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Data and problem

o Data CMI assured lives
— Age: 20to 90
— Year: 1947 to 2002

e Problem: forecast table to 2046

Plan of talk
e P-splinesin 1-dimension
e P-splinesin 2-dimensions
— Lee-Carter model
— Age-Period-Cohort model
— 2-d P-splines

Gompertz model
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Simple Gompertz

Quadratic Gompertz
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Regression basis
In ordinary regression we use basis like
Linear basis: {1,z}
Quadratic basis. {1, z,22}

Polynomial basis:  {1,z,z?,... 2P}

Means and fitted values are linear combinations of the basis functions

log u = a + bz, log ji = @ + ba
log it = a + bx + cx?, log,&:El—l—l;:Jc—i-é:E2

logp=a+bix+ ...+ bya?, logﬂ:d+l;1m+...+bpxp

Generalised linear models
Model fitting uses the Generalised Linear Model framework.

do ~ P(EGpa)

and logESu, = logFES+a+bx
2

or logESu, = logE;+a+bx+ ca”.

B-spline basis
A B-spline regression basis uses local basis functions.
B-spline basis: {Bi(z), Ba(x),...,By(x)}

where By (x), Ba(x), . .., Bp(x) are B-splines.

Means and fitted values work the same way

P P
log it = ZGJ-BJ-(:E), log fi = ZHij(x)
1 1

A single cubic B-spline
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Cubic B-spline basis B-spline regression
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Penalties

B-spline regression

log(Mortality)
-3.6 -34 -3.2

-3.8

-4.0

Eilers & Marx (1996) imposed penalties on differences between adjacent
coefficients.

Py(0) = (01 —200+03)* + ...+ (0p—2— 20,1 +6,)°
= 0'DyDy0
where D, isadifference matrix.
P,(0) isaroughness penalty.
Estimation is via penalised likelihood

PL(0) = L(0) — 120’ Dy D50

Age 70 °

where X isthe smoothing parameter which balances fit and smoothness.

Number of B-splines: 23 . .
P e B-splineregression (A = 0)

e Linear regression (A = o)
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P-spline regression

Forecasting to 2046
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L ee-Carter model
Forecasting to 2046 Lee& Carter (1992)
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Smooth Lee—Carter: ages 40 to 90
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Discrete Age-Period-Cohort model

log pij = o + B + vi—j,

20 <17 <90, 1947 < 5 <2002

Smooth Age-Period-Cohort model

a — Bg,a,

B — Byb7

~ — B.c

log(mortality)

log(mortality)
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2-d modelling of mortality tables
e Let B,, 71 x 13, beal-d B-spline basis for modelling a single age.

e Let By, 56 x 10, be al-d B-spline basis for modelling asingle year.

Can we combine the marginal bases B,, and B,, to make a 2-d basis?
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2-d modelling of mortality tables

Regression matrix

The Kronecker product organises the multiplication of the marginal basesto

give the regression matrix

B =B, ® B,, 3976 x 130.

Penaltiesin 2-d

e Each regression coefficient is associated with the summit of one of the hills.

e Smoothnessis ensured by penalizing the coefficients in rows and columns.
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Summary of results

DEV

TR

BIC

Rank

2-d

6832

63

7357

-6.5

-7.0

Summary for age 40
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Summary for age 70 Summary for age 80

log(mortality)
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Conclusions
Forecasting a mortality table depends on
e Model choice
e Forecasting method
e Parameter uncertainty

e Stochastic uncertainty
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