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Let A and B be two investment portfolios.
Portfolio A will dominate B if:

e themean return of Aisgreater than the mean return of B, and

fax f;(FA(y) — Fg(y)) dy dt < Ofor al x. The strict inequality must hold for

some value of x between a and b where b isthe largest return that could be
provided by either portfolio and a is the smallest return that could be provided
by either portfolio.

Fa(y) and Fg(y) are the cumulative probability distribution functions of A and B
respectively.

Conditions:
investors exhibit decreasing absolute risk aversion

investors arerisk averse
investors prefer moreto less

@ Strong form — all information isin the price.

(b) Semi-strong — all publicly available information isin the price but not insider
information.

(©) Weak form — all information contained in the price history is contained in the
price.

Technical analysis— where price history is used make trading decisions.
If this produces excess returns then the market is not weak form efficient.

Fundamental analysis— Analysis of al publicly available information (balance
sheets, company strategy...) to make trading decisions.

If this produces excess returns then the market is not semi-strong form efficient.

Insider trading — illegal in UK and involves trading on the basis of information that
has not been published or known to the public.

If this produces excess returns then the market is not strong form efficient.
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(1) Variance of return
f (n—x)2 f (x)dx
Semi variance of return
H 2
LO (n—x)2 f (x)dx
Expected shortfall
L
j_ (L—x) f (x)dx

where L is the chosen benchmark level, u = mean and f(x) is the probability
density function.

(i)  Theinvestor’sutility function will be quadratic below the level of expected
return and linear above it.

(i) Equity return

1

Y(t+1)j B 1
DO)/Y (D) _Y(t)(Y/(Hl) +1JeXp(K(t+l))

D(t+1).(l+

Index linked gilts return

Q(t+1) 1 : 1
QO/R() (“ R( +1)j - R(t)[ RGD +1jexp(| (t+1)

(i)  Theequity risk premium is defined as the conditional expectation of the log
relative return on equities and index linked gilts, conditional on the state

vector U(t).
Thus
1
Y(t)[ +1J exp(K (t+1)
E| log Y(tlrl) U (t)
R(t)[ R +1j exp(l (t +2))

where U(t) isthe state vector.
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U (t)]

(@iit)  If markets are not efficient, excess profits could be earned by holding equities
when risk premium is high (in the absence of changesin the level of risk) and
holding index linked gilts otherwise because a high risk premium means
equities are expected to out perform.

_ Y(t) 1 1
= Iog(%}r E(Iog(m+lj—log( R +1j +K({t+D)-1(t+1)

For the expression above to represent an efficient market, its value must be
(approximately) constant. For example, the differencein yields log (%]
must be roughly equal to the difference in expected growth rates K(t) — I(t)
(adjusted for a constant premium).

5 0] The payoff function from the bond is as follows:
Return
(x — 100)%
—-100% | | |
~100% 0% 50% percentage return
(x — 100)%

Consider £1 invested in this bond, thisis used to purchase £1 of the FTSE 100
index, a put option with exercise price % and sell acall option with exercise

price £1.50. (Other strategies are also possible that achieve the same payoffs.)
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The value of the call optionis

[ln(ij+ (0.04+1/20.32)3j
15
0.3V3

d, =-0.28957 — 0.3+/3 = -0.80919

= -0.28957

d]_:

¢ =100 x ®(-0.28957) — 150e 0943 (—0.80919)

=100 x 0.38607 — 150e"9-94<3 x 0.20920

c =10.775
L et ps denote the value of the put option

= £1=£1-10.775+ ps
= py = 10.775

Using x =80 gives, value of put option

2
In(ij+ 0.04+£ 3
0.80 2
= =0.92019

d, =
! 0.33

d, =0.92019 - 0.3+/3 = 0.40057

Vaue of put option
p; = 0.80e79-943 d(-0.40057) — 100d(-0.92019)
=80 x 0.88692 x 0.34437 — 100 x 0.17874

=6.56

Using x =100 gives, the value of put option

2
[ln(1j+(o.04+£]3]
1 2
= = 0.49075

d, =
! 0.3V3

d, =0.49075- 0.3\/3 =-0.02887
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Value of put option
Py = 100e 0043 (+0.02887) — 100d(-0.49075)

=100 x 0.88692 x 0.51151 — 100 x 0.311802

=14.186
Interpolating 14.186-10.775 5 —g.o4
14.186-6.56

= x=100-894=91
Therefore x = 91%.

(i)  TheBuilding Society can construct a hedging portfolio that replicates the
payoff from the three year bond.

The existence of the hedging portfolio means that the Building Society’s
position is protected no matter what the return on the FTSE 100 Share Index
is.

Therefore, an assumption about the future growth of the FTSE 100 Share
Index is not needed.

6 (1) Market portfolio has expected return of

5%x 250,000+ 7% x 250, 000 + 9% x 750, 000 + 10% x 50, 000
(250, 000+ 250,000+ 750,000+ 50, 000)

=7.88%
= Require x% x 7.88% + (1 — x%) x 3% = 6%
= X =61.5%

So the investor holds 38.5% of risk free asset and 61.5% of market portfolio,
where constituents are held in proportion to the market capitalisation.

(i) The mathematical form of the CAPM is
E[Ry] = BolE[Ry] — 1] + r; for each asset p
Returns will vary because of

@ randomness around expectation (E[R;])
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(b) changes in expected returns (betas) of assets (B)

(© errors in estimating expected returns (betas)

(d) changes in expected market returns E[R]

(1) Let o and B be the parameters of model
T = term to maturity
P(t) = priceof zero coupon bond with t yearsto maturity
R = short rate

L =long rate

P(x) = exp(-D(1)R— (- D(x)) L - % D(1)?)

—OLT

where D(t) = isthe modified duration

(i) The model:

isarbitrage free provided L is constant
e does not prescribe the short rate process.

e istractable, i.e. allows closed form analytical solutionsto awide range of
derivatives

e encompasses mean reversion

e alowsfor awiderange of yield curves

(@iti)  The model:
e doesnot prevent negative interest rates.
e isdifficult to use to obtain humped yield curves.

e hasalack of time dependence of parameters which is not compatible with
empirical evidence.
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e gives, inlong run, spot rates normally distributed not compatible with
empirical evidence.

e implies perfect instantaneous correlation of bond prices, which is not
compatible with empirical evidence.

e astheyield curve evolves the model will need to be reparameterised

) =
= RD() + £ (- D) + L-D(ey?
T T 2t
D(T) _ 1— e—oct

2 2
T T
o 2!

D(x) _ 1 ot
= = —lo——+...
T o 2!

— limD(x) =0

=0

||mw =
—0 T

2
lim20)° _
—0 T

0

so lims(t)=R
—0
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Lagrangian function, W
W=V - AE-0.07) — n(Z;x —1)
where A and p are Lagrangian parameters
E= ZXi Ei
V= Z,ZJX,XJC,J
E; = expected return on asset i

Cij = covariance between i and |
X; = proportion invested in i

8@& = ZZJXJC” — >\’EI - U

X

oW

E = _(ZiEiXi - 007)

X =z -1)

op

Set equal to zero:

(1)  X16% + X;7% + %38% =7%
(2) X +Xot+Xg =1

() 2(x4(5%)? + X, x 0.5 x 5% x 15% + X5 x 0.5 x 5% x 20%)
=A6%+pn

(4)  2(xy x 0.5 x 5% x 15% + X, x (15%)2 + x3 x 0.5 x 15% x 20%)
=AT%+

(5)  2(xg x 0.5 x 5% x 20% + X, x 0.5 x 15% x 20% + X5(20%)?)
=A8%+pn
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(iii)  Corner portfolio where x; = 0. Equations become
1=X%+X3

(1) 201(poyXy +po3Xs) —AE —pn=0
(2)  20;(02% +pogXs) —AE; —u =0
(3 203(poyXy+03%3) ~AEz3—n=0

becomes

(1)  2x0.05(0.5 x 0.15%, + 0.5 x 0.2 x (1 — X)) — 16% — 1 =0
= —0.0025x, + 0.01 — 16% — 1 = 0

(2)  2x0.15(0.15%, + 0.5 x 0.2(1 — X)) — A7% — p =0
= 0.015%, + 0.03 - A7% - p =0

(3)  2x0.2(0.5x 0.15%, + 0.2(1 - X,)) - A8% — p =0
~0.05x, + 0.08 — 48% — n =0

(1) - (2) gives

T —0.0025%, + 0.01 — A6% — 0.015x, — 0.03 + 17% =0
(1) - (3) gives

i —0.0025%, + 0.01 — A6% + 0.05x, — 0.08 + 18% = 0

i = A1% - 0.02 - 0.0175x, =0
I = 2% + 0.0475x, — 0.07=0
= 0.0475x, — 0.07 + 0.04 + 2x 0.0175x, = 0
= 0.0825x, = 0.03
X, = 36.36%

=  X3=63.64%
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Comparability — investors can state a preference between all available
certain outcomes.

Transitivity — Aispreferred to B, B is preferred to C then Ais preferred
to C.

Independence — If an investor isindifferent to certain outcomes A or B
then they are indifferent to gambles

A with probability p and C with probability (1 — p) and
B with probability p and C with probability (1 — p)

Certainty equivalence— If Aispreferred to B and B is preferred to C there
isaunique probability p such that the investor isindifferent between B and
agamble giving A with probability p and C with probability (1 — p).

Non satiation: prefer more to less

£>O.

dw

Risk seeking: incremental increase in wealth more highly valued than
incremental decrease

(b)

2
E>O.

aw?

For risk aversion, require U"(w) <0

U'(w)= b+ 2cw
U”(w) =2c
= c<0

For non satiation, U'(w) >0
= b+2cw>0

= 2cw>-b

= w<_—b (asc<0)
2c
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(iv)  Absoluterisk aversion

AW 1
w72 2w

= Decreasing absolute risk aversion.

Thisis desirable as an investor will invest alarger absolute amount in arisky
asset astheir wealth increases.

10 @ The payoff function can be written as the sum of two payoff functions, as

follows:
|0 S <100
A = {S —100 otherwise
fs) = 0 S <200
&)= {St —200 otherwise

The payoff function for the special call optionis:

0 S <100
9(S) +¥f(S) =15 -100  100< S <200
15§ -200 200<S

Therefore, the special call option is equivaent to holding a portfolio of acall
option with exercise price 100 and half a call option with exercise price 200.

(i) The above relationship shows that the value of the special call option isthe
sum value of the two call options with payoff functions g(.) and f(.) (using no
arbitrage arguments).
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The value of acall option with exercise price 100 is

Vl =
Y¥A5% +%20.25) +In (@j In (%) +%5(5% —%20.25)
—-100x &

e—0.051/2

1200
J0.25x Y% J0.25x Y%

= 120(0.76317) — 1000(0.40962) x 0.97531
=120 x 0.77732 — 100 x 0.65896 x 0.97531
=29.01

[Note s = 0.5, giving 62 = 0.25]]

The value of acall option with exercise price 200 is

V2:

120

120 _)+1/2(5%—1/2>< 0.25)

—j +Y5(Yox 0.25+5%)

In (
— 200D g 005%

J0.25x 1% JYox 0.25

In (
1200

= 120d(~1.19735) — 200d(~1.55100) x 0.97531
= 120(1 - ®(1.19735)) — 200(1 — d(1.55100)) x 0.97531
= 120(1 — 0.88441) — 200(1 — 0.93957) x 0.97531
=208

= Value of special call option is29.01 + %22.08 = 30.05.
: oy
(iii)  Thedetaof avanillacal OptIOI’IISE = d(dy).

The delta of the specia option is the weighted sum of the deltas of the two call
optionsin the portfolio
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At S, = 150:
in[ 20}, (5% +Y40.25)Y» in[ 297, (5% +140.25)Y5
100 200
(0)) +350
J¥5x 0.25 JYsx 0.25
= (1.39431) + Ysd(-0.56620)
= 0.918389 + 140.28563
=1.0612
At S, = 250:
in[ 220, (5% +40.25)Y5 in[ 220, (5% +Y40.25)Y%
100 200
(0)) +D
J¥0.25 J¥0.25

= ®(2.83915) + ¥20(0.87863)
= 0.99774 + 150.81020)
=1.4028
(iv)  Consider theincreasein deltafrom $=150t0 & =250

1.4028
1.0612

=132

Compare thisto a vanillacall option with exercise price 100

0.99774
0.91839

=1.086

The gammafor the special call option is higher than for avanillacall option.
Therefore, the hedging portfolio for the special call option islikely to require
more rebalancing as the underlying share price rises than the hedging portfolio
of asimple call option with exercise price 100.
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11 () u= exp[%j = 1.073271.

The binomial tree of total shareholder returnis

115.19
3

100
(4)

100
()

86.81
)
Therisk neutral probabilities are
d= 1. 0.93173
u
0.03%s
q= e 0.93173 _ 0.58011

~ 1.073271-0.93173
and 1 - 0.58911 = 0.41089
(i)  Vaueat node (1) = e 093%40,58911x(115.19-90)+(1-0.58911)x(100-90))
= 18.6665
Vaueat node (2) = e 903058911 x (100 — 90))
= 5.8034

Value at node (0) = e 0034058911 x 18.6665 + (1 — 0.58911) x 5.8034)

=13.1820
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(iv)

(v)

(vi)
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(a) and (b)

Node  Total shareholder return Shareprice Payoff
(3) 115.19 95.19 5.19
4 100 80 0
(5) 86.81 66.81 0

Value of option at node (1) is

e 0.0340,58911 x (95.19 — 90))

=3.012

@ Payoff at node (1) is107.37 - 90 =17.37

(b) The holder of an American call option should exerciseit at node (1)
since the payoff from doing so exceeds the value of holding the option.

(© The value of the American option at time O is strictly greater than the
value of the European option. Thisis because exercising at node (1)
increases the value delivered to the option holder. Therefore, this

discounted value of the payoff must be increased.

Black’s approximation involves calculating the prices of European options
that are exercisable at the final expiry date T and the final ex dividend date and

setting the American price equal to the greater of the two.

END OF EXAMINERS REPORT



