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1 (i)   Define an efficient portfolio in the context of modern portfolio theory. [1] 
 
 A market consists of two assets A and B.  Annual returns on the two assets (RA and 

RB) have the following characteristics: 
 

Asset Expected return % Standard deviation % 
A 6 20 
B 10 20 

 
 The correlation between the returns on the two assets is 0.25.  
 
 (ii)   (a)  Calculate the proportion that would be invested in each of the two 

assets in a minimum variance portfolio. 
 

  (b)  Calculate the expected return of that portfolio.   
    [3] 
   [Total 4] 
 
 
2 Consider the following three-factor model of security returns: 
 
  Ri = αi + βi1I1 + βi2I2 + βi3I3 + εi 
 
 Where: 
 

• Ri is the return on security i 
• αi, βi1, βi2 and βi3 are security-specific parameters 
• I1, I2 and I3 are the changes in the three factors on which the model is based; and 
• εi are independent random normal variables, each with variance σ2 

 
 (i) Describe three categories of model that could be used to help choose the 

factors I1, I2 and I3. [6] 
 
 (ii) List examples of the variables that could be used for the factors I1, I2 and I3, 

for two of these three categories of model. [2] 
   [Total 8] 
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3 An investor wishes to save for a retirement fund of £100,000 in 10 years’ time.  The 
instantaneous, constant continuously compounded risk-free rate of interest is 4% per 
annum.  The investor can purchase shares on a non-dividend paying security with 
price St governed by the Stochastic Differential Equation (SDE): 

 
  dSt = St(μdt + σdZt) 
 
 where: 
 

• Zt is a standard Brownian motion 
• μ = 12% 
• σ = 25% 
• t is the time from now measured in years; and 
• S0 = 1  

 
 (i) (a)  Derive the distribution of St. 

 
  (b)  Calculate the amount, A, that the investor would need to invest in 

shares to give a 50:50 probability of building up a retirement fund of 
£100,000 in 10 year’s time. 

    [4]    
 
 (ii) Calculate the following risk measures applied to the difference between the 

value of the fund and £100,000, if the investor invests A. 
 
  (a) Variance 
  (b) Shortfall probability relative to £90,000 
  (c) 99% Value at Risk 

 [6] 
 

 The investor decides that they do not need more than £100,000 so they write a call 
option giving up any upside return above £100,000.  They also buy a put option to 
remove the downside risk of receiving less than £100,000.   

 
 (iii)  Calculate the net cost at time zero of purchasing enough shares to give 

themselves a 50:50 chance of building up a retirement fund of £100,000, 
writing the call option on those shares and buying the put option on the shares.
 [2] 

   [Total 12] 
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4 Assume that there is no arbitrage in the market. A forward contract is available on a 
physical asset.  The continuously compounded costs of managing the asset are x% of 
its value, and it provides an income stream of £y per ton payable at six monthly 
intervals,  a payment has just been made.  

 
 Let St be the spot price of one ton of the asset at time t and let r be the continuously 

compounded risk-free rate of interest per annum which is assumed to be constant. 
 
 Derive the current price of a forward contract written on one ton of the asset with 

maturity T years where (6 months < T < 1 year). [8] 
 
 
5 (i)   List the desirable characteristics of a model for the term structure of interest 

rates.   [4] 
 
 (ii)  Write down the stochastic differential equation for the short rate rt under  in 

the Hull-White model.   [1] 
 
 (iii)  Indicate whether or not the Hull-White model shows the characteristics listed 

in (i).   [4] 
   [Total 9] 
 
 
6 Under the real-world probability measure, P , the price of a zero-coupon bond with 

maturity T is given by: 
 

  B(t, T) = 
2

3exp ( ) ( )
6tT t r T t

⎧ ⎫σ⎪ ⎪− − + −⎨ ⎬
⎪ ⎪⎩ ⎭

 

 
 where rt is the short rate of interest at time t and satisfies the following stochastic 

differential equation under the real-world measure P :  
 
  drt = μrtdt + σdZt,  
 
 where μ > 0 and Zt is a standard Brownian motion under P . 
 
 (i) Derive a formula for the instantaneous forward rate f(t, T), based on this 

model.   [2] 
 
 (ii) Derive an expression for the market price of risk.           [4] 
 
 (iii) Deduce the stochastic differential equation for rt under the risk-neutral 

measure  defining all terms used.            [2] 
   [Total 8] 
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7 A non-dividend-paying stock, St, has a current price of 200p.  After 6 months the 
price of the stock could increase to 230p or decrease to 170p.  After a further 6 
months, the price could increase from 230p to 250p, or decrease from 230p to 200p.  
From 170p the price could increase to 200p or decrease to 150p.  The semi-annually 
compounded risk-free rate of interest is 6% per annum and the real-world probability 
that the share price increases at any time step is 0.75.  Adopt a binomial tree approach 
with semi-annual time-steps. 

 
 (i)   Calculate the state-price deflator after one year.    [5] 
 
 (ii)   Calculate, using the state-price deflator from (i), the price of a non-standard 

option which pays out max{0, log(S1 − 180)} one year from now.  [4] 
 
 (iii)  State how the answer to (ii) would change if the real-world probability of a 

share price increase at each time step was 0.6.    [1] 
   [Total 10] 
 
 
8 A non-standard derivative is written on a stock with current price S0 = $2 and is 

exercisable at two dates, after exactly one year and at expiry, after exactly two years.  
If it is exercised at expiry it returns $1000 if and only if the stock price is below $2.  If 
it is exercised after one year it returns $500 if and only if the stock price is above $2. 

 
 Assume the market is a Black-Scholes one with a continuously compounded risk-free 

rate of 2% per annum and a stock volatility of 30% per annum. 
 
 (i) (a)  Explain how the option should be priced after t = 1 (assuming that it is 

not exercised at t = 1). 
 

  (b)  Give an expression for the corresponding price, pt. 
    [4] 
 
 (ii) Denoting the price just after 1 year by p1+, explain why the fair price, p1, at  
  t = 1, is given by p1 = max(p1+, 500) if S1 < $2 and by p1 = p1+ if S1 > $2.  [2] 
 
 (iii)  (a)  Show that a holder should exercise the option at t = 1 if S1 > k for a 

suitable value of k. 
 

  (b)  Calculate the value of k.  
    [4] 
    [Total 10] 
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9 A European call option and a European put option on the same stock with the same 
strike price have an exercise date one year away and both are priced at 12p. The 
current stock price is 300p. 

 
 The continuously compounded risk free rate of interest is 2% per annum. 
 
 (i)  Calculate the common strike price, quoting any results that you use. [3]

  
 Assume the Black-Scholes model applies. 
 
 (ii)  Calculate the implied volatility of the stock. [4] 
 
 (iii)  Construct the corresponding hedging portfolio in shares and cash for 5000 of 

the call options. [2] 
    [Total 9] 
 
 
10 (i)  In the Wilkie model, the force of inflation, I(t), is a mean-reverting AR(1) 

process.   
   
  (a) Explain what the statement above means. 

 
  (b) Show that the mean of I(t) converges to m, using the formula: 
 
    I(t) = m + a(I(t − 1) − m) + Z(t),  
 
   where the Z(t)’s are iid N(0, σ2) random variables and 0 < a < 1. 
    [4] 
 
 (ii)  Discuss the differences between and suitability of mean-reverting and random 

walk models for share prices, interest rates and inflation. [5] 
   [Total 9] 
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11 (i)  Draw a diagram to illustrate the Jarrow-Lando-Turnbull model for credit 
default, defining any notation used. [4]  

 
 A model was proposed for a country’s sovereign debt as follows: 
 
 The economy is in one of three states: 1 (good), 2 (bad) and 3 (default). 
 Transition intensities λi,j are constant and as follows: 
 
  λ1,2 = 1; λ1,3 = 0; λ2,1 = 0.25, λ2,3 = 0.75; λ3j = 0 for all j and λ1,1 = λ2,2 = −1. 
 
 It follows that if pi(t) is the probability that the economy is in state i at time t then:  
 

  )(25.0)()(
21

1 tptp
dt

tdp
+−=  

 
 and  
 

  )()()(
21

2 tptp
dt

tdp
−= . 

 
 Set h(t) = 2p1 (t) − p2(t).  
 

 (ii) (a) Show that ( ) 1.5 ( ).dh t h t
dt

= −  

 
  (b)  Derive a similar equation for k defined by k(t) = 2p1(t) + p2(t). 
    [2] 
 

 Suppose that this country’s economy is in state 2 at time 0.  
 
 (iii)       Find the probability that it is in default at time 2. [4] 

 
Assume a continuously compounded risk-free interest rate of 2% per annum and  a 
recovery rate of 60%. 

  (iv)   (a)  Deduce the price under this model for a zero-coupon bond in this 
country with a redemption value of 100 and a redemption date in two 
years’ time. 

 
   (b)  Calculate the credit spread. 
    [3] 
    [Total 13] 
 
 

END OF PAPER 


