differential fertility, i.e. the extent to which various social classes of the population
differed from each other in their fertility experience. That indicated, apparently, an
increasing use of contraception, starting with the upper classes and proceeding down-
wards throughout the whole of the population. It was known that illegitimate births
were small relative to the total, and that infertility was probably not a very large factor.
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He deduced, therefore, that a very large part of fertility consisted of a process of
family building according to the plans which married couples made as to the families
which they wanted. Fertility and of course reproduction were in fact dependent on
human volition. They occupied, therefore, a special position in statistical analysis, and
their treatment should not be the same as that of mortality or sickness. If a family-
building plan was interfered with by war or economic depression it might afterwards
tend to readjust itself; this was a phenomenon not found in a mortality or sickness
experience. Psychological factors and social currents might be more important than
economic causes, because they were more permanent. That might explain the anomaly
that families had fallen steadily while economic circumstances were improving in many
countries, ‘

There was also what might be termed a ‘ generation’ effect, by which the additions to
families were correlated more with the time when the parents married than with the
time when the child was born. Many patents tended to adhere to the size of family
which was popular in their youth.

In consequence, one should seek to study fertility principally through the five following
essential factors: family size; time at which the marriage of the parents took place; ages
of parents at marriage; time at which the birth of the child took place; and possibly also
the social class of the parents.

Examining the paper with those points in mind, it would be observed that age
attained played a very large part in the analysis, especially in section §; but age attained
was not one of the fundamentals. Consequently, an analysis using it as the principal
point of reference was dangerous, and had to be watched with care. In particular, to
total f,,, the fertility rate, was open to objection because of possible generation and other
effects. There was a difference here between fertility and reproduction. Xf, might be
regarded, perhaps, as a tolerable index of fertility, but not as a measure of reproduction.

The author had referred to duration of marriage. This was not, perhaps, fundamental
in fertility, though it went hand in hand with family size to some extent. An example
of the difference between the two was given recently by Hajnal in a paper* in which he
showed the effects of a postponement of family building due to a war or economic
depression. As the duration of marriage increased the chance of having a child generally
fell; hence, if the births of children were deferred through economic or other causes and
then the family was made up later, there would be a small decline in the fertility rates
at the early durations but a large increase at the later durations. There was a risk that
such results might be misleading. That would not arise in an analysis of fertility
according to family size. However, there were no suitable data as to family size in most
countries, and in the circumstances the analysis by age and duration of marriage,
associated by the author with the names of Clark and Dyne, must be regarded as the
best of the indices which were discussed in the paper.

Unfortunately, the durational effects were not brought into the analysis in section 5.
They would, if brought in there, impose some very grave additional mathematical
problems.

In section 3 of the paper there was some material which might be open to criticism.
The proportion married was assumed to change from p, to P, according to a cosine
blending function, and consequently in ‘Table 5 many of the extra marriages in the first
three years occurred at the older ages; later the position was reversed. He wondered
whether that was necessarily likely to occur in practice. Again, while the proportion
married was changing it had been assumed that fertility rates by age and duration of
marriage remained constant; but an increase in the proportion married might very well
bring in marriages of a different type from those which were there before. People who
perhaps would not have married in ordinary circumstances now had a chance to do so,
and their fertility might well be quite different from that of those marriages already in
being. Moreover, owing to stresses occasioned by war or by economic circumstances
the age at marriage might change, so that, for instance, people who would normally
have married at age 20 now married at (say) z4; but they would tend to bring into their

* Population Studies, Vol. 1, No. 2.
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marriage at 24 the family-building ideas appropriate to age zo. That upset the analysis
by age and duration to quite a considerable extent.

The effect of the changes in the proportions married on the Karmel index which were
illustrated on pp. 302—304 depended on the figures shown in Table 5, and he thought
they might be a little misleading. The effect of the increase in marriages on the repro-
duction rate R, could, however, be appreciated from general reasoning without the
detailed analysis.

With regard to section §, the anomaly that male data were liable not to give the same
results as female arose frequently in demographic analysis, and a crucial test of the
satisfactory nature of the work done was that the resuits should be the same whether
obtained by one means or the other. Judging by recent researches, however, and in
particular those of Karmel, it seemed doubtful whether it was possible to reconcile male
and female fertility functions based on attained age alone.

The masculinity rate, i.e. the proportion of male to ferale births, was almost constant
at all times. If & were the ratio of female to male births at any time ¢ it would then be
possible to substitute 2 x M functions for the F functions in equations (13) and (14), so
that on the left-hand side of (13) one would have kM (#) and on the right-hand side of
(14) RM (t—3). Tt would also be possible to substitute x for ¥ in (14) without any loss
of generality. Equating & x the right-hand side of (14) to the right-hand side of (13) after
these substitutions (each left-hand side being M (2)) we had:

k”/M (t—2x) E(x) dx=fM {(t—w) P{x) dw.

He suggested that there were only two possible interpretations of that equation.
Either the relationship between the fertility functions ¢(x) and $(x) was dependent on
the values of M (¢ —x), i.e. it was influenced by the course of births in the past; or else
k£ (x)=¢ (x) at every age, which meant that the chance of a man having a male child
was proportionate to the chance of a woman having a female child at every age. The
second interpretation was out of accord with reality, so that the relationship between
£(x) and ¢ (x) must depend on the course of births in the past, and, as ¢ increased, that
course would not be constant, and so the relationship between ¢ (x) and ¢ (x) would change.

That, as Karmel had suggested, struck at the root of the Lotka mathematical system,
because it meant that the population could not tend towards a stable state with constant
fertility rates for both sexes, This threw considerable doubt on the worth of the repro-
duction rate, and the recent researches which had been made in this subject had brought
out the big difference between male and female rates and the great difficulty of recon-
ciling them. It did not seem that that difficulty was really circumvented by combining
male and female rates in a double integral. Population mathematics would have to be
founded upon the other ideas about the nature of fertility which he had mentioned
earlier, and would have to become a good deal more complex before this very difficult
problem could be solved.

There were one or two small points of detail to which he would like to refer. In
section 32 of the paper the author suggested that expression (9} could be made to yield
an analytic expression for the births at time ¢ by assuming m, to change in accordance
with an inverse tangent function, since [tan~! kt dt, [t tan~! k¢ dt, etc., were integrable.
He was glad that the author did not pursue that idea, because there was a danger in
using a mathematical expression simply because it was a function which could be
employed in order to solve the equation and not because it was likely to represent the
actual experience,

In section 1-3 three forms of replacement index were mentioned. J, had often been
associated with the name of the statistician Dr Burgdérfer, and it would be of interest
if the author could say how he came into the history of the development of that index.

At the top of the next page it was said that the Replacement Index ‘is the only useful
index when age-specific fertility is not available’. Possibly, for the benefit of students,
some mention might have been made of substitute reproduction rates, in which the
experience of another place, class or time could be used without serious inaccuracy
where it was known not to be dissimilar.
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Mr W. G. Bailey said that at first sight he agreed with the opener with regard to
section 5 of the paper, that equations (13) and (14) were subject to the strictures placed
upon them by Karmel’s analysis. On second thoughts, however, he was of opinion
that once the author had arrived at equations (15) and (16) he could claim to have
jettisoned (13) and (14), and that the assumption in his model was that the product of
¢ {x) and ¢ () was constant for variations in time. If that was so, then it would appear
that the model was self-consistent, and escaped the criticissn which the analysis in
Karmel’s paper would place upon any assumption of the constancy of ¢ (x) and the
corresponding function for ¥, The argument against it would be the author’s analysis
in section 5-10, but there he thought that the author was really saying that if one wished
to calculate what might be described as the Lotka reproduction rates for males and
females separately it would be found that his value lay between the two of them. He
was not going to say what he thought of the model which demanded that that product
be constant; he had not investigated it. It was quite probable that the model required
would be a very peculiar one, but it was a model, and the author was entitled to claim
that if use could be made of it he was justified in putting it forward.

He had been disappointed to find that the author had been content to follow the lead
of the population mathematicians and confine his attention to that side of the subject.
On reflexion, however, he decided that he had no right to be disappointed, because,
after all, the author wrote the paper about three years ago to satisfy the conditions of
the Rhodes competition. Moreover, he realized that the author had written an essay
and not either a text-book or a long treatise on the subject.

The trouble about demography was that so far it had been under the domination of
the population mathematicians, whereas normally one would expect the mathematician
to be a servant of the investigator. The cause of that, as the opener had said, was lack of
data, and particularly lack of exposed to risk; and that, he thought, explained to a large
extent why it was such a long time since the Institute had had a paper by an actuary on
this subject. The result had been, in his view, the production of models the main purpose
of which appeared to be to give the maximum scope for the peculiar technique of the
population mathematician, without any particular regard to the purpose of the models
or even to their utility. In fact, he did not think that he had ever seen it stated what
purpose had been behind the model or the index derived.

To take the net reproduction rate, there had been two orthodox interpretations of
that index. The first was that it showed the rate at which women now in child-bearing
ages were replacing themselves in the next generation, The alternative was that it
showed the rate at which female children now born would replace themselves in the
next generation. The first merely speculated in regard to future mortality—not too
dangerous a thing to do, though dangerous enough. The second interpretation, if used,
speculated on mortality and fertility. If the net reproduction rate was adjusted to fit in
with the Karmel or Clark-Dyne formulae, he would submit that even the first inter-
pretation became objectionable as a reproduction index, because it introduced the
factor of marriage. .

He made the same distinction between reproduction and fertility as the opener, and
he agreed that a full-dress investigation was desirable, taking into account the factors
which had been mentioned; but he would like to see, if models were being constructed,
some attempt to construct a model which was not one which held good only at infinity, but
one which would provide some information regarding the period when the population
was passing through a stage resulting from a lack of balance amongst the sexes. Hewould
like also to see provision made in such a model for the hypothetical effect of a change
in marriage rates resulting from a change in that balance, and of a change in fertility
rates as affected by change in the marriage rates. It seemed to him that the dynamic
conception of the change in population was considerably more important than what the
condition of the population might be expected to be if it ever reached a stable condition.

One of the reasons for the veneration of the net reproduction rate was that it appeared
to give a criterion against which it was possible to measure the results of current fertility,
Actually it was a very poor criterion, The publicists took the view that if the net repro-
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duction rate fell below 1, then the population was bound to fall, whereas it was known
that that was not true; it was possible to put up for a considerable period with a net
reproduction rate below 1 without in the end suffering a fall in population.

So far he had been talking about reproduction. With regard to fertility, he thought
that there it was not necessary to be quite so hard on the reproduction rate, whether that
devised by the two Australians mentioned in the paper or by the author himself. The
net reproduction rate could be further improved by the introduction of birth parities, but
that was open to the objection that it neglected generation effects. If the data were
available it would of course be possible to have a generation index, but he thought that
an index of current fertility was needed for studying correlation. After all, not very
much would be known about population until a study was made of the correlation
between fertility rates and economic or other factors.

Hajnal suggested that a study should be made of family size, and said that he put
forward that suggestion solely on the ground that it conduced to more stable indices.
Personally, he was not sure that, for the study of the effect of sudden economic changes,
a stable index was desirable; there was the danger of ironing out those very fluctuations
which it was desired to correlate to the factors concerned. Again, with regard to
occupational fertility, he doubted whether the amount of data required to do the job
with absolute thoroughness would ever be available, and also whether they were con-
cerned with the past at all when studying occupational fertility, He thought that it was
a moot point, and in that respect, and for the purpose of fertility analyses alone, he
thought that the author’s joint reproduction index was excellent; and if it could be
applied, as the author said, to the Clark-Dyne formula, and also to other formulae
taking account of the number of children already born, he thought that the author
would have added a very valuable piece of research to this body of knowledge.

Mr H. O. Worger said that he wanted to cast some doubts on the very basic indices
which were discussed in the paper, the Karmel and Clark-Dyne formulae. They were
defined as the integral with respect to y of I, m, multiplied, in the Karmel case, by a
constant, and, in the Clark~-Dyne index, by another variable. In thatintegral, m, was the
force of marriage, the instantaneous ratio of wornen marrying to all women. Now, that

o
could lead, as was pointed out, to the integral / I, m, dy being greater than J;, and that,
0

he thought, was because all women were not exposed to the risk of marriage. Only
single women were exposed to the risk of marriage, and therefore he thought that in
this particular formula [, should represent the number of single women at age v out of [
females born and m, should be the force of marriage to single women.

1t might be thought, in that connexion, that it would be necessary to have a double-
column table, with an /-married column and a force of becoming unmarried, transferring
the married back to the single; but that was not so, as the effect of becoming unmarried
and remarried, repeated as often as desired, could be allowed for in the function ,b,.
If the rate of marriage of single women altered quite considerably, then, if there was an
increase at the younger ages but no alteration at the older ages, the ratio m, which was
used in expressions (5) and (6) at the older ages must fall; but if the force of marriage to
single women was used, allowance would automatically be made for the alteration in the
force of marriage.

1t was possible to allow for the ,b, function by taking only first marriages. In other
words, the duration was taken from the first time that the woman was married, ignoring
any subsequent ‘unmarriages’ and remarriages. In that way there would be included
in ,b, the effects of becoming ‘unmarried’ and remarrying and having further children.

He thought that that index was most useful at the present time, modified as he
suggested, because the Government were taking considerable interest in the reproduc-
tion and the fertility rates; and in some countries, and perhaps in Great Britain in
future, Governmental action might be taken to increase the number of births. The most
probable way of doing that, and the way which had been adopted in other countries in
the past, was to encourage earlier marriages, If the reproduction rate was based on the
marriages of single women it would be possible to make an approximate estimate of the



324 The Measurement of Reproductivity

effect of this encouragement of earlier marriage as soon as statistics were available giving
the new modified rates of marriage, if the assumption was made that a woman who
married for the first time at age ¥ would have the same future fertility from marriage
as a woman who married in the past at age ¥, and that the effect on reproduction was
merely that of having more marriages at the younger age.

Of course, there was the point that many people merely planned to have a fixed
number of children, and if they got married at a younger age they would perhaps still
have the same number, which would upset this assumption; but at any rate the index
would be more useful than those discussed in paragraphs 2-5 and 2'6 of the paper.

‘There was one other point to which he would like to draw attention. A very broad
grouping was used in the paper. With a function whose second derivatives were small
compared with their first, the group rate might be, and usually was, a fairly good
approximation to the central rate for the group; but with marriages, where the forces
of marriage and the forces of issue to married women changed so very rapidly with. age,
he thought that even quinquennial age grouping was liable to introduce quite a serious
error into the calculations. It was true that published statistics seldom gave data by
individual ages, but many of the indices in question were being investigated by the
Government, who would have access to the individual ages, in view of the fact that the
statistics were collected in individual ages and afterwards grouped for publication.

Mr P. H. Karmel (a visitor) expressed his thanks to the President and the
Council for having invited him to attend the meeting, particularly as the paper under
discussion was on work in which he was very interested, and also because he happened
to be a fellow-countryman of the author of the paper. (The speaker then summarized
briefly some notes that he had prepared on the male and female conflict which have
been included as a written contribution at the end of the report of the discussion.)

Mr W. A. B. Hopkin (a visitor) began by expressing the thanks of the Royal
Commission on Population, of which he was a member, for the honour which the
Institute had done them by inviting him to take part in the discussion, and also his
personal thanks. He thought that this was a suitable occasion for a recognition of the
great part which Australia was playing in building up demography. Both in relation to
the size of the country and to the achievements of other countries, Australia stood very
high in the demographic field, and it was a fortunate circumstance that there were present
that evening two Australians who had made considerable contributions to the subject.

The paper was a very valuable contribution, perhaps particularly in demonstrating
the kind of effect which changes in age at marriage could have on crude indices like
reproduction rates and annual volumes of births and so on. He thought that the
author’s graphs should be engraved on the minds of all demographers; they represented
something which, once one had fully absorbed it, must alter one’s attitude to the
interpretation of historical periods like that of the last fifteen years.

So far as concerned the solutions which the author proposed to the problems which
were discussed, he was conscious of one or two points of doubt. There was first of all
a point which the opener had raised, and which he would like to carry a little further.
The opener had pointed out that it was not safe to asswme that the age at marriage was
changing while at the same time the fertility by age at marriage was left unchanged.
Personally, he wanted to emphasize that the result which the author obtained in the
paper—i.e. the result that the Clark-Dyne formula gave in fact a better measure of the
fundamental trend of reproductivity than what the author called the Karmel formula—
was derived simply from the author’s original assumption that fertility defined in relation
to women who married at each given age was constant. In fact, it might very well be
the case that when people married younger the balance of fertility between different
ages at marriage would change. It was possible to look at the matter the other way
round and to ask ‘ If the age at marriage changes, why should the average size of family
change at all?” He did not want to say dogmatically that it would not change—he
thought that probably it would-—but he did not believe that it was at all likely to change
in precisely the same way as if the fertility of marriages taking place at each age remained
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unaltered. In practice, therefore, it might well be that a formula like the Karmel
formula gave a better measure of what was happening to reproductivity when the age of
marriage changed than one like the Clark-Dyne; and he dissented from the author’s
conclusion, or from what seemed to him to be the implication of what the author said,
namely that it was possible to be fairly confident that the Clark-Dyne formula would
give the best answer.

With regard to the sex conflict, he thought that it might be of some interest if he gave
one or two figures which showed concretely the importance of the point which Mr Karmel
made, which seemed to him to be fatal to the joint rate suggested by the author. It
involved assuming an indefinite flexibility in the sex ratio, and that was the last thing
which one had the right to expect to be flexible. His former colleague, Mr Hajnal, who
was unfortunately no longer in this country, had had an opportunity of seeing the paper
before he left and had written a little note about it. He did not intend to read the whole
of that note, because the ground had been largely traversed by Mr Karmel; but it
worked out for a few periods for England and Wales the sex ratio which would be
implied by a joint reproduction rate on the authot’s lines:

. Ratio of male to
Period female births
1910-12 ‘99
1920—22 ‘97
1931 ‘99
1938 10

There were two things which stood out there. The first was that the sex ratio changed
quite appreciably from one period to another, and the second was that in all four cases
it was quite different from any sex ratio which had ever in fact been recorded in this
country, since there had never been a sex ratio in this country, he thought, below 1-04
or thereabouts. 'That seemed to him to be a fatal objection to that particular method of
reconciling the male and female reproduction rates.

He would like to add one thing to what Mr Karmel said on the question of recon-
ciliation. He felt sure that the mathematical demographers, if they kept on trying, would
succeed in the end in finding a formula which reconciled male and female natality and
made it possible, therefore, to work out a reproduction rate which could be said in some
sense to be a unique rate, expressing the tendencies of the particular period the effect
of which on reproductivity one was trying to measure.

He did not think, however, that that would answer the question in more than a
formal mathematical sense. The point was that one was here faced with a real question,
not a mathematical one, if he might make what was perhaps a dubious distinction. If
one looked at the marriage rates of some recent period in this country, or indeed in
almost any country, it would be found that the male marriage rates were inconsistent
with the female marriage rates. It would be impossible to expect both sets of rates to
continue in the future, because that would imply the continuance of an abnormal sex
ratio in the population. The sex ratio in the population was going to change; that was
a fact about which it was possible to be fairly confident. When it changed, the relation
between male and female marriage rates would change. It was not known exactly how,
of course, though he was not convinced that it was impossible to collect a certain amount
of information which would be relevant to the question; but no process which consisted
merelyin mathematically reconciling the rates for an earlier period would indicate what in
fact was likely to be the change. It depended on real forces, such as, broadly speaking,
which sex was dominant in marriage. He did not believe that what was likely to happen
was something which came fairly well in the middle between the two; he thought it
was much more likely that one sex was more important than the other in determining
how many people got married and at what ages; and he had his own ideas as to which
sex it was. Perhaps it would be dangerous for him to lay himself open to attack on
a question where it would be very hard to find solid evidence in justification. His main
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point, however, was that it was a real question, and that to answer it realistically it
would be necessary to discover which was in fact the dominant sex in matters of
marriage.

In conclusion, he would like to say that those who were professionally concerned with
the study of population must be now, and would remain, extremely grateful to the
author for having put some of these issues before them in such a very clear way, and for
having advanced the study of the subject in an important degree.

The Hon. Secretary read the following contribution to the discussion from Prof.
R. A. Fisher, F.R.S.:

I should like to congratulate Mr Pollard on his exceedingly ingenious and satisfying
treatment of the joint rate of increase developed in section g. The fact is that we do not
know, and have no ready means of finding out, the extent to which an increase in the
number of males in a given age distribution affects the fertility of females at different
ages. Consequently no formulation is possible based on factual experience to supply
an expectation of births from given numbers with known age distributions of the two
sexes. Mr Pollard’s novel approach, arriving at a unique and practically useful com-
promise between the observable rates of reproduction for the two sexes separately, is,
therefore, a contribution of substantial value to the advancement of the subject.

Mr H. W. Haycocks said that after listening to the discussion it seemed to him that
there was much confusion over what population mathematicians were trying to do.
The confusion arose largely because of failure to distinguish carefully between mere
index numbers of fertility and the more elaborate process of constructing population
models, Why did demographers construct such models? Model construction was
a methodological device common to all the sciences, including the social sciences. The
main difference between the natural and social sciences was that in the latter a model
was thought to be most appropriate only when its basic postulates were very closely
associated with the human activities and decisions in which one was interested. The
investigator usually abstracted from human behaviour in general and set up, so-to-speals,
a very simple ‘world’ governed by this particular behaviour. In other words, one
worked out the logical implications of certain human decisions,

He thought that population theory was a social science, and therefore any worth-~
while theory could be understood only in terms of some basic human decisions and
activities. Such activities should form the basis of the postulates underlying the theory.
In this connexion he thought that marriage and fertility rates according to age were
poor concepts, Demographers, perhaps for want of better data, had been tempted to
construct elaborate models on the basis of unsuitable concepts. Those concepts had
served their purpose in the construction of mere index numbers, but something better
was required when the problem of reproductivity was to be considered.

The fundamental concepts for a mathematical theory were: first, mortality; secondly,
the age probabilities of marriage in respect of both spinsters and bachelors; thirdly,
the sex-ratio at birth; and fourthly, the probabilities according to ages at marriage of
a married couple having o, 1, 2, etc., children respectively. The data on which these
probabilities would be based should, of course, be classified in generations. If it was
possible to obtain a consistent mathematical theory involving these concepts, one would
obtain much better models than those now met with.

Of the above four concepts, the two important ones were the marriage and family
probabilities. The factors in social life influencing these probabilities could be divided
broadly into those affecting reproductivity and those which were irrelevant to this
problem. For instance, in the case of marriage probabilities the relevant factors were
those which brought about permanent shifts in the average age at marriage and those
which so changed the set of probabilities that the cumulative effect was to reduce the
number of margied couples relative to the possible number, Irrelevant factors were
those, usually economic, which merely caused temporary changes in the shape of the
probability distribution. Such factors, however, would influence the ordinary marriage
rates and it was for this reason that these rates were poor concepts.
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"The family probabilities would take no account of variations in the spacing of births
over time. These variations were also generally due to variations in economic conditions
and brought about fluctuations in the ordinary age-fertility rates. They were, however,
irrelevant to the problem of reproductivity,

For those reasons, he thought that serious objections could be made to all the index
numbers mentioned in the paper if they purported to be more than mere index numbers
of fertility. In the case of the more elaborate Clark-Dyne formula it should be pointed
out that the &,’s used were not additive. A particular b, would depend on the social and
economic conditions during the previous r years, but it was associated with a b,
derived from a group of lives in respect of which the future b, would depend on the
social and economic conditions during the next ¢ years. He was reminded of a Part ITI
question which was set many years ago, namely, under what circumstances is it legiti-
mate to assert that p,.Pa=sp,? If now the p,’s were multiplied by measures of
fertility it became much more difficult to give a reasonable answer.

He had listened to Mr Karmel with much interest, as he himself had applied
Mr Karmel's technique to the author’s treatment of the joint reproduction rate, and
had arrived at the same conclusion that the sex-ratio equation had been overlooked. In
this connexion it was well to remember that a particular set of values of the £ and ¢
functions might imply in the resulting model an abnormal sex ratio. The trouble was
that the values of the functions might have arisen out of abnormal social conditions
such as a war or an economic depression so that it was absurd to incorporate these
values in a model which completely ignored the very factors which had brought about
the abnormality. In the case, for instance, where a war had reduced the male population
at the younger ages and had brought about the abnormality, a realistic model would
postulate a population subject to perpetual war which would bring about the abnormal
mortality conditions required. If this were not done then the surplus females in the
model would be secured by an unrealistic sex-ratio at birth, It followed that if the
author used two schedules of fertility, male and female, to construct a hypothetical
population subject to normal mortality, he could do so provided only that those two
schedules themselves had been derived from a population which had been fairly stable
for a number of years. But would a model then serve any useful purpose? His remarks
did not apply with anything like the same force if only index numbers of fertility were
being considered.

Mr W. Perks, in closing the discussion, said that the trouble about the subject
under discussion was that the mathematicians were trying to do too much. The subject
of the paper was “The Measurement of Reproduectivity’, i.e. the extent to which the
population was reproducing itself. That idea was essentially a generation idea, and all
the troubles which had been referred to in the discussion arose out of attempts to measure
a generation concept by means of data taken over a short period, and particularly the
fertility data over a short period. To his mind, that attempt was doomed to failure, and
it was his hope that the very gallant attempt which had been discussed that evening
would be the last attempt of that kind.

There had been mentioned that evening models which were internally inconsistent
and models which, while consistent, were unrealistic. He had tried to understand the
particular model which the author had devised, the joint rate, and his conclusion was
that it was internally consistent but did lead, in certain special cases, to unrealistic
results. He had in mind particularly the case where the data were obtained from a
population which had been subject to abnormalities, such as male war deaths or the
migration of one sex in different proportxons from the other.

He believed that what had gone wrong in the subject was the taking over of the life-
table technique and the technique of standardized death-rates into the fertility field.
Everyone realized that fertility was a function of other things besides age; duration of
marriage came in, and birth order, i.e. the number of children that a woman had already
had before she was exposed to the risk of further fertility. If one gave careful consideration
to a three-variable fertility function depending on age, duration of marriage and number
of previous children at a particular point of time, following a period in which fertility
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had changed and marriage rates had changed, one would, he thought, come to the
conclusion that those basic three-variable rates were dependent on the particular
proportions of women exposed in the various cells in the three-variable set-up. Since
fertility in marriage had changed in the recent past, those proportions must change in
the near future, and the net effect was that any attempt to build up a life-table model or
a standardized rate involved the use of a probability process which was quite unsound.
It meant multiplying together rates which were not independent or rates which were
not properly conditionally dependent, and he thought that that was at the root of a good
deal of the trouble which the mathematicians had found in trying to set up these models.

That was on the technical side, but what about the demographers who tried to express
what it was that they were doing? They said ‘We will assume that present mortality
and present fertility habits remain constant in the future’, but what happened was that
they did not assume fertility habits remaining constant; they assumed certain fertility
rates remaining constant, and that was not the same thing. Indeed, their starting-point
was, in his view, meaningless, and what they did in keeping certain rates constant was
unsuitable.

He was convinced that the only satisfactory way of studying reproductivity was in
generations, and, if it was desirable to obtain early information about changing repro-
ductivity, it was necessary to obtain samples of the population year by year for, say,
quinquennial ages of adult males and females, That was the technique which was
wanted to see how reproductivity was changing. It was not necessary to have samples
of the size that were taken recently by the Royal Commission. In his view, a sample
involving bundreds of thousands of people was not sampling at all in the sense in which
statisticians had come to think about it. It was possible to learn a good deal about
reproductivity by taking quite simall samples—a matter of a few thousands each year.

He believed that what required to be done in this field was more and more analysis
of data. There appeared to have been a change of approach in recent times by some of
the demographers, and in saying that he had in mind particularly some work in ‘ Popula-
tion Studies’ by Mr Hopkin and by Mr Hajnal. Actuaries could do nothing but applaud
that type of work, and many would hope that young actuaries would join in that work
in analysing fertility data, because he was sure that actuaries had a great deal to con-
tribute in that field.

He would, however, like to utter a word of warning to any young actuaries who might
be considering entering this field. For a long time it was thought that human affairs
were not susceptible to sound statistical treatment because of human freewill or volition.
Because success had been obtained with statistical methods when dealing with human
mortality there was no valid reason for expecting the same success with fertility; they
must not expect the same stability or the same rational progression in marriage and
fertility statistics. He was certain that actuaries fully appreciated this, but he was not
so sure that it was fully appreciated by other workers in this field.

He thought that it was very instructive to go back to the discussion which took place
in the Institute about teri years ago on a paper on the population question by Mr Honey,
and to re-read some of the things which were said by actuaries and some of the things
which were said by the non-actuarial demographers. He had in mind particularly what
Mr Rowell and Sir William Elderton said on that occasion. The discussion was full of
the then current pessimism on the fertility and population question, but Mr Rowell
and Sir William Elderton took a balanced view. They pointed out the part played by
fashion and by current sets of values, and the possibility of a swing of the pendulum.
How right they were and how wrong were the demographers.

He thought that they should not attempt to forecast fertility. There had been a spate
of forecasting and an infuriating chorus of propaganda on the subject of the population
problem. In recent years statements had been made again and again about the ‘falling
birth-rate’ and the ‘declining population’, but the truth was that the birth-rate
touched bottom in the early 1930’s, when there was a shortage of husbands due to the
191418 war and a postponement of marriages due to the depression and the population
had never declined and did not show any signs of declining for a good many years to
come. Actuaries long ago knew that the real population problem was not a decline in
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total numbers but the ageing of the population, the fact that the number of old people
was rapidly growing, much more rapidly than the total population. It was interesting
to see that demographers were now giving more emphasis to that aspect. A recent
publication of P.E.P. no longer talked about the imminent decline of the population,
but about a possible point at which it would become stationary, and it put the emphasis
on the growing numbers of old people.

He believed, as he had said before at meetings of the Institute, that one of the most
important matters to actuaries in their professional work and in the population problem
was the future of old-age mortality. They would all have seen the announcement by the
Registrar-General about the mortality in the first quarter of 1948. He was sure, from
what he had seen of the mortality figures so far, that 1948 would represent a record low
mortality at the old ages.

What was going to happen to fertility in the next few years? In his view, nobody
knew. The demographers would find reasons for thinking that the present situation was
not as bright as it seemed. Their general line was to be pessimistic, to find reasons why
any favourable trend was not going to last. His own view was that the births would keep
up reasonably well, and at any rate there would be enough births to maintain the total
population. There was a set-back in the autumn of 1947, and that fitted in very well
with the onset of the coal crisis. There had been some recovery from that set-back. He
wondered whether there would be an impact from the dollar crisis of July 1947. Even
with that set-back, however, the number of births in this country was in his view quite
satisfactory.

The President, in proposing a vote of thanks to the author, said that the members
present could congratulate themselves and the author upon a discussion which had been
very much to the point and conducted at a high level. At one time it had been hoped
to have present Mr Rhodes, the donor of the essay prize, but he had not felt able to
make the trip from the United States. Some time ago, however, Mr Rhodes expressed
a wish to see a copy of the paper in its essay form, and in a letter afterwards said that
he was. very gratified that his main aim of encouraging the younger men had been
accomplished, and that even greater good would be realized if, in the case of the subject
of the paper, young and older men alike were tempted to develop matters further.

‘Whatever might be the lines of future research, members must be very grateful to
the author for preparing his essay, which, with the wider publicity now given to it,
would, he hoped, do much to confirm actuaries in their already obvious intention to
devote to demographic study the increased attention which it undoubtedly deserved.
As had already been mentioned, the revised examination syllabus would give it much
greater recognition. With those facts in mind, there was no doubt that the paper was
a timely and valuable contribution towards the development of a very important and
highly topical subject.

Mr A, H. Pollard, in reply, said that he had not yet had access to Mr Karmel’s
latest paper, nor had he had an opportunity of reading the contribution which Mr Karmel
made that evening. Since writing the paper he had done a fair amount of work on the
subject, and had considered at some length some of the points that had been brought up
in the discussion, and he would not find it possible to deal with them briefly. He would,
however, endeavour to do so in a written reply, when he had had the opportunity of
reading and studying the contributions to the discussion.

Mr P. H, Karmel writes:

The fundamental equation from which Lotka derives his theory of the stable
population and the true annual rate of natural increase is of the form

B(t)=f:B(t—x)l(x)b(x) dx, (1)

where B (2) is births at time #; [ (x) is the probability of a child born surviving to age x;
b (x) is the specific fertility rate at age x. It is not difficult to prove that, irrespective of
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the initial age distribution, for large t, B () becomes an exponential function with a
relative rate of increase #, where 7 is the real root of the equation

1= ] ® e [ (x) b (x) dx, (2)
0

These equations are generally made to refer to the female sex, but clearly they can be
made to refer to the male sex also, so that we have

By ()= f ” Br(t—) tp (3) by () )

By ()= f ” Bar (1=5) B 0) b3 ) d, @

where the subscripts F and M refer to females and males respectively. Equations for
the derivation of »p and ryy analogous 1o (2) can also be written down. In addition to (3)
and (4), there is a third equation relating By (f) and By (£), namely

Byt () =mBy (), (3)

where m is the masculinity at birth, The functions Iy (&), by (), Iy (), by (¥) and the
constant m are the given conditions defining the system. It is immediately seen that
there are three equations ((3), (4), (5)) and two unknowns (Byy (£) and By (£)) so that the
system is overdeterminate. In short, if p and ry are derived from (3) and (4), they will
generally be different, so that m cannot be taken as given. This may be termed the
male-female conflict.

Faced with this conflict we can do one of two things. Either one of the three equations
can be dropped; or the basic conditions of the system can be redefined. Generally the
first line has been adopted by demographers. The usual practice is to omit (4) which is
the same as assuming that byg (v) is left free to vary as the population moves from the
actual to the stable age-sex structure, which is also the same as assuming that the
fertility of females is independent of the relative male-female supply. Such an assump-
tion might be very nearly correct for a completely promiscuous population, but certainly
it is not correct for a population where monogamy is practised and illegitimacy un-
important, which are the very characteristics of most modern populations. Similarly,
the omission of (3) implies that the fertility of the males is independent of the relative
male-female supply, an equally untenable assumption. The omission of (5) is clearly
impossible ; such an omission implies that males produce males without the intervention
of females and vice versa—a completely unrealistic assumption. Further, this would
imply that the masculinity at birth would, for large ¢, approach o or @, i.e. either the
male or female population would outstrip the other,

It is thus seen that the dropping of any one of the three equations leads to untenable
assumptions, untenable because they are unrealistic. Hence it is necessary to consider
reformulating the conditions upon which the system is based, i.e. we must consider the
reformulation of the basic mortality and fertility functions. As far as I am aware no
such explicit reformulation has been published before Mr Pollard’s paper, but a
suggestion of R. R. Kuczynski in Fertility and Reproduction (1932) should be considered.
In a chapter in that book in which the male-female conflict is briefly discussed Kuezynski
makes a suggestion which he does not follow up in any of his later works, namely, that
the two sexes be pooled and reproduction rates for the total of the two sexes worked out.
This implies the following system of equations:

Br (0= [ By (=) Iy () by () i, (©)
Byg (0= —Br (1), @)

By (=1~ Br (), ®)
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where the subscript T refers to total of males and females combined and by (%) is
defined as total births to persons aged x divided by twice the total population aged x,
since every birth will be counted twice.

However, although the system of equations (6), (7) and (8) is determinate. this solution
of the conflict is unsatisfactory, because by (x) must depend on the sex distribution of
the population and this will vary as the actual population approaches the stable one.

I now come to Mr Pollard’s solution. He assumes, in effect, that a line of descent
alternates between males and females, i.e, that males have female children and females
have male children. As a result of this, transcribing his equations (13) and (16) into my
notation, he obtains

By ()= [ ; f " Br t—x-3) $ () £ 0) ds i, ©

0 {0
By (t)=f0 jo By (z—x~y) & () £ (3) dx dy. (10)
In addition, a third equation, not explicitly quoted by Mr Pollard, must be written

down:
Byt () =m (£) By (2), (x1)

where m (f) is the masculinity at birth expressed as a function of time. There are then
three unknowns (Byy (), Bp (2), m (2)) and three equations. Furthermore, for large  (9)
and (10) become exponential functions with the same value of 7, so that m (£) approaches
a constant value.

There are two powerful criticisms which can be levelled against this system. First,
the functions ¢ (x) and £ (¥) do not correspond to reality. The males do not produce
female children exclusively and the females male children any moreé than males produce
male and fermales female. The fact that Mr Pollard’s system does not lead to ridiculous
results, as does the latter assumption, conceals the unreality of his basic conditions
but does not remove this fundamental criticism. Mr Pollard’s generations alternate
between male and female descendants, so that by taking a joint generation of males
followed by females he gets the same ultimate rate of growth whether he starts with
males or females. Secondly, Mr Pollard’s system implies peculiar behaviour on the
part of the masculinity at birth. The asymptotic value of m () is determined (see
section 5-9) by the initial conditions which are the values of By (¢) and By () for £ less
than the upper age of reproduction. But these initial values of By (£) and By (¥) will
depend on the particular sex-age distribution of the actual population from which we
start. This in itself is unrealistic, for surely the masculinity at birth is the one factor
which we can suppose to remain constant and fixed by factors external to the system of
equations. Nor can we suppose that m (f) has its asymptotic value from the start, for
that would imply that the initial age distribution should conform to certain conditions,
but that this distribution should be completely unrestricted in its character is an essential
part of the whole theory of a stable population. It must be concluded that, although
ingenious, Mr Pollard’s solution is no real solution because the basic conditions which
enter into it do not conform to the real facts of population growth,

1 should now like to offer a solution of my own. This solution conforms closely
enough to reality, but it should be made clear at the start that its practical utility is
likely to be very limited. Itis of interest, however, as it demonstrates the sort of approach
necessary to get a satisfactory solution. In the first place it must be obvious that no
solution of the problem can be acceptable which does not take into account that each
child has both a male and female parent at the same time. Some function of mating
must therefore be introduced. Fortunately, this is not an insuperable difficulty, as it
can be introduced by means of nuptiality functions. To simplify the discussion, it is
assumed that persons only marry once and there is no divorce or illegitimacy. Given the
conditions of male nuptiality and premarital mortality, a function uyy (x, ) can be
estimated, which gives the probability at birth of a male marrying at age y a female
aged ». Similarly, a function up (%, y) can be developed based on the conditions of
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female nuptiality and premarital mortality, which gives the probability at birth of
a female marrying at age ¥ a male aged y. Given a knowledge of post-marital mortality
in so far as it affects the dissolution of marriages, two more functions, My (¢, ) and
My (%, ¥), can be developed representing respectively the expectation at birth that a
male will be living in the married state at age y with a female aged x based on male
conditions of nuptiality and the expectation at birth that a female will be living in the
married state at age x with a male aged v based on female conditions of nuptiality.
Finally, we require 4 (x, ), being the specific fertility rate of female births to couples

aged x and ¥, and m, the masculinity at birth. Then we bave the following system of
equations

By =[] [ By -2 My (5,9 (9) d (x2)
Bt ()= f : f :’ By (t—3) Mg (v, ) mb (v, 3) d d, (13)
By (2)=mBy (1), (14)

This system of equations is also overdeterminate, but the inconsistency between (12) and
(13) is seen to lie not in the fertility rates but in the conditions of nuptiality. We could
assume male nuptiality is dominant, i.e. female nuptiality adjusts itself as the population
moves from the actual to stable positions, and drop (12); or we could make the reverse
assumption and drop {13). These equations at least show where the real conflict lies,

But cannot we reformulate what we mean by nuptiality conditions and avoid the
conflict? Suppose that the males have a basic pattern of nuptiality which would obtain
if the relative supply of males and females did not enter into the matter. Letus designate
this “the potential male nuptiality” and express it by the notation u¥t (v, v), an analogous
function of sy (%, 9). Similarly ‘ the potential female nuptiality” will be 1% (%, ). Now
in any vear £, if the males were perfectly dominant, the number of marriages of males
aged y to females aged x would be

By (t~) uly (%, %) (15)
and if the females were perfectly dominant it would be
By (t~%) uf (%, ). (16)

It seems reasonable to assume that in practice a compromise would be effected. Let us
take a mean value between the two:

By (t—») ufy (v, 9P By (¢—#) ufe (¢, I, (7

where A is a positive fraction. This can be written
[Bp (¢—) [Bp (t—x)"" i (x, »), (18)
where i (%, y) =m? ufy (x, V)2 ufs (2, )2 (19)

Clearly # (, ¥) represents the distribution of marriages by age of bride and bridegroom
which would eventuate in a statiopary population with radix of m males and 1 female,
Corresponding to @ (x, ¥) we can write M (x, ¥) for the distribution of married couples

in such a population. It follows that the number of married couples aged x and v in
year t will be

[Br (¢~ [Bp (¢—0)]"* M (x, ») (20)
and the number of female births will be

Br (0= [ *[ 7 1Br =P Br =P M (5 )b () dsdre (1)

The number of male births is given by
By ()= f N f CIB 3P B (= W ) mb (o 9) dedy,  (a2)
and By (t)=m Bp (£). (23)
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But (21) and (22) are identical so that we have two unknowns and only two equations.
If we now substitute By (£)=Qe" in (21) we find that it is a solution if # is a solution of
the characteristic equation

0 [+ o]
1= f . / . e~ g2 A-D RY (x, 3) b (x, ) dx dy. (24)

It can easily be shown in the usual way that there is only one real root of (24) and that
it is greater in magnitude than the real parts of the complex roots. If this real root is 7,
then we have for large ¢

By (£} =Qqe™f, (25)

and the other customary propositions about the stable population immediately follow.
The solution of (24) to any degree of accuracy required is quite straightforward, If
we write

@ foo__
o= [ [ MGt dia, (26)
then from (24) M,y (=7 1—A, —7}) =0 (27)
-0
where M is a bivariate moment generating function, that is
Kgy (=7 1—2A, —rd)+ log, Hy=0, (28)
where K is a bivariate cumulant generating function. Hence r can be solved from
r 11— A (—rAy
S 3 { (—*.,ﬁ)( )}+Iog,Ho—0. (29)
i=0 j=0 L J!

where kg is the cumulant of ith order in » and jth order in y in the M (», 3) b (», »)
distribution and ky=o0. To the second order we have

——— 2 —
o= —7r (Akpy+1— A kyo) +£‘ (ARga+ 22 1 — A kyy + 1 — A%Rgg) +log, Hy, (30)

_ log, H,
= Voot (1 =) o’ (31)

It should be noted that the denominator is a weighted average of the mean ages of
fathers and mothers at the birth of their children in the M (x, y) distribution.

The following points should be noted in reference to the above.

(1) The system breaks down under certain extreme conditions. For example, if the
males marry females considerably younger than themselves and the population is very
rapidly increasing, then there may be insufficient males to provide the compromise
number of bridegrooms. Research on this question indicates that for values of 7 of less
than ‘03 in magnitude this would not occur, unless the mean difference of age between
brides and bridegrooms were very much greater than is usually found. Values of 7 as
great as 03 in magnitude are never found in practice.

(2) If the males are perfectly marriage-dominant, i.e. A=1, (21) reduces to an equation
similar to (13) and (12) can be omitted. On the other hand, if the females are perfectly
marriage dominant, i.e. A=o0, (21) reduces to an equation similar to (12) and (13) can
be omitted. The usual method of calculating only female rates is thus seen to be a
special case of this system, i.e. where females are perfectly marriage-dominant,

(3) The net reproduction rate as ordinarily calculated can have two meanings,
namely, the ratio of female (male) births to deaths per annum in a population with a
stationary age distribution but with the given fertility rates, and the progeny of a single
generation of females (males). Now in the above system the first meaning can be
attached to Hy, but not the second meaning. The progeny of a female generation will
be given by

and to the first order

© [ .
Hop= f f e " WA M (x, ) b (%, y) dx dy, (32)
0J0
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and of a male generation by

© [ o -
Hiy= f ; f o =8 G-NFE (x, 3) b (5, 3) die . (33)
0

Thus the two interpretations put on a single net reproduction rate as ordinarily calcu-
lated are seen to have two different values in this new system. In a stationary population
they would, of course, all equal unity.

(4) In the stable population the number of marriages of couples aged x and y will be
proportional to

eI e BN 7 (, 3) (34)
and the number of married couples aged x and ¥ will be proportional to
e~ " g~r21-0 M (x, ¥ 35)

(5) There seems to be no reason why A should not be regarded as a function of x and
¥ if it is thought desirable. This would not affect the fundamental theory, although the
solution of » would become a little more complicated.

(6) In this system the definition of the nuptiality conditions of a population is a
modification of that usually adopted. The usual practice is to define the nuptiality
conditions in terms of separate male and female nuptiality tables. Hére the nuptiality
conditions are defined in terms of a single distribution i (x, ) which is an average of the
two fundamental distributions u¥f (%, ¥) and u3 (x, 3), the potential male and female
nuptiality tables. Hence # (x, ¥) can be taken as independent of the sex-age distribution
of the population, whereas the customary male and female nuptiality tables cannot be
so taken.

(7) In order to estimate 7, we need to know M (x, ¥), A and b (x, ¥). This latter
presents little difficulty, but it does not take much consideration to realize that the
determination of the former two functions would be, from a statistical point of view,
almost an impossibility. They might be ascertained in a population which had not had
its sex distribution affected by external disturbances like wars and migrations and in
which nuptiality had not exhibited any great temporary fluctuations, but one can think
of no important modern population fulfilling those requirements.

The above is a strictly formal solution of the male-female conflict. As yet it does not
seem to be of practical utility, but the implications of the conflict are clearly seen in it.
From the practical point of view we are still left with conflicting male and female true
annual rates of natural increase, and it still remains largely a matter of judgment where
precisely the unique true rate, if there be such a rate, lies,

Mr Pollard has subsequently written as follows:

Before discussing the various points raised by speakers 1 would like to make quite
clear the real task T set myself in this paper. The aim was to consider the relative merits
of the various single-figure indices which could be obtained for most countries from the
data which they publish each year. I was therefore concerned only with indices that
we could actually determine, or at least approximate to, from the data available, and not
with indices that we would like to be able to calculate if the data were available. In
short, I was concerned with practical possibilities, rather than with theoretical desira-
bilities., Bearing in mind this difference of outlook, I heartilv agree with many of the
points made by the speakers.

1 agree with Mr Worger that we should relate marriages to the numbers exposed to
the risk of marriage, but the fact is we do not know the numbers so exposed each year.
1 also am one of those who wish to introduce ‘number of previous births’ as a factor,
but here too, even for census years, the number ‘exposed’ is not generally analysed as
we would desire and the likelihood of having this information available each year is at
present remote. (I had to go back to the 1921 Australian census for data for my parity
studies and even this was not entirely satisfactory.) I realize, too, the danger, pointed out
so clearly by several speakers, of adding values of f (x) or of ,b, obtaineéd for a single year
and the advantage of a general approach, but the problem I have set myself is not really
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one of forecasting but of obtaining a reasonable index giving the inherent performance of
a particular year, however unusual we may know that year to be. Every single-year
index must #necessarily be open to this criticism in some form or other. Nevertheless,
like an influenza mortality index for 1919, although it is dangerous for forecasting, it is
a reasonable measure of that year’s performance.

‘While explaining my concentration on indices that are practically possible rather than
on those that are theoretically desirable, I would like to emphasize, as I have not done
before, the great advance made by Mr Karmel in his 1044 paper when he put forward
the idea of relating the births in a given year, specified according to year of marriage,
to the relative marriages given in the demographic statistics of previous years. Mr Bailey
referred to the fact that our chief difficulty was that the ‘exposed to risk’ were not
available, Mr Karmel's suggestion is an ingenious one which helps us out of the
difficulty if we take marriage duration as a factor.

In discussing section 3, several speakers took exception to the fact that, although the
proportion married was assumed to change, the fertility was assumed to be constant as
in Table 1 and they consequently challenged the implication that the Clark-Dyne
formula gave the best answer. The explanation is that Clark and Dyne obtained the
data for 'T'able 1 for Queensland for the years 1938 and 1944 and showed that, notwith-
standing the change in the proportions married, the marriage fertility in this form was,
for all practical purposes, the same, The graphs of section 3 are not, therefore, based
on false assumptions, but do represent approximately the position from 1938-44 in
Queensland where C, measures satisfactorily the replacement of the female sex. When
the marriage fertility varies, it would of course have to be allowed for, Mr Cox pointed
out that the cosine blending function, and hence Table 5, may not correctly represent
the actual transition, That is so but, however the change takes place, the difference
between either Ry or K, and C, is likely to be great. The cosine blending function
represents a smooth change, and the less smooth the change the greater the divergence
between the graphs is likely to be. Mr Cox also pointed out that the shape of the R,
curves could have been anticipated from general reasoning. Nevertheless, I think it is
useful to know the actual difference, that false negative values may occur, and how R,
and K, differ.

Before discussing the male versus female rate problem, I would like to refer to the
criticism that the treatment of the joint rate of increase is unsatisfactory because it is
based on age only. That is not so, as the reference to a ‘joint rate of increase by the
Clarke-Dyne method” in the last paragraph would suggest. If we are given marriage
rates and, for the opposite sex, marriage fertility according to marriage duration, or
some other forms, we can deduce from them the corresponding age-specific rates in the
ultimate population. By assuming these age~specific rates to remain constant we can
obtain a reproductivity index which depends on the factors which determine fertility
and also makes some allowance for the sex anomaly.

The aim of section 5 is, like that of other sections, a very practical one—namely, to
obtain a simple, single-figure index which is better than that obtained by considering one
sex only, It is, I think, agreed that the rate allowing for the sex anomaly should lie
between the two rates obtained by considering each sex separately. Should we then
take the arithmetic mean, or the geometric mean, or some other arbitrary mean between
the two rates? In section 5, I am simply suggesting an index which lies between the two
indices obtained from each sex separately but which, instead of being some arbitrary
mean value, is an intermediate value which has some useful theoretical properties. The
aim of section §, I repeat, was not to give an exhaustive treatment of a problem in
mathematical demography, but only to suggest a simple index of reproductivity, the
mathematics being introduced there only to bring out the properties of the index
suggested. It is probably better to use an index with some useful properties than to take
an arbitrary mean. Mr Karmel proposes a solution to the sex anomaly, but not to the
problem 1 was attempting to solve, namely to find a simple index. Mr Karmel’s solution
is far too complicated for this purpose. In any case, the data required for it are not
available and, furthermore, after converting the conflict to amarriage conflict, Mr Karmel
proceeds to take an arbitrary average, which therefore does not get us much further.
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Incidentally, the marriage function should not be « (%, y)—a function of x and ¥ only—
but should be a function of the relative supply of males and females at these and at other
alternative ages. For as the population moves towards the ultimate age-sex distribution,
this marriage function will alter as the relative supply of sexes at various ages alters.
I did pursue this line at one stage and obtained an approximate marriage formula
allowing for all these factors but, naturally, it was too complicated to be of use in this
connexion.

The portions of section 5 that I would like to have deleted before the paper was read
are paragraphs 58 and 5-9. These paragraphs are related to the chief objection raised
to the joint rate of increase, namely that it leads to conflicting values of the sex ratio at
birth. The following treatment will make the position clearer.

If we have a stable male-female population increasing at rate ¢ and if the number of
male births at a particular time is [T, then the number of males aged x is I 9%,

The number of females i born at that particular time is therefore

o0 23
f e % m (x) de =13 f €797 & (x) dx.
0 (1}
(Incidentally the number of males born at this particular time similarly

~[Tgemroray 5[ " e ay

=l j : f : €TV & (x) £ () dudy =ID

as it should be.)
The sex ratio at birth therefore

m X

IO © ® ~G¥
T e T = dy.
I f =999 (x) dx fo e ) dy
0
If we happened to be dealing with a population in which the sex ratio had been X,
irrespective of parents’ age or sex, then the value of p; obtained would be given by

X= f ® eerv £ (3) dy.
0

Now f : e £(y) dy % f : ePrY £ (v} dy,

. <
according as o= pre

Therefore the ultimate sex ratio at birth % the constant past ratio according as

z
p,: T,

This, in a sense, may be an anomaly. It simply means that as the age-sex distribution
adjusts itself towards the ultimate distribution, if X remains constant, ¢ (x) and £ (3}
will alter slightly, as indeed we would expect. This is a similar phenomenon to the
marriage rate adjustment (pointed out above in the criticism of Mr Karmel’s solution)
which occurs as the supply of marriageable males and females varies as the present
age-sex distribution tends to the ultimate one.

The fact remains that, for the year under consideration, the joint rate of increase gives
the inherent unique rate at which the population is increasing. As time goes on, with
constant real nuptiality and fertility, ¢ (x), £ (), the nuptiality functions, etc., will all
vary slightly as the supply of the sexes adjusts itself. The most satisfactory ultimate
population would be that given by taking o and X to be constant.

‘While admitting there are theoretically more satisfying indices I would say, in con-
clusion, that I favour as a practical index the annual determination of the female
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Clark-Dyne rate of increase adjusted in accordance with the correction found necessary
at the previous census year, when a joint Clark-Dyne rate of increase will have been
determined.

[1f B (¢) is presumed to be known for — 00 < £ <0, equation (17) may be solved formally
in terms of Laplace transforms in a way similar to that described by Vajda, ¥.S.S.
Vol. v1, pp. 80-82. If H (¢) is defined to be that part of

fij B (t—x—3) ¢ (x) £ (3) d dy
0 0

which depends on values of B (t—~x—y) for —o<t—x—y<o and is therefore a
known function,

0 o t (t~y
HO=[ [ Be-v-ns@eman-[ [T Be-s-nsmivnns,
and the solution of equation (17) can be shown to be

L )

B(n=L" {m
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