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Types of LPI

LPI, Limited Price Indexation, is the RPI link in pensions

Following Wilkie(1988), we define various types of LPI indexation:

— Type 1: LPI, = RPI,

— Type 2: LPI, = max[RPI,*(1+floor%)"t , RPI, ]
— Type 3: LPI, = max[RPI,, RPI,...,RPI,]
— Type 4: LPI, = LPI_;* min[max[1+floor%, RPI,/RPI,,], 1+cap%]

— Type 5: LPI, = LPI,, * [1+participation% * ( RPI/RPI, -1 )]

For 0% floors, Type 1 < Type 2 < Type 3 < Type 4

lllustration of types of LPI

RPI, RPI, 0% floor | Type 2 floor at 0% Type 3 floor at 0% Type 4 floor at 0%
t  (Typel) yly% index, pension increase | pension increase | pension increase
100.00 100.00 100.00 100.00 100.00

1 101.00 1.0% 100.00 101.00 1.0% 101.00 1.0% 101.00 1.0%
2 10353 2.5% 100.00 103.53 2.5% 103.53 2.5% 103.53 2.5%
3 99.90 -3.5%  100.00 100.00 -3.4% | 103.53 0.0% 103.53 0.0%
4 98.90 -1.0%  100.00 100.00 0.0% 103.53 0.0% 103.53 0.0%
5 10484 6.0% 100.00 104.84 4.8% 104.84 1.3% 109.74 6.0%
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The UK inflation options market

* The building blocks of the RPI derivatives market are zero
coupon inflation swaps. These are a hedge for type-1 LPI.

* Three forms of “vanilla” RPI inflation options trade:

1. Year-on-year (y/y) RPI caps and floors. The cap has T caplets
with payoffs max[ 0, (RPI/RPI_,-1) —K% ] attimes t=1,2, ...,T.

2. RPlindex caps and floors with a single payoff at maturity. The
cap payoff is max[ 0, RPI/RPI, -(1+K%)T]. Hedge for LPI type-
2 liabilities.

3. LPIl swaps hedge LPI type-4 liabilities. The most common collar
strikes traded are [0%,5%], [0%,3%] and [0%,] (i.e. no cap).

The UK inflation options market

+ Participants

* Maturities
 Liquidity

« Equilibrium

* Execution costs

* Price transparency




Inflation options screens

GRAB Index RILO

200<Go> to view in launchpad

Index Inflation Options PAGE 1 / 1
Premium in BP upfront, GBP 10m Notiona
Price for trade with inflation swap delta

GBP Cap
Term

Source:
Bloomberg
6 June
2010

The implied inflation volatility smile

Inflation options trade on price, not volatility

Prices can be inverted to implied volatilities using the
conventional options pricing formulae for each market

For RPI index options, it is natural to use the Black Scholes
(lognormal) model to price since the index is always positive and
is expected to grow exponentially:

C=S8N(dy) — Ke TN (dy)
P=Ke TN _g10(S,1)

() + (r+ %) (T — 1)
oI —t

dgzd-l—O'VT—t

d]_:
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Implied RPI index volatility smile

Type-2 LPI liabilities can be priced directly from the implied volatility given
the strike and maturity

17.5% . . .
—e— 30y RPI index option vol smile

15.0% ¢ - —e— 20y RPI index option vol smile
—e— 10y RPI index option vol smile
12.5% —e— 5y RPI index option vol smile
[

10.0%

Black Scholes implied index volatility

7.5% ¢
5.00% ® Source:
R Bloomberg
composite
2.5% - 6 June
2010
00% T T T T T T
-1.0% 0.0% 1.0% 2.0% 3.0% 4.0% 5.0% 6.0%
index option strike (rate) .

The inflation implied volatility smile: y/y options

« For RPI y/ly options, the y/y rate may be negative so the Black
Scholes lognormal model is not appropriate

« The market convention is to assume the underlying y/y rate has
a normal distribution and use the Bachelier(1900) model. The
resulting vol o is called the normal vol or basis point vol:

VI —t 2,
C = T TO(F - K)N(dy) + Y iy

V27
P = e—"(T—f?[(K7F)N(fdl)+70‘/3_F__te—d?f"2]
V2T
A _ F-K
where di = s

See VBA code in the spreadsheet on the conference website.
L
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The RPI yly inflation options market

RPI y/y atm inflation vol > GBP LIBOR atm caplet floorlet vol out to
2.00%
2 ——GBP RPlyly normal vol
= L75%
° ——GBP LIBOR6m normal vol
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The RPI yly inflation options market

RPI y/y inflation vol smile compared with LIBOR cap floor vol smile

2.00%
—o— 20 year atm LIBOR atm flat vol
1.75% ) —e—20 year atm RPIyly flat vol
1.50% 3
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=  1.25% B
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S 1.00% 7
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< Source:
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Modelling the implied volatility smile

 Historically, the implied volatility smile first appeared in
equity option markets

« Techniques developed for equities have subsequently
been used in interest rate and inflation markets
— Alternate stochastic process
— Local volatility models
— Stochastic volatility models
— Lévy processes

Volatility smiles - alternate stochastic process

* The presence of a smile may interpreted as a deviation
from lognormality in the dynamics of the underlying

» Popular processes include the CEV (constant elasticity
of variance) process

dS = udt +oSPdw where 0< <1
* And the shifted-lognormal (displaced-diffusion) process
d(S +a)= pdt + (S + a )odW

* Both processes allow a monotonically downward sloping
skew, however alternate techniques are needed to
introduce curvature.

6/9/2010



Volatility smiles — local volatility models

» Volatility is a function of the underlying itself, hence
dS = uSdt + o (1,8 )dw

 First introduced by Dupire(1994) and Derman and
Kani(1994).

Stochastic volatility models

* The underlying and its volatility are driven by correlated
Brownian motions

* A well known stochastic volatility model is due to Heston(1993

dS, = uS,dt + \[v,S,dw}
dv, = k[0 -v, Jdt + o fv,dw ? where dw rdw ? = pdt

« Semi-analytical option prices may be found via Fourier
transform techniques as

C(S,v,t)=SP,— KP(t,T)P,

where P(t,T) is the T-maturity discount bond and P, and P, are

)

the associated probabilities evaluated via numerical integration.
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Lévy processes

* General class of processes with independent and stationary
increments

 This includes familiar processes such as Brownian motion and
Poisson process which introduces random jumps into the
dynamics

« All other Lévy processes are generalisations of a Brownian
motion and a possibly infinite number of Poisson processes.

Levy processes

Lévy processes that have become popular in finance include:

— Jump-diffusion — dynamics are driven by a diffusion and a
finite number of Poisson processes,

— Variance-gamma — may be interpreted as a Brownian motion
evaluated at a time given by a gamma process, see Madan
et. al. (1990,1991,1998),

— Normal-Inverse-Gaussian — may be interpreted as a
Brownian motion evaluated at a time given by an Inverse-
Gaussian process, see Barndorff-Nielsen (1997,1998).




SABR (Stochastic Alpha Beta Rho) model

+ This stochastic volatility model is the market standard for fitting
an implied volatility smile,
dF, =a,Ffaw}, — Fy=7f

da, =vatdW,2, ag=a

where dw rdw ? = pdt and v, B are constants such that 0 < 8 <1
and v 2 0.

 Itis not a true stochastic volatility model since a separate set of
parameters v, B and p are associated with each maturity.

« The great advantage is that the equivalent Black-Scholes
(lognormal) implied volatility may be approximated analytically
by o,(K,f) defined as follows:

18
SABR (Stochastic Alpha Beta Rho) model
o (KS)- o (z5)
VA w2y % 2 x\z
(/K {1+ o log %+1920 log? /¢ + }
o’ al 1 pfva 2-3p% ,
'{L{z(ﬂ()‘” +Z(ﬂ<)4 + 24 1% }T+ }
where @ =1- 4 and
z=£(ﬂ<)%|09'% z(Z)=|09{\/1_2pZ1tzp+Z_p}
L

6/9/2010
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SABR Normal model

» For options on the RPI y/y rate, we use a normal model of the
underlying and the normal option pricing formula of Bachelier.

Hence: 1
dF;, =a,dW;,  Fo=f

da, = vatthz, ag =«

where daw law? = pdr and v is constant such that v > 0.
* The equivalent normal implied volatility may be approximated

analytically as )
z 2_310 2
Kf)l=a- 1 T+...
O'N( ,f) a [Z(Z)] { + o2 vT+ }

where

2
Z:L(f—K), Z(Z)=|0g{\/l_2pz+z +z—p}
a 1-p

Weaknesses of the SABR model

* These analytic approximations are derived via singular
perturbation techniques relying on a ‘small volatility’ expansion,
hence assuming both volatility o and volatility-of-volatility v are
small.

* For extreme parameter values and strikes far away-from-the-
money, these approximations break down.

* This is well known by the market and each market participant
has their own set of proprietary fixes’.

* The breakdown of these approximations is most clearly visible
if one examines the probability density function derived from
call spreads using implied volatilities, which becomes negative
at extreme parameter values and away-from-the-money.

6/9/2010
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SABR model: negative probabilities

SABR model implied density for F=3.63%, a.=1.25%, p=50%, p=15%, v=22%

5.0%

4.0%

probability density

3.0%
2.0%

1.0% /
0.0% ""Tﬂ//\'

-1.0%

SABR implied density for 30y 6-month LIBOR rate

0.00% 1.00% 2.00%

3.00% 4.00% 5.00%
rate (forward = 3.63%)

6.00%

7.00%

8.00%

Simple LPI model: RPI y/ly history and forward rates
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SABR normal volatility smiles: effect of parameters

0,
1.75% —— base: atmvol=0.60%, p=0%, v=40%

— higher atmvol: atmvol=0.80%, p=0%, v=40%
1.50% — negative skew: atmvol=0.60%, p=-40%, v=40%
—— less smile: atmvol=0.60%, p=0%, v=20%

1.25%

1.00%

normal vol

0.75%

0.50%

0.25%
-1.0%  0.0% 1.0% 20%  3.0% 4.0%  5.0% 6.0% 7.0%  8.0%

strike

Simple LPI model

« Type 4: LPI, = LPI_,* min[max[1+floor%, RPI,/RPI_,], 1+cap%]
* A 30y LPI swap has 60 RPI y/y options embedded in the swap:
LPl,, = LPI,* (RPI, /RPI, -1 + floor, - cap,)
* (RPI,/RPI, -1 + floor, - cap,)

* (RPl3 /RPlyg -1 + floor,, - caps,)

* Most LPI swap trades use 3 strikes: [0,5], [0,3] and [0,»]. SABR
RPI y/y normal model has 3 parameters: o, p and v (in our
example spreadsheet we reparameterise as: atm vol, pand v)

* In practice a unique fit can be usually identified

6/9/2010
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Simple LPI model

FITTING A SIMPLE SABR LPI MODEL

valuation date
FiFl zc swap base

2. TO GIVE BEST FIT

1. FIND SABR
PARAMETERS

solveSABRparms

[Z3

(3

[23

SABR SABR SABR LPI[0.5] LPI[0.3] LPI[0.i LPI[0.5] LPI[0.inf LPI[0,3]
maturity __pay date_indez date RP1zc | yly fwd sigma___ zeX 203 zo% of fit | market | market market
a 04-Jun-10 01-Apr-10 45400
1 04-Jun-11 01-Apr-11 2.990x% 44 0.049% 0ES4H onax
2 4-Jun-12 01-Apr-12 eARI AT 7w 00N DTFETHM 072N
2 4-Jun-12 01-Apr-12 2085 4B9%  0.047H DFEEM 02163
4 04-Jun-14 01-Apr-14 3212 4E2w  G0039% OTERC 023
5 04-Jun-15  01-Apr-15 3.329% 4541 -0.032% -0.790x 0.236x 01 -0.031%  0.236x -0.790%
E 4-Jun-1€ 01-Apr-1€ AN 442w 0.029%  0B0GM  0.240%
T 0d-Jun-17 0l-Apr17 2868 42.9% -0.03 0828M 0243
] 0d-Jun-13 0f-Apr-18 3R1A 7w S003%% 0848K 0244
a 04-Jun-13 01-Apr-19 2663 404% 0038 086N 02424
0 04-Jun-20 01-Apr-20 2.743% 2K 0037 -0.884x 0.239% 01 -0.037x% 0.239% -0.983x
n 0d-Jun-21 l-Apr-21 2ESIM S0.036x 0893 0239
2 04-Jun-22 01-Apr-22 TIEN -0.036%  -0808M  0.240%
1z 04-Jun-23 0-Apr-23 2TBEM S0.033% 0919 0243
“ 04-Jun-24  O-Apr-24 3816 003K 0832n 0.24TH
15 04-Jun-25 01-Apr-25 2.825% JEEN 0027 -0.942x 0.252x% 0.0 -0.027% 0.252X -0.942%
1€ 04-Jun-2€ 01-Apr-26 28695 -0.024% 0963 0267
17 04-Jun-27 0-Apr-27 jek:11-4 -0020% 0866 0263%
] 04-Jun-28  OF-Apr-2d 2957 0 0878N 0.269%
13 04-Jun-29 01-Apr-29 29BEM 0013 08988 0.276X
20 04-Jun-30 01-Apr-30 3.923x T -0.0083 -0.997x 0282 0.0 -0.0083 0.281x -0.998x
pal 0d-Jun-31 0f-Apr-31 38185 -0003% 0043 0288%
22 04-Jun-32 OF-Apr-32 28754 0003 -1009% 02954
23 04-Jun-33 01-Apr-32 28N noogx 0302
24 04-Jun-34  OF-Apr-34 ATETH 00163 03105
26 04-Jun-35 01-Apr-35 2.726% F2EH 0.023% 0317 01 0.023% 037X -1007X
26 04-Jun-36 01-Apr-36 TETM Izam 0030 03245
a7 04-Jun-37 0-Apr-37 JEEIH w22m ooz 0221
2 04-Jun-32 01-Apr-32 JEEIM 35 0043 0337
23 04-Jun-33 01-Apr-33 RI:ETY 3085 0048 03435
a0 04-Jun-40  01-Apr-40 3.608% 00K 0.054% 0.348% 01 0.054% 0.348x -0.989x 26
Simple LPI model: LPI[0,5] fit good
0.15%
—1[0,5] SABR simple LPI
0.10% -
o -=—[0,5] market
S
[%2]
o 0.05% A
@
o
2
?
o 0.00% T T T T
2
Q.
0 10 20 30 40 5
Q.
o
-0.05%
-0.10%
maturity
27
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Simple LPI model: LPI[0,x] fit good

bp spread to RPI swap

0.50%

0.40%

0.30%

0.20%

0.10%

0.00%

—[0,inf] SABR simple LPI -
—a— [0,inf] market
0 10 20 30 40 50

maturity

Simple LPI model: LPI[0,3] fit good

0.00%

-0.20%

bp spread to RPI swap

10 20 30 40 50

-0.40%

—[0,3] SABR simple LPI

—a—[0,3] market —

-0.60%

-0.80%

.

-1.00%

D —

-1.20%

b l— Y

maturity

6/9/2010
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Simple LPI model:

0.00%

-0.20%

-0.40%

-0.60%

-0.80%

-1.00%

bp spread to RPI swap

-1.20%

-1.40%

-1.60%

LPI[0,2.5] fit good

10

20

30

40 50

—[0,2.5] SA

—e—[0,2.5] mal

model -1.317%
VS
market -1.323%

BR simple LPI |

rket

maturity

Simple LPI model:

LPI[3,5] fit poor in 50y

-

0.70%

0.60% -

0.50%

0.40% -

0.30% -

~

model -0.442%
VS

market -0.409%

bp spread to RPI swap

0.20%

0.10%

—[3,5] SABR simple LPI

—e— [3,5] market

0.00%
0

10

20

30

maturity

40 50

6/9/2010

16



Slide 31

m7 mark greenwood, 08/06/2010

Slide 32

m8 mark greenwood, 08/06/2010



Simple LPI model: pros and cons

+ recovers RPI and main LPI swap rates and allows alternative
strikes, maturities and RPI reference dates to be priced quickly

+ risk to the model parameters (the greeks) is quick and simple

Simple LPI model: the greeks

DELTA AND SABR VEGA LADDERS
per £1m notional LPI swap

DELTA DELTA VEGA VEGA VEGA
notional('£m) DELTA lbp notional('Em) atmvol 1bp p 1% v 1%
RPI zc LPI[0,5] LPI[0,5] LPI[0,5] LPI[0,5] LPI[0,5]
30y 30y 30y 30y
5y 498 -11 -0.02 63 251 -251
10y 944 -12 -0.01 207 214 -309
15y 1339 45 0.03 170 230 -467
20y 1756 -40 -0.02 237 243 -625
25y 2186 -72 -0.03 48 270 -667
30y 2620 2094 0.80 -56 169 -432
40y 3436 0 0.00 0 0 0
50y 4204 0 0.00 0 0 0
TOTAL 2003 669 1376 -2752

RPI zc swap notionals (in
£’m) to delta hedge
£1million LPI[0,5] liability

6/9/2010
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Simple LPI model: pros and cons

+ recovers RPI and main LPI swap rates and allows alternative
strikes, maturities and RPI reference dates to be priced quickly

+ risk to the model parameters (the greeks) is quick and simple

+ effects on LPI swap rates and greeks of RPI swap scenarios or
curve moves are readily explored

- is not a true model, recovers RPI zc swap rates but does not
recover market prices of y/y and index options

- does not price other types of LPI swaps or other inflation
derivatives

RPI vs LPI[0,5] swap market rates
4.50% 0.15%
— 30y RPI zc swap rate (LHS)
% 4.250 - —=— 30y LPI zc spread to RPI swap (RHS) L 010%
(&)
S
2 4.00% - - 0.05%
o
-
% 3.75% - - 0.00%
2
% 3.50% - -0.05%
o
& 3.25% - -0.10%
N
Source:
3.00% T T w w -0.15% RBS
Oct 09 Nov 09 Jan 10 Mar 10 May 10
trade date

6/9/2010
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Conclusion and discussion

* The implied RPI volatility smile is an important feature of the
inflation options market. The skew towards expensive
floors/cheaper caps is extreme as a result of lack of natural
supply of floors

* LPI models proposed in literature have had far more general
applicability, but have not emphasised the effect of the smile

* The simple type-4 LPl model presented may assist with
“interpolating” values for LPI liabilities, calculation delta and
vega risks and understanding dealer execution charges for
these greeks.

—
36
Questions or comments?
Expressions of individual views by !
members of The Actuarial Profession
and its staff are encouraged. N -
The views expressed in this presentation -
are those of the presenter.
a7
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