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General comments on Subject CT3

For CT3 exams some questions admit alternative solutions or different ways in which the
provided answer can be determined. All valid alternative solutions or answers received credit
as appropriate. Rounding errors were not penalised, unless excessive rounding led to
significantly different answers. In cases where the same error was carried forward to later
parts of the answer, candidates were not penalised twice. In questions where comments were
required, reasonable comments that were different than those provided in the solutions also
received full credit.

Comments on the April 2013 paper

Performance was generally good, but overall not as strong as in the previous examination
diet. There was a wide distribution of marks, with well prepared candidates achieving very
high scores. On the other hand, less well prepared candidates struggled with questions that
did not appear in very similar form in recent examination papers. This is a recurring issue,
and candidates are advised to take a wider and more inclusive approach in their preparation
for the subject, rather than overly rely on questions appearing in past papers.

The comments on individual questions that follow concern specific parts that candidates
answered poorly and important frequent errors.
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1 Mean = (7x0+9x1+3x2+3)/20=(9+6+3)/20=18/20=0.9
Median = 1 (observation with rank 10.5)

Mode =1
2 2 2 2 2
VAR = 7x0.9°4+9%x0.1" +3x1.1"+2.1 :5.67+0.09+3.63+2.1 :13'80:0.7263
19 19
STD =0.8522

Well answered. Some working needs to be shown for full marks.

2 For any number x we get
Plx <x]=P|F (U)<x|=P[U<F(x)]=F(x)

which shows that F is the distribution function of the random variable X , which
proves the result.

Very poorly answered. Most candidates did not attempt this question and very few completed
it correctly.

|=P[X =20]+P[X =40]
=[F(20)- F (10)]+[ F (40)- F(30)]=0.2+0.1=0.3

Some problems were encountered here involving understanding and distinguishing the need
(or not) for strict inequalities for discrete variables, e.g. P[X<30] = P[X<20].

4 (1) The random variables X|,..., X, are independent
and identically distributed with X, ~ N(p, 02)

(i1) X and S? are independent

)_(~N(u,02/n)
(n-1)s*
B ~ An-1
c
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(iii)  # =N(0,1)/ xi /' k where N(0,1) and xﬁ are independent

X -u

S/\n

Mixed quality in the answers. Some candidates answered part (iii) in the process of
answering part (ii) — this did not always show clear understanding, but full marks were
given.

This result can be applied here, and we get ~t

n—1

5 Under given assumptions X; ~ Poisson(},), X, ~ Poisson(},)
and approximately X; ~ N(A.%(), X5 ~ N\, L)

Xl _XZ _ (7‘1 _7‘2)
NV

giVing Xl - X2 ~ N(}\.l - }\.2’ )\.1 + )\,2), or ~ N(O, 1)

Approximate 90% interval given as

X=X+ zgps Mty =X = Xy + zg g5/ X+ X,
— 12+ 1.6449 x (23412 =12 £25.1621 i.c. (-13.162, 37.162)

A common error here involved the normal approximation of the difference of the two
variables — especially its variance.

6 (1) Using approximate normality, and with p = 0.3 we can calculate the interval a

[[9—1.96 [PA=P) 51106 /M ] =(0.21,0.39)
n n

(i1) Sample size is large (or np, or np(1—p)), so normal approximation is valid.

(i)  With larger sample size the standard error will be smaller, and therefore the
interval will be narrower.

This was straightforward for most candidates. However, the explanation was often not clear
or convincing.
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7 (1)

(i)

(iii)

No of inspected policies ~ Negative binomial(5, 0.1).
Expected no of inspected policies = 5/0.1 =50

Zx - 479,Zx2 = 63705
Mean =479/5 =95.8
Variance = (63705-5%95.8%)/4 = 4454.2

a a
E[X]|=—=958,V[X]|=—==44542
[¥]=7 [¥]=23
:m:E[X]: 8 _0.0215
V[Xx] 44542

= a=LE[X]=0.0215%95.8=2.06

Generally very well answered with no particular issues.

8 @)

(ii)

(¥4~ V) *10.025.276 /%+% giving (147.47-154.56) £2.052+/396.8 %+

H,: The means of the claims in the 3 regions are all equal; /;: means are

different for at least one pair.

F=5.590n2and 27 d.f. From tables the 1% critical point is 5.488.

Therefore, we have (strong) evidence against the null hypothesis, and
conclude that there are differences in the means for the 3 regions.

(a) 95% CI for p 4, —pp is given by

i.e —7.09+18.28 or (-25.37,11.19)

1

10

(b) The CI comfortably contains zero, suggesting no difference between

the true means for regions A and B.

The significant result of the F test clearly comes from region C mean

being much lower than the means for regions A and B.

Generally well answered. Some candidates failed to identify the connection between the
conclusion of the ANOVA and that of the CI for regions A and B.
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9 (1) (a) If X; is the number of bananas for each monkey then X; ~ Bin(7, p)

_ ~  33+37
E(Xi):x:>7p=(6+ll)

— $=0.588

.33 .37
b =22 =0.786,p, =——=0.481
® Pa g Ps = 11%7

o2 = Variance of test statistic = 0.588 * (1—.588) * (1/42 + 1/77)
=0.00891

ba=bp _0786-0481 .

c +/0.00891

Test statistic has N(0,1) distribution so p-value is 0.00124

Test statistic =

Le.reject Hy:p, = pp

(i)  (a) Let n; be the number of monkeys in group i and B; be the total number
of bananas taken by group i.

L(b;0)=(20)"4(1-20)""47%1(0)% (1-0)""57%# x constant

I(b;0) = InL(b;0)
=331n(26)+(42-33)In(1-26)+37In(8)+(77-37)In(1—6)+ constant
=331n(26)+91n(1-26)+371n(6)+401n(1-6)+ constant

dl 66 18 37 40 70 18 40
) = Do

—= +
a9 20 1-26 6 1-6 06 1-20 1-6
Set equal to zero and solve

70(1—29)(1—9)—189(1—9)—409(1—29) 0
0(1—20)(1-0)

= 70-2100+1400> —180+180% —400+800> =0

= 2380%-2680+70=0

=06=0.412 or 0.714

As 0<0.5, 0 =0.412.
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(i)  (a) Expected values under 2 models are:

A B
Model in (i) 42 *(0.588 =24.7 77 *0.588 =453
Model in (ii) 42 *2*(0412=34.6 77 *0.412=31.7
Observed 33 37

Model in (ii) seems to provide a better fit as expected values are
closer to observed.

(b) In part (i)(b) we rejected p, = pp which suggests a model with a

common value of p would not be appropriate. The comparison above
suggests that an improved model can be used.

There were some common errors here, mainly involving part (i)(b) where many candidates
failed to identify an appropriate test to perform. There were also basic errors with algebraic
and calculus operations.

We note that in part (i)(b)an alternative solution can be given, using a chi-square test with
1 df. ina 2x2 table (4 cells). This is exactly equivalent to the test presented here and full
credit was given when completed correctly.

10 () Y; has a compound distribution, so

(i1))  Salso has a compound distribution.

V(S)=E(M)V(Y)+V (M)E®;)* =xi(c® +p?) +1xh2u? =kh(c® +p? +Ap?)

P(C<X;<x+C)

P(Xl-j > C)

(i) PX; <x+CX;>C)=

_ <l—e_x_c_;1+e_c) iy
e

—X
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(iv) (@ A =1000xP(X; >2)=1000e> =135.3
(b) From definition of new variable and part (iii) we have that

P(X; Sx):P(Xij ~2<xX; >2) =P(X; < x+2[X; >2) = P(X;; <x)

meaning that X ; has the same distribution as X, , i.e. Exp(1).
()  E(Sg)=xA"n=4x1353x1=541.2

V(Sg)=Kk\ (6> +p> +A n?) =4x135.3%(1+1+135.3) = 74306.8

Most candidates found this question challenging. Answers to the memoryless property of the
exponential distribution (amply discussed in the CR) in part (iii) were often disappointing,
and the relevant application in part (iv) was poorly attempted. These shortcomings highlight
the issue of being prepared to tackle questions that deviate from the form that appears in
past papers.

11 (1) Notation: n; = number in group #; r; =number with disease in group i.

0 2 B o

"3 100

(i)  (a) Expected frequencies (in brackets) are given assuming constant
probability of disease for all groups, independently of age:

Disease
Age group  Yes No | Total
20-29 1 9 10

(4.30) (5.70)
30-34 2 13 | 15
(6.45) (8.55)

35-39 3 9 12
(5.16) (6.84)
40-44 5 10 | 15
(6.45) (8.55)
45-49 6 7 13
(5.59) (7.41)
50-54 5 3 8

(3.44) (4.56)
55-59 13 4 17
(7.31) (9.69)
60—69 8 2 10
(430) (5.70)
Total 43 57 | 100

Page 8



Subject CT3 (Probability and Mathematical Statistics) — April 2013 — Examiners’ Report

(iii)

(b)

2 2 2
(b) xzzz(f"_e") G lS) R Ch ) NP I
e 4.3 5.7

1

From tables, X%,o.m =18.48

We have (strong) evidence against the hypothesis of no differences in
probability of disease among age groups.

Plot given below. Linear model seems appropriate for middle ages,
but perhaps not for younger and older ages.

O .
—

0.0
I

-1.0

-2.0
°

30 40 50 60

3607

S, =17437.5--=12375

(—2.9392)?

=13.615—- =12.535

Syy

(360)(-2.9392)

S,y =—9.0429 - =123.22

Least squares estimates:

Sy 123.22
S, 12375

XX

B= =0.09957

& =y —Px =-0.3674-0.09957(45) = —4.85

Fitted line: 5 = —4.85+0.09957x
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Sy’ 123.222
Sy — 12.535-——
B Sx 12375
=0.04430

c 6° = =
© n—2 6
~2
se(p)= o 0219 _ 0060
See 12375

and 16,0.005 =3.707

99% CI for B is given by  0.0995743.707(0.0060)

i.e. 0.099574+0.0222 or (0.0774, 0.1218)

(d) In (i1) it was found that the probability of having the disease is
different for different age groups. In part (iii)(c) it was also found that
the probability of disease depends on age, as zero was not included in
the interval for the slope parameter.

The quality of the answers was mixed, with some common errors appearing in part (ii)
where many candidates failed to produce an appropariate 8 x 2 table (both “yes” and “no’
columns) and perform the correct chi-square test (with 7 d.f.).

’

1t is noted that in part (ii)(b) the chi-square test can alternatively be performed by combining
some of the age groups (both columns) to achieve expected frequencies greater than 5, with
no change in the conclusion of the test. Although this is not strictly required in this case, full
credit was given to candidates that combined groups sensibly and completed the question
correctly.

END OF EXAMINERS’ REPORT
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