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1 The table below gives the number of thunderstorms reported in a particular summer
month by 100 meteorological stations.

Number of thunder storms; 0 1 2

3 4 5
Number of stations: 22 37 20 13 6 2

@ Calculate the sample mean number of thunderstorms.

(b Calculate the sample median number of thunderstorms.

(©) Comment briefly on the comparison of the mean and the median.

[3]

2 In an opinion poll, each individual in arandom sample of 275 individuals from alarge
population is asked which political party he/she supports. If 45% of the population
support party A, calculate (approximately) the probability that at least 116 of the
sample support A. [3]

3 Claim amounts on a certain type of policy are modelled as following agamma
distribution with parametersa. =120 and A = 1.2.

Calculate an approximate value for the probability that an individual claim amount
exceeds 120, giving areason for the approach you use. [3]

4 Calculate a 99% confidence interval for the percentage of claimsfor household
accidental damage which are fully settled within six months of being submitted, given
that in arandom sample of 100 submitted claims of this type, exactly 83 were fully
settled within six months of being submitted. [3]

5 A random sample of 500 claim amounts resulted in a mean of £237 and a standard
deviation of £137.

Calculate an approximate 95% confidence interval for the true underlying mean claim
amount for such claims, explaining why the normal distribution can be used.
[3]

6 A random sample of 16 observations was selected from each of four populations.
Given that the between treatments mean square is 280 and the total sum of squaresis
SS; = 1,500, construct an analysis of variance table and test the null hypothesis that

the means of the four populations are equal . [3]
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7 A sample of 20 claim amounts (£) on a group of household policies gave the
following data summaries.

¥x = 3,256 and Xx2 = 866,600.
@ Calculate the sample mean and standard deviation for these claim amounts.

(b) Comment on the skewness of the distribution of these claim amounts, giving
reasons for your answer. [4]

8 A simple procedure for incorporating a “no claims discount” into an annual insurance
policy isasfollows:

apremium of £400 is payable for thefirst year;

if no claimismade in thefirst year, the premium for the second year is £400Kk,
wherek isaconstant suchthat 0 < k < 1;

if no claim ismade in the first and second years, the premium for the third
year is £400k?;

if no subsequent claims are made in future years, the premium remains as
£400k?;

if aclaim is made, the premium the following year reverts to £400 and the
procedure starts again as above.

0] Show that the probability distribution of the premium for the fourth year, that
is, for the year following the third year, is given by

£400  with probability p
£400k  with probability  p(1 - p)
£A00k2  with probability (1 - p)2

where p is the probability of aclaim being madein any year. [3]
(i) Obtain an expression for the expected premium for the fourth year under this
procedure. [1]
(iii)  If itisdesired that this expected premium should equal £300, determine the
required value of k for the case where p = 0.1. [3]
[Total 7]
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9 Random samples are taken from two independent normally distributed popul ations
(with means i, and p, respectively) with the following results.

Sample from population 1:

sample size n; = 11, sample mean X, =124, sample variance sf =59
Sample from population 2:

sample size n, = 15, sample mean X, =105, sample variance s% =42

Calculate a 95% confidence interval for p; — p,, the difference between the
population means (you may assume that the population variances are equal).

[3]

10  Let X denote arandom variable with a continuous uniform (0, 1000) distribution.
Define arandom variable Y as the minimum of X and 800.

0] Show that the conditional distribution of X given X < 800 is a continuous
uniform (0, 800) distribution. [2]

(i)  Verify (giving clear reasons) that the expectation of the random variable Yis
480. [3]

(i)  Supposethat Yy, ..., Y, areindependent and identically distributed, each with
the same distribution as Y.

In the case that n islarge, determine the approximate distribution of

=1 N . . :

Y = _zin_lYi , Stating its expectation. (You are not required to derive or state
i

the variance of Y .) [1]

(iv)  Comment on the comparison of the conditional expectation of X given X <800
with the expectation of Y. [2]
[Total 8]

CT3 S2005—4



11

12

Consider the following simple model for the number of claims, N, which occur in a
year on apolicy:

n| 0 1 2 3
P(N=n)| 055 025 015 0.05

@ Explain how you would simulate an observation of N using anumber r, an
observation of arandom variable which is uniformly distributed on (O, 1).

(b) [lustrate your method described in (i) by simulating three observations of N
using the following random numbers between 0 and 1.

0.6221, 0.1472, 0.9862.
[4]

A certain type of insurance policy has aclaim rate of A per year and the cover ceases
and the policy expires after the first claim. Accordingly the duration of apolicy is

modelled by an exponential distribution with density function re M 0< x< 0.

A company has data on (m+ n) policies which have expired and which may be
assumed to be independent. Of these, m policies had duration lessthan 5 yearsand n
policies had duration greater than or equal to 5 years.

() An investigator makes note of the actual durations, xy, ..., X, of the latter

group of n policies, but ignores the former group without even noting the
value of m.

@ Explain why the x;’s come from a truncated exponential distribution
with density function

f(x)=kre™ , B<x<w

and show that k = > .

(b) Write down the likelihood for the data from the point of view of this
investigator and hence show that the maximum likelihood estimate
(MLE) of A isgiven by
N L—
n

D % -5n
i1

(©) The datayield thevalues: n=10and Zx = 71. Caculatethis
investigator’s MLE of A.
8]
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(i) A second investigator ignores the actual policy durations and simply notes the
values of mand n.

@ Write down the likelihood for this information and hence show that the
resulting MLE of A isgiven by

~ 1 m+n
A==lo )
5 g( ]

n

(b) The same dataasin part (i) yield the values: m= 120 and n = 10.
Calculate thisinvestigator’s MLE of A.

[3]

(iii)  Thetwo investigators decide to pool their data, and so have the information
that there are m policies with duration less than 5 years, and n policies with
actual durations Xy, ... , X,.

@ Explain why the likelihood for thisjoint information is given by
n
L() = @-e) ] Jre™
i=1

and determine an equation, the solution of which will lead to the MLE
of A.

(b) Given that thisleadsto an MLE of A equal to 0.508, comment on the
comparison of the three MLE’s.
[5]

[Total 18]

13 A survey, carried out at amajor flower and gardening show, was concerned with the
association between the intention to return to the show next year and the purchase of
goods at thisyear’s show. There were 220 people interviewed and of these 101 had
made a purchase; 69 of these people said they intended to return next year. Of the
119 who had not made a purchase, 68 said they intended to return next year.

0] Suppose one of the 220 people surveyed is selected at random.
Calculate the probabilities that the selected person:
@ intends to return next year, given that he/she has made a purchase

(b intends to return next year, given that he/she has not made a purchase
(©) has made a purchase, given that he/she intends to return next year
[3]

(i) By testing the difference between the proportions of purchasers and non-
purchasers who intend to return next year, examine whether there is sufficient
evidence to justify concluding that the intention to return depends on whether
or not a purchase was made. [7]

CT3 S2005—6



14

(iii)  Present the data as a contingency table and perform a y? test of association
between the attributes “intention to return” and “purchasing status”. [5]

(iv)  Discuss briefly the connection between the comparison of proportions carried
out in part (ii) and the test of association performed in part (iii). [2]
[Total 17]

The data given in the following table are the numbers of deaths from AIDSin
Australiafor 12 consecutive quarters starting from the second quarter of 1983.

Quarter (i): 1
1

2 4 5 6 7 8 9 10 11 12
Number of deaths (n;): 2 1

3
3 4 918 23 31 20 25 37
1) @ Draw a scatterplot of the data.

(b) Comment on the nature of the relationship between the number of
deaths and the quarter in this early phase of the epidemic.

[4]
(i) A statistician has suggested that a model of the form
E[N;]=yi?
might be appropriate for these data, wherey is a parameter to be estimated
from the above data. She has proposed two methods for estimating y, and
these are given in parts (a) and (b) below.
@ Show that the least squares estimate of y, obtained by minimising
12 , —
q= Zi:l(ni _,Y|2)2’ Isgiven by
N Z?fll 2ni
[V
Zi:ll
(b Show that an alternative (weighted) least squares estimate of v,

12 (ni _'Yiz)z
obtained by minimising g* = ZHT isgiven by
- i

12

Zi:lni
2.5

2ol

(©  Notingthat > i*=60,710 and Y’
for the above data.

f/:

12 .o

gl =650, calculate ¥ and y

[8]
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(ilf)  To assess whether the single parameter model which was used in part (ii) is
appropriate for the data, atwo parameter model is now considered. The model
isof the form

E[N;]=yi®
fori=1, ..., 12.
@ To estimate the parametersy and 6, asimple linear regression model
E[Y]=o+Bx

isused, where x; = log(i) and Y; = log(N,) fori = 1, ..., 12. Relatethe
parametersy and 6 to the regression parameters o and .

(b) The least squares estimates of o, and 3 are —0.6112 and 1.6008 with
standard errors 0.4586 and 0.2525 respectively (you are not asked to
verify these results).

Using the value for the estimate of 3, conduct aformal statistical test to
assess whether the form of the model suggested in (ii) is adequate.

[7]

[Total 19]

END OF PAPER
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