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Abstract

In this paper, we are concerned with the valuation of Catastrophic Mortality Bonds and, in
particular, we examine the case of the Swiss Re Mortality Bond 2003 as a primary example of
this class of assets. This bond was the first Catastrophic Mortality Bond to be launched in the
market and encapsulates the behaviour of a well-defined mortality index to generate payoffs for
bondholders. Pricing this type of bonds is a challenging task and no closed form solution exists
in the literature. In our approach, we adapt the payoff of such a bond in terms of the payoff of
an Asian put option and present a new approach to derive model-independent bounds exploiting
comonotonic theory as illustrated in [I] for the pricing of Asian options. We carry out Monte
Carlo simulations to estimate the bond price and illustrate the strength of the bounds.

1 Introduction

In the present day world, many financial institutions face the risk of unexpected fluctuations in
human mortality and clearly, this risk has two aspects. On one side, life insurers paying death
benefits will suffer an economic loss if actual rates of mortality are in excess of those expected, due
to catastrophic events such as a severe outbreak of an epidemic or a major man-made or natural
disaster. This side of the risk is known in the literature by the name of mortality risk. On the
other hand, pension plan sponsors, as well as insurance companies providing retirement annuities,
are subject to longevity risk, that is, the risk that people outlive their expected lifetimes. For these
institutions, the longer the life-span of people, the greater the period of time over which retirement
income must be paid and, hence, the larger the financial liability.

An unanticipated change in mortality rates will affect all policies in force. Therefore, as opposed to
the random variations between lifetimes of individuals, it cannot be diversified away by increasing
the size of the portfolio. Reinsurance is one possible solution to the problem, but its capacity
is usually limited. Alternatively, the risk may be naturally hedged or reduced through balancing
products. For example, an insurance company may sell life insurance to the same customers who
are buying life annuities. The resulting combination would then reduce the company’s exposure to
future changes in mortality, consequently permitting a reduction of capital reserves held in respect
of mortality or longevity risk. This idea of compensating longevity risk by mortality risk is often
referred to as natural hedging. However, this strategy, as [2] pointed out, may be cost prohibitive
and may not be practical in some circumstances.

As a result, a natural remedy to tackle these risks has emerged in the form of what is known as
mortality securitization which manifests itself in the form of mortality-linked securities abbreviated
in the literature as MLSs. These securities provide a tool in the hands of insurers to transfer
their mortality-sensitive exposures to a vested number of investors in the capital market, offering
them a reasonable risk premium in return. Mortality-linked securities differ from their longevity
counterparts in the sense that while the former have their cash flows linked to a mortality index,



the latter are based upon survivor index. For a more detailed review of the two type of bonds,
one can refer to [3]. In fact mortality-linked securities are also known as Extreme Mortality Bonds
or EMBs or Catastrophe (CAT) Mortality Bonds or CATM bonds since they are triggered by
a catastrophic evolution of death rates of one or more populations. These bonds are extremely
lucrative to the investors because of their potential of providing diversification to the portfolio.
The generous return on these bonds generally does not bear any correlation with the return on
other investments, such as fixed income or equities. From the point of view of the reinsurer these
instruments act as ‘Alternative Risk Transfer’ (ART) mechanisms.

The pioneering MLS was the Swiss Re mortality bond (Vita I) issued in 2003 which is the prime
focus of this paper. This was followed up by the EIB/BNP longevity bond issued in 2004 ([4];
[0]). For the former, the principal of the bond would have been reduced if there had been a
catastrophic mortality event during the life of the bond, therefore allowing Swiss Re to reduce
some of its exposure to extreme mortality risk. On the contrary, the latter was a 25-year longevity
bond, which was intended for UK pension funds with exposures to longevity risk. This bond took
the form of an annuity bond with annual coupon payments tied to the realized survival rates for
some English and Welsh males. However, it did not get the same reception as the Swiss Re bond.
Swiss Re followed up the success of VITA I by launching five more series of VITA bonds with the
latest one being VITA VI which will cover extreme mortality events in Australia, Canada and the
UK over a 5 year term from January 2016. Apart from this Swiss Re also experimented with a
multi-peril bond called “Mythen Re” which synthesized catastrophe and mortality risks, obtaining
200 million US dollars in protection for North Atlantic hurricane and UK extreme mortality risk.
Many other reinsurance giants such as Scottish Re and Munich Re have also issued a score of other
mortality bonds. We refer readers to [6], [7], [8] and [9] for further details. In fact it is interesting
to note that Swiss Re has also launched an innovative ‘Longevity Trend Bond’ called the Swiss Re
Kortis bond in December 2010. Interested readers can refer to [9] and [I0]. A more up to date
list of developments connected to mortality and longevity securities and markets can be found in
[11] and [12]. As an aftereffect of these innovative securities, a number of valuation approaches on
MLS’s have germinated. [13] classify the approaches into the following four heads:

o Risk-adjusted process or no-arbitrage pricing: Under this approach, the first step is to estimate
the distribution of future mortality rates in the real-world probability measure. Then the
real-world distribution is transformed to its risk-neutral counterpart, on the basis of the
actual prices of mortality-linked securities observed in the market. Finally, the price of a
mortality-linked security can be calculated by discounting, at the risk-free interest rate, its
expected payoff under the identified risk-neutral probability measure. An important point
underlying this approach is that it takes into account the actual prices as given. The need
of market prices makes the implementation of this approach difficult. One way to effectively
use the no arbitrage approach is to use a stochastic mortality model, which is, at the very
beginning, defined in the real-world measure and fitted to past data. The model is then
calibrated to market prices, yielding a risk-neutral mortality process from which security
prices are calculated. For instance, [14] calibrate a two-factor mortality model to the price of
the BNP/EIB longevity bond.

e The Wang transform: It is the approach given by [I5], [16] which consists of employing a
distortion operator that transforms the underlying distribution into a risk-adjusted distribu-
tion and the MLS price is the expected value under the risk-adjusted probability discounted
by risk-free rate. The Wang transform was first employed for mortality-linked securities by
[17], and subsequently by other researchers including [I§] and [19]. Based on the positive



dependence characteristic of the mortality in catastrophe areas, [20] develop a pricing model
for catastrophe mortality bonds with comonotonicity and a jump-difusion process. Pointing
out there is no unique risk-neutral probability in this incomplete market settings, they use the
Wang transform method to price the bond. Unless a very simple mortality model is assumed,
parameters in the distortion operator are not unique if we are not given sufficient market
price data. For example, when [21] used their extended Lee-Carter model with transitory
jump effects to price a mortality bond, they were required to estimate three parameters in
the Wang transform. To solve for these three parameters, Chen and Cox assumed that they
were equal, but such an assumption is not easy to justify. In fact [22] has questioned the Wang
transform by stating that it is not a universal financial measure for financial and insurance
pricing. For more details one can refer to [23] and [24].

e Instantaneous Sharpe Ratio: [25] propose that the expected return on the MLS equals the
risk free rate plus the Sharp ratio times its standard deviation.

o The utility-based valuation: The utility based method defines an investor’s utility function
and maximizes an agent’s expected utility subject to wealth constraints to obtain the MLS
equilibrium. For an elaborate discussion one can review [26], [27], [28] and [29].

Apart from the aforesaid methods [30] and [31] use the extreme value theory to measure mortality
risk of the 2003 Swiss Re Bond. For an interesting summary of other methods to price MLS’s one
can refer to [32], [33], [11] and [12].

The methods available in literature for the pricing of MLS’s offer only a limited application due to
restrictions such as availability of price information or specific utility functions. The difficulty in
pricing MLS’s stems from the fact that the MLS market is incomplete as the underlying mortality
rates are usually untradeable in financial markets. As a result, the usual no-arbitrage pricing
method can only provide a price range or a price bound, instead of a single value.

Surprisingly, mortality linked securities, apart from their present day form seem to have a long
history. In the 17th and 18th centuries, so-called ‘tontines’, which were named after the Neapoli-
tan banker Lorenzo Tonti, had been offered by several governments ([34]). Within these schemes,
investors made a one-time payment, and annual dividends were distributed among the survivors.
Hence, while still relying on the investor’s survival, his payoffs were connected to the mortality
experience among the pool of subscribers. These issues were particularly successful in France, but
due to high interest payments, they soon became precarious for the crown’s financial situation (see
[35]). However, this was not only the case with tontines; life annuities, which presented another
large share of the royal debt, were also offered at highly favourable conditions from the investors’
perspective. This carelessness was exploited by the Genevan entrepreneur Jacob Bouthillier Beau-
mont in the scheme attributed to him (cf. [35]). Here, annuities were subscribed on the lives of
a group of Genevan girls for the account of Genevan investors. Thus, their payoffs were directly
linked to the survival of the Genevan “madmoiselles”, and due to the “generous” assumptions of
the French authorities, the schemes were initially highly profitable for the Genevans, the real victim
being the French taxpayer. These speculations came to an abrupt end with the French Revolution
in 1789, for which the budgetary crises caused by the careless borrowing was, undoubtedly, one
major reason. Until the beginning of this century, there has not been another public issue of a
mortality linked security, however, there are indications of recent private transactions resembling
the tontine scheme (see [I8]). For a more detailed overview of the history of mortality contingent
securities the reader is referred to [36] and [37].

Today, all around the world, investment banks and other financial service providers are working



on the idea of trading longevity risk, and the first mortality trading desks have been installed
solidifying that “betting on the time of death is setE|

This paper is concerned with finding price bounds for the Swiss Re mortality catastrophe bond by
expressing its payoff in the form of an Asian put option and using the methodology adopted by [I]
to find a price range for Asian options.

The rest of this paper is organised as follows: the next section describes the structure of the Swiss
Re Bond and expresses its payoff in the form of an Asian put option. Section 3 shows derivations
of the lower bound for the aforesaid bond using comonotonicity. In Section 4, we use the same to
derive upper bounds for the Swiss Re Bond. In Section 5, we illustrate the computation of bounds
by choosing specific models for mortality index. Section 6 portrays numerical results for the derived
theory and compares the results with Monte Carlo price of the bond price. Appropriate figures
that highlight comparisons among the bounds have also been furnished. The concluding section
presents conclusions and avenues for further research.

2 Design of the Swiss Re Bond

As pointed out in the introduction, the financial capacity of the life insurance industry to pay
catastrophic death losses from natural or man-made disasters is limited. To expand its capacity to
pay catastrophic mortality losses, Swiss Re procured about 400 million in coverage from institutional
investors in lieu of its first pure mortality security. The reinsurance giant issued a three year bond
in December 2003 with maturity on January 1, 2007. To carry out the transaction, Swiss Re set up
a special purpose vehicle (SPV) called Vita Capital Ltd. This enabled the corresponding cash flows
to be kept off Swiss Re’s balance sheet. The principal is subject to mortality risk which is defined
in terms of an index ¢, in year ¢;. This mortality index was constructed as a weighted average of
mortality rates (deaths per 100,000) over age, sex (male 65% and female 35%) and nationality (US
70%, UK 15%, France 7.5%, Italy 5% and Switzerland 2.5%) and is given below.

qt;, = Z Cj Z Ag (quZ?j,ti + qu]ijﬁi) (2.1)
j k

where q,’c'?jyti and q,{, jt; are the respective mortality rates (deaths per 100,000) for males and females
in the age group k for country j, C; is the weight attached to country j, Ay is the weight attributed
to age group k (same for males and females) and G™ and G/ are the gender weights applied to
males and females respectively.

The Swiss Re bond was a principal-at-risk bond. If the index ¢ (¢; = 2004, 2005 or 2006 for
i = 1,2,3 respectively) exceeds K7 of the actual 2002 level, qp, then the investors will have a
reduced principal payment. The following equation describes the principal loss percentage, in year
tii

0 if ;; < K1qo
K ,
Li = % if Kigo < qi; < Kaqo (2.2)
1 if q;; > Kaqo

In particular, for the case of Swiss Re Bond, K1 = 1.3 and Ky = 1.5. In lieu of having their
principal at risk, investors received quarterly coupons equal to the three-month U.S. LIBOR plus

!The Business, 08/15/2007, Betting on the time of death is set, by P. Thornton.



135 basis points. There were 12 coupons in all with a coupon value of

SP+LI;
SPALLY ¢
co, = (2.3)

SEL O+ Xr) i =3,

where S P is the spread value which is 1.35%, L1; are the LIBOR rates, C' = $400 million, 7" = ¢3 and
X7 is a random variable representing the proportion of the principal returned to the bondholders
on the maturity date such that

3 +
Xy =C (1 - ZL) , (2.4)
=1

where Zg’zl L; is the aggregate loss ratio at t3. However, there was no catastrophe during the term
of the bond. The discounted cash flow (DC) of payments is given by

12 Co,
DC (r) = —a 2.5
Ry -

where r is the nominal annual interest rate.
Further define

T
YT:/O p(t)dt

where p(t) is the US LIBOR at time ¢. As a result, the risk-neutral value at time 0 of the random
principal returned at the termination of the bond is

P =Eqg|e " X7]

where @ is the risk-neutral measure. However, under the assumption of independence of Y and
X7, this reduces to
P =Eq[e7""[Eq[Xr]

However, for all practical purposes, the literature assumes
P =e "TEg[X7] (2.6)

where Eg[X7] is the expected value under the risk-neutral measure @) and r is the risk-free rate of
interest. In subsequent writing, we drop @ from the above expression.

2.1 The Principal Payoff of Swiss Re Bond as that of an Asian-type Put Option

In fact, we can write X7 given in (2.4)) in a more compact form similar to the payoff of the Asian
put option as shown below:

3 +

Xr=D <CI0 — 5(q, - 1.3qo>+> (2.7)
=1

with

p-¢
qo

(2.8)



and the strike price equal to go. For the sake of simplicity, we use g; in place of ¢;, and define
Si =5 (g — 1.3g0)" (2.9)

and 5
S=>Y_5 (2.10)
i=1
Using (2.9)-(2.10) in (2.7) and plugging the result into (2.6)), we have:
P =De "E[(q — 5)"] (2.11)

Our interest lies in the calculation of reasonable bounds for P. We invoke Jensen’s inequality for
computing the lower bounds and present our findings in the subsequent sections. We exploit this
inequality twice and note that in order to maintain uniformity of having a convex function at each
step, it is beneficial to consider the call counterpart of the payoff of Swiss Re Bond rather than
. We nomenclate this payoff as Py, i.e., we have

P =De "E[(S — q0)"] (2.12)

We then exploit the put-call parity for Asian options to achieve the bounds for the payoff in
question.

2.2 Put-Call Parity for the Swiss Re Bond

We now derive the put-call parity relationship for the Swiss Re Bond. For any real number a, we
have:
(a)" = (—a)T =a (2.13)

So we obtain

3 + 3 + 3
e T (Z Si — q0> —e T (qo - Z Si) =e T (Z Si = qo)
i=1 =1 =1

On taking expectations on both sides, we obtain

3 + i 3 +
e "TE (Z S; — q0> — e "TE (qo — Z SZ) =e¢"TE
i=1 =1

Finally, on multiplying by D and expanding the definition of S;, we have

3
Z S — QO]
=1

M 3
P—P=De"E Z 5(qi — 1.3g0)" — qo]
=1

3

= P —P=De T [5 > e (130, 1) — q0] : (2.14)
i=1

where C (K, t;) denotes the price of a European call on the mortality index with strike K, maturity

t; and current mortality value gyg. This option would be in-the-money if the mortality index is more

than 1.3¢gp which is the trigger level of Swiss Re bond. Clearly, such instruments are not available



for trading in the market at present. But a complete life market is in the making and we feel such
securities will soon be introduced (c.f. [38] and [6]). The pay-off structures, i.e. the design of the
issued securities and the mortality contingent payments should be developed to appear attractive
to investors and the re-insurer. Although, the Swiss Re bond was fully subscribed and press reports
highlight that investors were quite satisfied with it (e.g. Euroweek, 19 December 2003), the market
for mortality linked securities still needs innovations such as vanilla options on mortality index
to provide flexible hedging solutions. Investors of the Swiss Re bond included a large number of
pension funds as they could view this bond as a powerful hedging instrument. The underlying
mortality risk associated with the bond is correlated with the mortality risk of the active members
of a pension plan. If a catastrophe occurs, the reduction in the principal would be offset by reduction
in pension liability of these pension funds. Moreover, the bond offers a considerably higher return
than similarly rated floating rate securities (c.f. [4]). In a manner similar to [36], we feel the success
of the life market hinges upon flexibility. As a result, such option-type structures enable re-insurer
to keep most of the capital while at the same time being hedged against catastrophic mortality
situation. [39] present an interesting note on the trigger level of 1.3gg in context of 2004 tsunami
in Asia and Africa. A mortality option of the above type would become extremely useful in such a
case. [20] and [40] decompose the terminal payoff of the Swiss Re bond into two call options.
Equation gives the required put-call parity relation between the Swiss Re mortality bound
and its call counterpart. Define

3
G=De " |5 e™C (1.3g0,t:) — qo (2.15)

=1

Clearly, if we bound P; by bounds I; and uj, then the corresponding bounds for the Swiss Re
mortality bond are as follows
(h—)P<P<(u—G)" (2.16)

3 Lower Bounds for the Swiss Re Bond

We now proceed to work out appropriate lower bounds for the terminal value of the principal paid
in the Swiss Re Bond. For this we first calculate bounds for the following Asian-type call option

n +
(Zsi - QO> ] (3.1)

with 7" = ¢, and n = 3. The interval [0, 7] consists of the monitoring times t1,ts,...,t,—1. The
undercurrent of the theory presented in this section is the paper by [I]. In an attempt to estimate

the value of the Asian call option, the authors derive four lower bounds namely trivial, LB, LBLSU

P, =De"TE

and LB§2), which are sharper in increasing order in sense of their proximity to the actual value of
the Asian call. The underlying assumption they make in deriving these bounds is that European
call prices with arbitrary strikes and maturities are available in the market. Although, as our
previous discussion indicates, such securities with the underlying as the mortality index have not
appeared on the horizon as yet, but would be indispensable for the development of a complete life
market. The first step towards designing of such securities is the need for a benchmark longevity
index. The formation of Life and Longevity Markets Association (LLMA) in 2010 was an important
milestone in this direction. The LLMA promotes the development of a liquid trading market in
longevity and mortality-related risk, of the type that exists for Insurance Linked Securities (ILS)



and other large trend risks like interest rates and inflation. There have been a few mortality indices
created by various parties but we still lack a benchmark. [41] throws light on various longevity
indices.

Invoking Jensen’s inequality, we have

o))

Zi =5(E(¢|A) — 1.3g0) ;i =1,2,...,n (3.3)
As a result in , we have obtained
n +
<ZZ1' - %) ] (3.4)
i=1

n +
(Zsi - %)
i1

On investigating the relationship between E ZZi
i=1

.
<5Z (ailA) — 1.3g0)" —qo> ] (3.2)

We now define

n

>

i=1

E iSZ] > E
i=1

and E , we find that

(3.5)

n
D 7
i=1

On lines of ([2.10)), define
7= 7 (3.6)
so that we can rewrite (3.4) as

E[(S—q)"] ZE[(Z - q)"] (3.7)

In fact, the two sides of the inequality in (3.7)) are essentially the stop-loss premiums of S and Z.
Thus, we have obtained

or

S >Sl Z Qz|A — 1. 3(]0)

Now, suitably tailoring the inequality . ) to suit our need of the Asian-type call option by mul-
tiplying by the discount factor at time 7', we obtain

N
<Z5 (@:A) = 1.3q0)" —qo> ] (3.9)

To exploit the theory of comonotonicity see for example in [42], we now have to show that the
lower bound for 9, i.e. S’ can be formulated as the sum of stop-loss premiums. This task becomes
trivial if we can choose the conditioning variable A in such a way that E (¢;|A) is either increasing
or decreasing for every 4, so that the vector: q! = (E(q1|A),...,E(gu|A)) is comonotonic. This
automatically implies that the vector: Z! = (Z1,...,%Zy,) is comonotonic. As a result we have

P, > De"TE




B[S~ a)'] ZE[(Z P Fr )| (3.10)

where Iy ! is the generalized inverse defined in the usual way:
Fy! (p) = inf{z € R|Fx (z) > p}, p€[0,1] (3.11)
Further, by the definition of cdf, we have
Fz(q0) =P [Z < qo] ZZ <q| =P | 5(E(glA)—1.390)" <o (3.12)

=1

Thus, we have been able to obtain a stop-loss lower bound for S = ", S; by conditioning on an
arbitrary random variable A, i.e.,

P> DTy R {(5 (B (4A) — 1300)" — ' (F (QO)))T . (3.13)

=1

3.1 The Trivial Lower Bound

In case, if the random variable A is independent of the mortality evolution {‘It}tzm the bound in

(3.9) simply reduces to:

P, > De'TE

.
<Z5 () — 1.3q0)* —qa> ] (3.14)

or even more precisely as the outer expectation is redundant

+
P, > De T (ZB (¢i) — 1.3q0)" — q0> . (3.15)

=1

Under the assumption of the existence of an Equivalent Martingale Measure (EMM), Q, the dis-
counted mortality process is a martingale, so that

E [¢] = qoe™. (3.16)

If we substitute this in equation (3.15)), we obtain a very rough lower bound for the Asian-type call
option

i=1

n +
P> Ce'T (Z 5 (e —1.3)" - 1) =: lby. (3.17)

In the light of put-call parity derived in section 2, the trivial lower bound for the Swiss Re mortality
bond is given as
P> (1lby—G)* =: SWLBy. (3.18)

where G is defined in (2.15)).



3.2 The Lower Bound SWLB;

To improve upon the trivial lower bound, we choose A = ¢; in (3.13). Using the martingale
argument for the discounted mortality process

E [Qi’(h] =E [ert,-e—rth |q1] — (ti—t1)q1

Then the random vector (ql, ert—ti) g, ,eT(t"*tl)ql) is comonotone. Equation (3.13]) then re-
duces to

n
P> De—’”TZE

(5 (e““‘“)ql - 1.3qo)+ — F, ' (Fz (qo)>>+] : (3.19)

where by the definition of cdf, we have

n

Jr
Fz(q)=P[Z<q]=P |5 (er(tf_“)cn - 1-3qo) < qo
j=1

Jr
= Fz (q0) Z5< (-t 4L 1.3> <1

Now, as the left hand side of the inequality within the probability is an increasing function in ¢1 /qo,
we have that Z < ¢ if and only if ¢; < xqp, where we substitute x for ¢; /gy in the above probability
and obtain its value by solving

n

3 (J“ftl):c - 1.3)+ = 0.2 (3.20)

=1

As a result, we have
_ _ r(ti—t1),. _ + .
Fz (q0) = Fy, (xq0) = Fz, | 5qo0 € x—1.3 Vi (3.21)

Plugging into , the lower bound reduces to
R [ (COTT S S et ﬂ
1.3g0 \ 7" !
= 5D6TTZ;6T(t¢t1)E <<q1 — er@%) —qo (a: e T ) ]
_ 5D€—rTznzer(ti—tl)E <Q1 Cw (13 N (x 13 >+>>+]
v or(ti—t1) or(ti—tr)

Z" 1.
= 5D C_T(T_ti)c (qo.maX (.Z', (t3tl)> s tl) = lbl (322)
er\ti—
=1

where C (K, t1) denotes the price of a European call on the mortality index with strike K, maturity
t1 and current mortality index qg. The function 1b; provides a lower bound for the Asian-type call
option in terms of European calls at each of the times such that these contracts have maturity

t1 and strike ggp. max (m, ﬁ) at the ith time point. This bound holds for any arbitrage-free
e\t

10



market model and is a significant improvement over the trivial bound given in . Invoking the
put-call parity derived in section 2, the corresponding lower bound for the Swiss Re mortality bond
is given as

P> (1b; —G)t =1 SWLB;. (3.23)

where G is defined in ([2.15)).

3.3 A Model-independent Lower Bound

As the next step, we suggest that the bound SWLB; can be improved by imposing the following
additional assumption

Zqz > Zq”/t i/ Z (3.24)

for0<t<Tand j=min{i : t; > t}. Clearly,

n

> 5 (B(qlg) —1.3¢0)" = Z 5 (E (gilgr) — 1.3q0) " + 25 (ilar) — 1.3q0) "
=1 =7
j—1 ¢ t;/t + n ¢ +
- Z 5q0 <(t> — 1.3) + 25% (termt) _ 1.3)
i1 4o = 40
= Sk (3.25)

Evidently, S2 is the same as Z in (3.6)) with A being replaced by ¢; and thus from (3.8)), we have
S >4 5P (3.26)
As before, let j = min {i : t; > t}. Consider the components of S2 in equation (3.25) and define

Y = (Y1,...,Y,), where
qt ti/t * . -
v 540 ((qo) _ 1.3) i <

g0 (%) 0 —13)" i >

i1 =1,2,...,n. Clearly, Y is comonotonic since its components are strictly increasing functions of a
single variable g;. So, the stop-loss transform of S% can be written as the sum of stop-loss transform
of its components (see for example in [42]), i.e

E{(Sb——m0+}::ﬁéE[(m-—Fglu%a<m00+] (3.27)
=1

where Fgu, (qo) is the distribution function of S evaluated at go such that for an arbitrary ¢, we
have:

Fg, () = P[S” <o

- z(()/) oo ((2) e -19) <
- P_Zé((j{i)ti/t—ls) +Z(( ) rtit) 1.3)+§0.2

11




Clearly, S < qq if and only if ¢; < 2qo, where we substitute = for ¢;/qo in the above expression
and obtain its value by solving:

ji <xt"/t - 1.3)+ + Zn: (xe’”“i—“ - 1.3)+ —0.2. (3.28)
=1 i=j

As a result, we have:

Fy, (500 (a4 = 1.3)) i<

Fgi, (q0) = Fy, (zq0) =

Using this result in equation (3.27)) and recalling the definition of the Asian-type call option given

in ([3.1)) along with the stop-loss order relationship between S and S* as given by equation (3.26)),
we obtain

P> DT (ZE (- B (s <qo>>)+D
=1

j—1 i/ +
_ ce—T’T<ZE (5 ((;ﬁ)t - 1.3) —5 (acti/t . 1.3)+>
i—1 0

+

1=
Jj—1 +
1 _ _ +
- 5Ce’”T< B <qf1/t — g <1.3 + (a:ti/t — 1.3) >) ]
i=1 4o
" er(ti=t) 1.3 13 \\ )"
2 Bl eu—t>+<x‘e<t-t>>

— 5pe T <§ qé_ti/tE [(qi"/t _ qéi/t. max (xti/t’ 1'3>>+]
i=1

= 1.3
+ Ze t'LC (qO.maX (.17, W) ) t) >

i=j

_op® (3.29)

In fact, lb§2) is a lower bound for all ¢ and so it can be maximized with respect to ¢ to yield the
optimal lower bound as given below:

P > max b (3.30)

On choosing t = t; implies j = 1 and so equation ({3.28)) reduces to (3.20) and we obtain
b2 = Ib;. (3.31)

As a result we have

max 1b{® > Iby.
0<t<T

12



Clearly, once again, as in the previous sections, we have
+
P> (b —G) = swLf?. (3.32)

where G is defined in (2.15). We now move on to the derivation of an upper bound for the price of
Swiss Re bond in the next section.

4 Upper Bounds for the Swiss Re Bond

We now derive a couple of upper bounds for the Swiss Re bond.

4.1 A First Upper Bound

This section will focus on finding an upper bound for the bond in question by using comonotonicity
theory. Define the comonotonic counterpart of q = (¢1,...,q,) as q* = (FSTl1 U), ...,stnl (U))
where U ~ U (0,1). Further define

5S¢ = Zn:FSf (U) = ansgf. (4.1)
i=1 =1

Clearly,
S <er S€ (4.2)

where cx denotes convex ordering (see for example in [42]). In other words,

+
E <ZS¢ - %) <E (ZS: - %) ] = ZE |:<Sz — FSTil (Fsc (qo))) :| . (43)
i=1 i=1 i=1
As a result, an upper bound for the call counterpart of the Swiss Re bond is given as
" +
P < De7TYE [(S — Fg' (Fse (qo))) ]
i=1
d Fg! (Fse (@) )\
= 5De"TY E i — | 1.3 5 e T
38 0 (1004 5
= 5De "y "emiC (1.3q0 + M, ti> : (4.4)
i=1 E
As a result we can write the upper bound given above as
L. Fg,' ()
P < 5De—7"Tz; ertic (1.3(]0 + 515 i (4.5)
1=
where x € (0, 1) is the solution of the equation
n
> F!(z) = (4.6)
i=1

13



We now seek to express the inverse distribution function of S; in terms of that of ¢;. Let

yi:FS:l(x); yi >0 (4.7)

=z = Fyg (yi)
= P[5(¢i — 1.3q0)" < i
= 1-P[5(q —1.3q)" > yi]
_ 1—P[qi> 1.3q0+%}
_ vi
- F, (1.3q0+ 5). (4.8)

= y; =5 (F; ' (x) — 1.3q0) - (4.9)
From equations , and , we conclude that the upper bound is given as
n
P < 5De_’”TZ eric (Fq:1 () ,ti) =: ub;. (4.10)
i=1

where using equations (4.6) and (4.9)), we see that z solves the following equation

ZF ( + 6.5n). (4.11)

As in the case of lower bounds, invoking the put-call parity of section 2, we have for the Swiss Re
bond
P < (ub; — G)" =: SWUB;. (4.12)

where G is defined in (2.15)).

4.2 An Improved Upper Bound by conditioning

We now seek to obtain a sharper upper bound for the Swiss Re bond. This is possible if we assume
that some additional information is available concerning the stochastic nature of (q1,q2, ..., qn)-
That is, if we can find a random variable A, with a known distribution, such that the individual

conditional distributions of ¢; given the event A = X are known for all ¢ and all possible values of
A
Define

Z s (U) =Sk (4.13)
=1

where U ~ U (0,1). Then we have
S <ex 5% <ex S° (4.14)

u _ u u : -1 1 . .
where we Now let q* = (S, ..., S¥). Since (Fsl\AzA’ o Fg A= A) is comonotonic, we have,

Fal o ( Z siaa (P), pE(0,1). (4.15)
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It follows that, in this case

n
Y Fyhon (Fsuaz (0)) = 0. (4.16)
i=1
and so we have

n + n
(ZS? —QO> = ZE {(S F§|A 5 (Fsujazx (CIO)))+

By applying the tower property and using the convex order relationship given by (4.14)), we obtain
an upper bound for the call counterpart of the Swiss Re bond, i.e.,

P, < DeTE[(S" - q0)"]
= DeE[f (V)]

= D€_TTZ/OOE [ S FE\A A (F5u|A:>\ (q0)))+
=1~
n 00 —1 WA — *
_ 5De—rTZ/ E <Qi_ (1.3q0+ Fgla=x (Fz |A=A (%)))) A= a| dFy (V)(418)
i=1Y —®°

Given the event A = )\, let = be the solution to the following equation.

Z 5 ‘A L () = qo. (4.19)

A= A] . (417)

A= )\] dFy (\)

Further, we see from equation (4.16)), that 2 = Fguja—x (qo). It therefore follows, as a result of
equation 93 of [42] that an upper bound for the call counterpart of the Swiss Re bond is given as

-l

- [ Si|A= A () !
Py <5De”" Z/ Ellg—(130+—F— A=X\|dFy()). (4.20)
i=17 7
where x is obtained by solving (4.19)). Moreover, it is straightforward to write

Fyhvoy (@) =5 (Fy oy (@) = 134 ) (4.21)

As a result, the upper bound can be rewritten as
n 00 +
Pi < 5D6’"TZ/ b [@ ~ Frho @) ’A = A} dFy (\) = ub{" (4.22)
i=1Y 7

where z € (0,1) can be obtained by solving the equation
n

Fol (@) = 5 % (14 6.5n). (4.23)
=1

Since this is is an upper bound for all ¢, it follows that we can find the optimal upper bound by
minimising equation over t € [0,T]. As before, invoking the put-call parity of section 2, we
have for the Swiss Re bond N

P< <ub§1) - G) = SWUBY. (4.24)

where G is defined in (2.15)). As remarked earlier, this bound improves upon the unconditional

bound given by (4.12]).
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5 Examples

We now derive lower and upper bounds by choosing specific models for the mortality index.

5.1 Black-Scholes Model

Let us consider the case where the mortality evolution process {Qt}tzo follows the Black-Scholes
model (c.f. [43]) which we write as ¢; = eUt, where {Ut};> is defined as:

O'2 «
U = log, (q0) + <r — 2> t+ oW, (5.1)

where {W;},~, denotes a standard Brownian motion so that W;* ~ N (0,t). As a result

2
U ~N <loge q + <r — 02> t, 0215) (5.2)

We now derive lower and upper bounds for this model on the lines of SWLB§2) and SWUB%I)
respectively.

5.1.1 The Lower Bound SWLBEBS)

We know that if (X, Y) ~ BVN (u Xy, 0%, 0%, p) where BV N stands for bivariate normal distri-
bution, the conditional distribution of the lognormal random variable eX, given the event ¥ =y
is given as

log, x — (ux + pgx (log.y — uy))
oxy\/1—p?

where ® denotes the c.d.f. of standard normal distribution. Given the time points t;, ¢ for each

i, let p be the correlation between U, and U;. Then, from (5.2)), it is evident that: (U, U;) ~

BVN (uUti, NUtaU%f,»U[QJt’ ,0), where the same equation specifies KU, » uUt,a?]t_ and a%t. Also as

q = eVt, we have from equation (5.3) that the distribution function of ¢; conditional on the event
q: = St 1s given as

FeX‘eY:y (x)=®

(5.3)

Folqi=s: (z) =@ (a(z))

where a () is given by

o~ (o (1 (2)"7) + (-~ %) - v
a(x) = =) .

As the differentiation of c.d.f. yields the p.d.f., therefore the conditional density function of ¢; given
q: = s; satisfies the following equation:

(5.4)

Fotmss () = Wwa (2)), (5.5)

where ¢ denotes the p.d.f. of standard normal distribution. We consider the following proposition
before unraveling the improved lower bound.
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If we assume that the mortality evolution process {¢},~, be defined as ¢; = eVt where Uy is given
in equation ([5.1)), the conditional expectation of ¢; given ¢ is given by the expression
.

o 2,
9 (3—;) CeTmtt) p <t
grem it t; > t.

E (¢ilq:) = (5.6)

We utilize this expression to obtain a lower bound for Asian call option under the Black-Scholes
setting. Define: SB = Yo, Y;, where exploiting (5.6, under the Black-Scholes case, Y;, i =
1,2,...,n are given by

ti/t o2 i +
540 <(g§)) e Tart(t—t) _ 1.3) i <
Yi= .
540 ((%) er(ti=t) _ 1.3) P>

Evidently, Y = (Y1,...,Y,) is comonotonic and so we have
s + . —1 +
E|(s"—q) | =3 B|(Yi- 5 (Fau (@) |, (5.7)
i=1

where Fgi; (qo) is the distribution function of S!s evaluated at go. For an arbitrary t, we have

Fa; (@) = P [Sls < QO}

[j-1 o\ B/t S t  n @\ +
- P 5qo () ez ) _13] 4+ 5g <<> erlti—t) _ 1.3) < q
> (3 2

= 4q0

ISV (@) e '

= P = ezt () 13 + <<> erlti—t) 1.3) <02|. (5.8
> () ) (G <07 69
_2—1 =]

As in the previous section, we substitute x for ¢;/qo and solve for z, using the equation:

j_l G2ti + n +
> (xti/ten@—ti) _ 1.3) +) (a:e’“(“—” - 1.3) =0.2. (5.9)
=1 i=j

This is indeed straight forward, noting that the left hand side of this equation is strictly increasing
in x. This yields:

02 ; +
Fy. <5q0 <mti/t62§’<tti>—1.3) ) i < j,
Fgis (q0) = Fy, (2q0) =

Fy, (500 (we 0~ 1.3)") i>j.

Substituting this in equation (5.7)), recalling the stop-loss order relationship between S and S as
given by equation (3.26)), applying it for S%, splitting the terms and multiplying by the averaged
discount factor as done in the last section, we obtain

P > De'T <ZR:E [(y ~ By (Fg (qo)))+]>
=1
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+
ot 2 +
(”tem(t” /<13+< it 5t (t=ts) _ 1.3) )) ]
B 1.3 . 13 V1))
B0\ o T\ ey
+
( t; /teff;t (t—t;) _ qéi/t.max <xti/tegjfi(tt¢), 1'3>> ]

" 1.3
+ Ze tZC <q0.max <ﬂ77 67”(tzt)> s t> ) (510)

i=j

We denote the term within the first summation as F; and its value is given below.
a2ti
E; = 5o (e”@ (d14i) — max (xti/te%(t_ti)7 1.3> i) (dm)> (5.11)

where do,; and di4; are given respectively as

a; _a
i = — o (dqo 2;% <T ’ ) : (5.12)
diai = d2ai + U\% (5.13)

and da; is given as

t/ti
1.
da; = qo. | max [ 2/t 273 (5.14)
e 3 L(t—t;)

Inserting (5.11)) in (5.10]), we achieve the lower bound lbl(t ) as follows

it o2t;
P > 5De”"T < Z qo0 <€rtiq) (dlai) — max <xti/t62tz(tti)7 1,3> P (d2ai)>
i=1
= 1.3
rti
+ Ze C (qo.max (x, M) , t> >
i=j
= Y, (5.15)

The bound lb,EBS) can undergo treatment similar to lbgz) in sense of maximization with respect to
t yielding
P, > max 1b{%Y. (5.16)



An interesting comment in the passing is that as we calculate E [¢;|q;] explicitly, rather than finding

a lower bound for it, clearly lbgBS) improves on 1b§2) in the case where {¢} follows the Black-Scholes

model. Again, as before, exploiting the put-call parity,
+
P> (1b§BS) - G) —: SWLB{PY). (5.17)
where G is defined in ([2.15)).

5.1.2 The Upper Bound SWUB!?”

In section 4.2, we have shown that the upper bound SWUB; can be improved by assuming that
there exists a random variable A such that Cov (Xj;, A) # 0 Vi. Suppose this assumption is true here
and the mortality index {¢:},~, depends on an underlying standard Brownian motion {Wt}te[o,T}-
Then, from equation , we see that an upper bound for the call counterpart of the Swiss Re
bond is given as

P < 5De_’"T§; /_ O;E [(q —F e (x)>+‘Wt = w] d® <\%> (5.18)

where using (4.23)), we see that z is obtained by solving the following equation

n

— q0
ZFqith:w (x) = (1+65n). (5.19)
=1

An explicit formula for the conditional inverse distribution function of ¢; given the event Wy = w,
is provided by the following result.

Proposition 1. Under the assumptions of the Black-Scholes model, conditional on the event Wy =
w, the conditional distribution function of q; is given by

P
e v (5.20)
qi|We=w (T—ﬁ)t-—&-ow—&-o (ti—t)®~ ' (x) .
Qe 2/ ' =

where j = min{i:t; > t}.

Proof. Let usset X =oW,,, Y =W, and y = € in (5.3). Then we obtain the following expression

for the conditional distribution function of e®"* given the event W; = w.

log, s — pa\/ttzw
F ow,, . (5.21)

R A N

(s) = z if and only if

It then follows that F' Vi [ Wi=w

t.:
A (1 2 -1
s F_c,—l ( ) epay/tw-‘ra ti(1—p2)P ()
e” "t | We=w

We can then obtain equation ((5.20]) by noting that p = /(¢; A t) (¢; V t) and the following expression
for the inverse conditional distribution function of ¢; given W; = w.

o2

_ -5 )t =1

F1 = (" 2 ) ‘P
@i|Wy=w — 90€¢ Wi |Wy=w

This completes the proof. O
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It is of note that Fq__‘lwt:w is continuous when t = ¢; (that is if, for some i, we have i = j). From

equation ([5.19)), we then wish to solve the following for z.

§ e(r—é)ti-l-cr%w-l-aw/ %(t—ti)fb_l(x) i Zn:(a(r—%)ti—i-aw—i-a (t;i—t)® () — 0.2+ 1.3n. (522)
i=1 i=j

As a result, using equation([5.18)), the improved upper bound for the call counterpart of the Swiss
Re bond in the Black-Scholes case is given by the following set of equations

00 n o (A 2N, o Litt )
5C€_TT/ (Ze(r ;titt )tH‘ tA P (Cgl)) _ (02 + 1371) (1 — ZL‘))d(I) <’U)>
i=1

P <
b . Vi
= ubPY, (5.23)
. L) — -l Py
Cgl) _ Jo/3 (t—t;)— o (2) 1<, (5.24)
o\/(t; —t) — &7 (z) i> 7.

where z € (0,1) solves equation . The optimal upper bound in this case is then given by
minimising equation over ¢t € [0,T]. As before, invoking the put-call parity of section 2, we
have for the Swiss Re bond

P < (ub} — G)" = swuB{®Y (5.25)

where G is defined in (2.15)).

5.2 Log Gamma Distribution

The log Gamma distribution is a particular type of transformed Gamma distribution. The mortality
index ‘q’ is said to follow log Gamma distribution if

log.q — p
g

=z ~ Gamma (p,a), (5.26)

where p,0,p and a are parameters (> 0) and log is the natural logarithm. Useful references for
reading about transformed gamma distribution are [44], [45] and [40].

5.2.1 The Lower Bound SWLBgLG)

For the log-gamma distribution we obtain the following compact expression for lbgz) and then
subtract G from it to obtain SWLB%LG).

lb§2) _ 5C€_TT<j_1 qo_ti/t ((eatf;p {1 G (d’% P, g”>] - K [1 -G (dlg, p)})

i=1
n o _r(ti—t)
(&
2

=7

(q0€™ [1 = G (dv, p)] = K2 [1 = G (da, p))]) > (5.27)

where we have

” lt‘ ! / l d, - / + t/tl
o' =10 o =1 (qoem )P dy = T E g = g (1.3+ (mti/t - 1.3) > ,
g
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NCIL 1.3 1.3\ InKy — p
Kl—(dl) ’KQ_qO<W+<$_M> >7d1_(WM’d2_dl+an2_u

o1
G(z,p) = / — P e %y,
(@.2) o I'(p)

and

G (x,p, O'ﬂ> = /x ﬂxpfle_(””m)dx.
0

I (p)

6 Numerical Results

The stage is now set to investigate the applications of the theory derived in the previous sections.
We have successfully obtained a number of lower bounds and an upper bound for the Swiss Re
bond in sections 3 and 4. In section 5 we have furnished a couple of examples. We now test these
vis-a-vis the well-known Monte Carlo estimate for the Swiss Re bond. We assume that C = 1 in
all the examples. We first carry out this working under the well known [43] model in finance and
then for a couple of transformed distributions. The nomenclature for the bounds has already been
specified in sections 3 and 4.

In tables 1 and 2, we assume that the mortality evolution process {¢;},~, obeys the Black-Scholes
model, specified by the following stochastic differential equation (SDE)

dqy = rqidt + oqdW;.

In order to simulate a path, we will consider the value of the mortality index in the three years that
form the term of the bond, i.e., n = 3. In fact we consider the time points as t; = 1,...,t, =T = 3.
We invoke the following equation to generate the mortality evolution:

1
Qt; = Gt;_, €Xp [<T - 202) ot + J\/&Zj:| Zj~N(0,1), j=1,2,....,n (6.1)

We highlight below the parameter choices in accordance with [46]. The value of the interest rate
is varied in table 1 while table 2 experiments with the variation in the base value of the mortality
index while assuming a zero interest rate. Parameter choices for tables 1 and 2 with ¢ specified in
terms of years are:

go = 0.008453, T'=3, tg =0, n =3, o = 0.0388.

Table 2 is followed by figures 1-3. While figures 1 and 2 depict comparisons between the bounds,
figure 3 portrays the price bounds for the Swiss Re bond generated by the Black-Scholes model.
We will let MC denote the Monte Carlo estimate for the Swiss Re bond.

Table 1 reflects that the relative difference (= %) between any bound and the benchmark
Monte Carlo estimate increases with an increase in the interest rate for a fixed value of the base
mortality index qg. This observation is echoed by figure 1. On the other hand, figure 2 depicts the
difference between the Monte Carlo estimate of the Swiss Re bond and the derived bounds. The
bound SWLB%BS) fares much better than SWLB;. The absolute difference between the estimated
price and the bounds increase as the value of the base mortality index is increased and then there
is a switch and this gap begins to diminish. This observation is supported by the fact that an
increase in the starting value of mortality increases the possibility of a catastrophe which leads to

the washing out of the principal or in other words the option goes out of money.
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We now consider an additional example. Assume that the mortality rate ‘¢’ obeys the four-
parameter transformed Normal (S,) Distribution (for details see [47] and [44]) which is defined
as follows

sinh ™1 (q ; a) =x~N (,u,ch) , (6.2)
where a, 3, 1 and o are parameters (3,0 > 0) and sinh~! is the inverse hyperbolic sine function.
For table 3, we vary the interest rate as in table 1 and use the parameter set employed by [26]. The
aforesaid authors use the mortality catastrophe model of [46] to generate the data and then utilize
the quantile-based estimation of [48] to estimate the parameters of the S,-fit. The initial mortality
rate and time points are same as for tables 1 and 2. The following arrays present the values of the
parameters for the three years 2004, 2005 and 2006 that were covered by the Swiss Re bond.

a = [0.008399,0.008169, 0.007905], 5 = [0.000298, 0.000613, 0.000904],

1 = [0.70780,0.58728,0.58743] and o = [0.67281, 0.50654, 0.42218].

The value of SWLBgQ) in table 3 has been calculated by using ‘Numerical Integration’ in MATLAB
since the first term in can not be calculated mathematically. Table 3 adds weight to the claim
that the bounds are extremely tight for a large class of models assuming a variety of distributions
for the mortality index. Finally in tables 4 and 5, we experiment with log gamma distribution by
varying the interest rate in table 4 and the base mortality rate in the the latter. The parameters
are chosen as in [40] who employ an approach similar to [26] outlined above with go = .0088 but
use maximum likelihood estimation to obtain the parameters of the fitted log gamma distribution.
As before, the following arrays present the year wise parameters

p = [61.6326,64.2902, 71.8574], a = [0.0103,0.0098, 0.0080],

p = [—5.2452, —5.4600, —5.7238] and ¢ = [7.4 x 107°,9.5 x 107°,9.4 x 1079,

Tables 4 and 5 clearly shows that even for non-normal universe, the bounds are extremely precise.
Figures 4-6 are drawn on the lines of figures 1-3 and strongly support our observation.

7 Conclusions

Mortality forecasts are extremely significant in the management of life insurers and private pension
plans. Securitization and construction of mortality bonds has become an important part of capital
market solutions. Prior to the launch of the Swiss Re bond in 2003, life insurance securitization
was not designed to handle mortality risk.

This article investigates the designing of price bounds for the Swiss Re mortality bond 2003. As
stated in [49], an incomplete mortality market that has no arbitrage guarantees the existence of at
least one risk-neutral measure termed the equivalent martingale measure () that can be used for
calculating fair prices of mortality securities. We rely on this fact and devise model-independent
bounds for the mortality security in question. To the best of our knowledge, there is only one
earlier publication by [I3] in direction of price bounds for the Swiss Re bond. However, these
authors propose gain-loss bonds that suffer from model risk. Our results assume the trading of
vanilla options written on the mortality index, as in that case one can use the market price of these
options to create bounds which are truly model independent. A worthy observation is that the
stimulant for the present work is the theory of comonotonicity. One can therefore easily extend
this approach for computing tight bounds for other mortality and longevity linked securities.
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Figure 1: Rel. Diff. of SWLBt(2), SWLBt(3) and SWUB w.r.t. MC estimate under Black-Scholes model
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Figure 2: Comparison of different bounds under B-S model in terms of difference from MC estimate for r=0
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Figure 3: Price Bounds under Black-Scholes model for the parameter choice of Lin and Cox(2008) Model
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Figure 6: Price Bounds under Transformed Gamma Distn. for the parameter choice of Lin and Cox(2008) Model
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