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1 The probability that a claim is made on a certain type of policy in aparticular year is
0.04. Five hundred policies are selected at random.

Use a suitable normal approximation to calculate the probability that no more than 30
of these will result in a claim during the year. [3]

2 The interquartile range of a continuous distribution with distribution function F(x) is
defined as |QR = x, — X; where F(x;) = 0.25 and F(x,) = 0.75.

Show that for anormal distribution with variance 62, the interquartile range is
IQR = 1.349%. [3]

3 The cumulant generating function of arandom variable X is given by:
~10
Cy (t) = log My (t) = 2{(1—t) —1}

where My (1) is the moment generating function.

Determine the mean and variance of the distribution of X. [3]
4 Claim sizes in a certain insurance situation are modelled by an exponential

distribution with mean $20,000. The insurer defines aclaim to be alarge claimif the

claim size exceeds $35,000.

State, with areason, the expected size of alarge claim. [2]

2
5 Suppose that 6 isan unbiased estimator of a parameter 6 and has variance % .

Derive an expression for the mean square error of k6, where k is a constant, and
determine the value of k for which the mean square error isaminimum.

[4]
6 Let X and Y be random variables which each takes values 1 and 2 only.

Calculate E[X|Y = 2], given that E[X] = 6/5, E[X|Y = 1] = 7/6, and P(Y = 1) = 3/5.
(2]
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7 An insurance company has a portfolio of large industrial insurance risks. Three such
independent risks, labelled A, B, C, are being investigated. The sumsinsured, in units
of £100 million, are 2.5, 4.8, 7.2 for A, B, C, respectively. The company's expert risk
assessors estimate that the probabilities of a claim arising in the next calendar year are
0.01, 0.02, 0.005 for A, B, C, respectively. If aclaim does arise, then the full sum
insured will be paid out and no further claims can then arise for that risk. The above
probability estimates should be used throughout this question.

(1) Determine, for this group of three risks, using suitable indicator variables or
otherwise, the mean and standard deviation of the total claim amount paid out
in the next calendar year.

[3]

(i)  Youaretold that exactly one claim has arisen. Calculate the mean total claim
amount and comment on your answer in relation to your answer in part (i).

[4]
[Total 7]
8 Let X; and X, beindependent Poisson variables with respective parameters
Let S= X+ X,
() Show that S has a Poisson distribution with mean py + 5. [2]

(i)  Show that the conditional distribution of X; given S= sisbinomial, and state
its parameters.

[3]
[Tota 5]

9 In order to simulate an observation of a normal random variable it is suggested that

isused, where Xy,..., X,isarandom sample from a continuous uniform distribution
ontheinterval (-4,3).

(1) Determine the approximate distribution of S [2]

(i)  Determine the value of n which should be used if Sisrequired to represent a
standard normal random variable. [1]

(iii)  Explain why Shas the same coefficient of skewness as a standard normal

random variable. [1]
[Total 4]
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10

11

The number of claimswhich arisein ayear under apolicy of acertain type follows a
Poisson distribution with mean A. It isrequired to test

Ho:A=02vVv Hi:A>0.2

and it is decided to reject Hy in favour of H, if 15 or more claims arise in ayear under
agroup of 50 independent such policies.

By using tables of Poisson distribution probabilities, calcul ate the power of thistest in
each of the cases:

@ A =03, and
(b) A=04

and comment briefly on the results. [5]
The following table gives the sums insured (in units of £1,000) for arandom sample

of insurance policies on the contents of private houses for each of four insurance
companies.

Company
1 2 3 4
(y) (¥2) (Y3) (Ya)
39 24 21 33
29 28 30 26
33 33 30 28
36 22 51 30
27 29 23 27
36 20 23 37
27 23 35 37
2y, =227 2y, =179 2y3 =213 2y, =218

Sy,2 = 7,501 y,2 = 4,703 Yys2 = 7,125 Ty,? = 6,916

() Test whether there are any differences between the population means of the
four companies, using one-way analysis of variance.
[5]
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(i) A plot of the residuals for the fitted one-way analysis of variance model is

given below:
20 — °
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10— | : |
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Company
Comment on the adequacy of the model. [2]

[Tota 7]
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12

For the estimation of abinomial probability p = P(success), a series of n independent
trials are performed and X represents the number of successes observed.

(i)

(i)

(iii)

(iv)

Write down the likelihood function L(p) and show that the maximum
X
n

likelihood estimator (MLE) of pisp =
(3l
@ Determine the Cramer-Rao lower bound for the estimation of p.

(b) Show that the variance of the MLE is equal to the Cramer-Rao lower
bound.

(©) Write down an approximate sampling distribution for p valid for
largen.

[4]

In order to develop an approximate 95% confidence interval for p for largen,
the following pivotal quantity isto be used

_P=P_ _ND.
|PA-p) O
n

Assuming that this pivotal quantity is monotonic in p, show that re-
arrangement of the inequality

_106<—P—P 106
/D@—p)
n

leads to a quadratic inequality in p, and hence determine an approximate 95%
confidence interval for p of theform p, (p) < p< py (P) -

[5]

A simpler and more widely used approximate confidence interval is obtained
by using the following pivotal quantity

~ PP N@©Y).

p-p)
n

Determine the resulting approximate 95% confidence interval using this.  [2]
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(V) In two separate applications the following data were observed:

@ 4 successes out of 10 trids
(b) 80 successes out of 200 trials

In each case calcul ate the two approximate confidence intervals from parts
(iii) and (iv) and comment briefly on your answers.
[6]
[Total 20]
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13 A researcher studying the claims experience of acompany (in aparticular class of
business) records the payments on 100 recent claims. The payments (in units of
£1000, and sorted) are given below.

0.30
2.58
4.16
6.13
7.74
10.85
13.28
15.67
25.41

0.89
2.78
4.18
6.17
8.00
11.08
13.43
15.70
28.30

Payments

09 116 167 177 193 198 207 209 230 248

300 319 321 321 325 331 334 337 366 39

460 472 473 476 501 517 521 563 572 6.00

624 637 647 648 687 705 716 721 751 772

800 803 804 854 911 918 949 959 10.00 10.36
1122 1127 1138 1145 11.69 11.78 1227 1230 1250 13.04
1348 13.85 1427 1431 1449 1455 1462 1468 14.70 14.83
1577 16.28 16.44 1717 17.89 18.03 1812 20.72 22.00 24.33
31.00 32.80

For these 100 observations; x = 952.75 , 2x2 = 13584.5217.

The researcher wants to examine whether or not the exponential distribution provides
agood description of the distribution of the payments.

(i)

(i1)

(iii)

(@

(b)

Calculate the sample mean and standard deviation for the 100
payments, and comment briefly on whether or not you think the
exponential distribution will provide an acceptable fit to the data.

Specify the fitted exponentia distribution, giving a brief justification
of your approach.

Note: you are not required to give any mathematical derivation in your
justification.
[5]

The researcher decides to conduct aformal chi-squared goodness-of-fit test of
the exponential distribution to the data, using five equi-probable intervals
(i.e. intervals each with associated probability 0.2).

(@

(b)

Show that the value x which is exceeded with probability p by an
exponential variable with mean p satisfies x = —ulogp.

Calculate the values which divide the positive real numbersinto five
equi-probable intervals for your fitted exponential distribution.
[4]

Conduct the formal goodness-of-fit test outlined in part (ii) above and
comment on the result. [5]
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14  Forensic scientists use various methods for determining the likely time of death from
post-mortem examination of human bodies. A recently suggested objective method
uses the concentration of a compound (3-methoxytyramine or 3-MT) in a particular
part of the brain.

In a study of the relationship between post-mortem interval and the concentration of
3-MT, samples of the appropriate part of the brain were taken from coroners’ cases
for which the time of death had been determined from eye-witness accounts. The
intervals (x; in hours) and concentrations (y; in parts per million) for 18 individuals
who were found to have died from organic heart disease are given in the following
table. For the last two individuals (numbered 17 and 18 in the table), there was no
eye-witness testimony directly available, and the time of death was established on the
basis of other evidence including knowledge of the individuals’ activities.

Observation Interval Concentration
number x) (y)
1 55 3.26
2 6.0 2.67
3 6.5 2.82
4 7.0 2.80
5 8.0 3.29
6 12.0 2.28
7 12.0 2.34
8 14.0 2.18
9 15.0 1.97
10 155 2.56
11 17.5 2.09
12 175 2.69
13 20.0 2.56
14 21.0 3.17
15 255 2.18
16 26.0 1.94
17 48.0 1.57
18 60.0 0.61

YX=337 Ix?=98545 Xy=4298 Xy’>=109.7936 Ixy=672.8

In thisinvestigation you are required to explore the relationship between
concentration (regarded as the response/dependent variable) and interval (regarded as
the explanatory/independent variable).

() Construct a scatterplot of the data. Comment on any interesting features of the
data and discuss briefly whether linear regression is appropriate to model the
relationship between concentration of 3-MT and the interval from death.

[5]
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(i) Calculate the correlation coefficient for the data, and use it to test the null
hypothesis that the population correlation coefficient is equal to zero.

[5]

(ili)  Cadculate the equation of the least-squares fitted regression line, and use it to
estimate the concentrations of 3-MT:

@ after 1 day and
(b) after 2 days

Comment briefly on the reliability of these estimates. [9]

(iv)  Cdculate a99% confidence interval for the slope of theregression line. Using
this confidence interval, test the hypothesis that the slope of the regression line
isegual to zero. Comment on your answer in relation to the answer given in
part (ii) above.

[6]
[Total 21]

END OF PAPER
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