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ABSTRACT

The distribution of insurance claims in a given time period is usually regarded as a random sum.
This paper sets up a time series model for the value of the claims and combines it with a model for the
number of claims. Thus past observations can be used to make predictions of future values of the
random sum, and the overall model ensures that they are discounted appropriately. It is shown that
explanatory variables can be introduced into the model, and how it can be extended to handle several
groups. The general approach is based on the recently developed structural time series methodology.

1. INTRODUCTION

A fundamental problem in insurance is predicting the distribution of the total
value of claims in a given time period. Similar problems arise elsewhere. For
example, we may be interested in the total expenditure on some category of
consumer durables, such as cars, for a given group of the population. The
essential feature of such problems is that the quantity of interest is a random sum.

In order to aid the exposition, it will be assumed that we are working in an
insurance context. Let ¥, denote the amount of the j-th claim at time ¢, where
Jj=1,..,Nandt=1, ..., T. The number of time periods for which observations
are available is 7, while the number of claims at time ¢, N,, is, like Y}, a random
variable. The total value of claims is the random sum

N,
5= 3 v,

Jje
J=1

t=1,..., T (1.1)

If the sizes of claims are mutually independent, and independent of the number of
claims, the distribution function of S, is given by

FS)= T FY(Y)p(N,) (1.2)
Ni=0

where F(Y,) is the distribution function of the claims, p(N,) is the probability that
the number of claims is N, and the * denotes the convolution of N, variables.
Obtaining an analytic expression for F(S)) is not usually possible, except in a few
very special cases. However, the moment generating function (MGF) of S, can
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514 Time Series Models for Insurance Claims

always be obtained from the MGF's of Y}, and N,; see Gerber (1979), page 12,
Furthermore, it is not difficult to show that

E(S)=E(N,) E(Y)), (1.3)
as might be expected, while
Var(S,) = Var(N) - {E(Y;)Y + E(N))-Var(¥). (1.4)

There is a considerable literature in risk theory concerned with obtaining
approximations to the distribution of S,.

Estimating the parameters of the distribution of S requires that past data be
used to estimate the parameters of the distributions of the size and number of
claims. As a rule it is assumed that these parameters remain constant over time,
although it has long been recognized that this may not be realistic; see, for
example, the comments in Beard er al. (1984)") Ch. 6. This paper sets out
methods for constructing and estimating time series models for the size and
number of claims. Section 3 looks at a single group, while Section 4 extends the
analysis to several groups. Section 2 reviews recent techniques in time series
modelling which are appropriate for handling Gaussian and Poisson observa-
tions. It is these methods which form the basis for the statistical development in
the later sections. In making these developments it is recognized that the number
of time periods for which observations are available may be relatively small.

2. STRUCTURAL TIME SERIES MODELS

A structural time series model is one which is set up in terms of components of
interest, such as trends, seasonals and cycles. Models of this kind are related to
the ARIMA models popularized by Box and Jenkins (1976),® but their more
natural interpretation has a number of advantages and they have now been used
successfully in a wide range of situations; see, for example, Kitagawa and Gersch
(1984),49 Harvey and Durbin (1986)® and Harvey (1989).©9 Most of the work
involving structural models has assumed normally distributed observations.
However, while normality might be a reasonable assumption for a claims
distribution, or at least its logarithm, it is not a reasonable assumption for the
number of claims when such numbers are typically rather small. Recent work by
Harvey and Fernandes (1989),7 however, shows that the methodology of
structural time series modelling can be extended to handle Poisson observations
with a time-varying mean.

As Sections 3 and 4 will show, the structural time series models for Gaussian
and Poisson observations can be used as the basis for modelling random sums.

2.1 Stochastic Trends
The simplest structural time series models consist of a stochastic trend
component, p,, plus an irregular random disturbance term, ¢;.
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The random walk plus noise or local level model is

Y, = U, + €, g, ~ NIID(0,62) (2.1a)
o=, 1+ 1Y, 1, ~ NID(0,0; (2.1b)
where, as the notation md'calcs, the &S are normally and independently

dlstrlbuted with mean zero and variance Us, and #n, has a similar distribution with
variance a,, Furthermore ¢, and 5, are mutually independent. Only the y;s are
observed; the trend, like the irregular term, is unobservable. However, the model,
as it stands, is in state space form and as a result the Kalman filter can be used as
the basis for computing optimal estimators of g, within the sample and for
making predictions. Furthermore it enables maximum likelihood (ML) esti-

nln ata nd ha ad thna
mators of the unknown u_ypux}uu(uuuu.«lo, o, and o;, to be UUIII}IUL\«U via the

prediction error decomposition. All of this is well documented in the references
already cited. Note that an important feature in motivating the random walk plus
noise model is that the predictions are essentially formed as an exponentially
weighted moving average (EWMA). The smoothing constant depends on
the signal-noise ratio, g = o3/07.

In the local linear trend model, (2.1b) is replaced by

M=ty By 1, n,~NIDO,02
B.= B, 1+, ¢, ~ NID(0,02

...... ot el s ol Lmcnnnn o

WllClC [.)1 lb lllC blUL«lldSllb blUpC lllC lUlbbd\l\ llUlll llllb IIIUULI bOIlepUIlU io
those obtained from the non-seasonal Holt-Winters recursions with suitably
chosen smoothing constants.

The components g, in (2.1b) and (2.2) are known as stochamc trends.
Deterministic trends emerge as a special case. Thus if, in (2.2), a = 05—0 then
the model reduces to the linear time trend

Y=o+ B+ g (2.3)

where g and ff are unknown intercept and slope parameters. Similarly ifa,z, =0in
(2.1b), the observations are simply distributed about a constant mean.

Models of the above kind may be extended by adding other stochastic
components such as scasonals and cycles.

(2.2)

2.2 Time Series Models for Poisson Observations

A model for Poisson observations which ailows the mean, 4,, to change
stochastically over time can be constructed by analogy with (2.1). Let the
observation at time r be drawn from a Poisson distribution,

PANIA) = Ae™ M, 24)
This corresponds to the measurement equation of (2.1a). However, rather than

trying to formulate a transition equation analogous to (2.1b), we look to the
properties of natural conjugate distributions of the type used in Bayesian
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statistics. This approach was originated by Smith (1979)"> but in the further
development carried out by Harvey and Fernandes (1989) the procedure is put
within a classical framework by constructing a likelihood function and
suggesting various diagnostic test statistics.

The conjugate prior for a Poisson distribution is the gamma distribution. Let
p(A._1|N,-1) denote the PDF of 4,_ | conditional on the information at time 1 — 1,
namely the values of the first 1 — 1 observations, denoted as N,_ . Suppose that
this distribution is gamma, that is N,~I'(a,b), with PDF

e by )»a -1

p(la.b) = T(@b ab>0 (2.5)

with A=24,_1, a=a,_, and b==b,_| where a,_; and b, are computed from the
first 7—1 observations. In model (2.1) with normally distributed observations,
My~ N(@m,_y, p,- 1) at time 71— 1 implies that g, ~ N(mi,- 1, p,- 1+a,2,) attimer—1.
In other words the mean of u|N,_ is the same as that of u,_{|N,_; but the
variance increases. The same effect can be induced in the gamma distribution by
multiplying @ and b by a factor less than one. We therefore suppose that
p(A|N,-)) follows a gamma distribution with parameters ay,_; and b,,_, such
that

a_,=wa, (2.6a)
by y=wb, (2.6b)
where o is a constant in the range 0<w< 1. Then
E(QQIN i )=ag-1/by..1=a,1/b,_y= E(A4_1IN,_))
while
Var(AIN,—y)=ay,_1/b}- 1=w ' Var(4,_|N,_}).

The stochastic mechanism governing the transition of A,_ to A, is therefore
defined implicitly rather than explicitly. However, it is possible to show that this
mechanism is formally equivalent to a multiplicative transition equation of the
form

A=w” l/.lt» M,
where #, has a beta distribution with parameters wa,_; and (1 —w)a,_; see the
discussion in Smith and Miller (1986).(9

Once the observation N, becomes available, the posterior distribution, p(4,|N,),
is given by a gamma distribution with parameters

a,=a,_+N, (2.72)
b’ = bt|l-‘ 1 -+ l. (2.7b)
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The initial prior gamma distribution, that is the distribution of 4, at time =0,
tends to become diffuse, or non-informative, as a, b—0, although it is actually
degenerate at a=b=0 with Pr(A=0)=1. However, none of this prevents the
recursions (2.6) and (2.7) being initialized at t=0 with ay=by=0. A proper
distribution for 2, is then obtained at time =1 where 7 is the index of the first
non-zero observation. It follows that, conditional on N,, the joint density of the
observations Ny, ..., Nyis

P(Ney 1y Npsw)= ] p(NIN, ). (2.8)

t=1t-+1

The predictive PDFs are given by
p(Nr'Nt»—l) = I ])(N,M,)p().,,'N,,, l)dﬂ't 2.9)
0

and for Poisson observations and a gamma prior this opcration yields a negative
binomial distribution
a+ N,—1

[)(N,!N,A l)=< N

>b"(1 4 by (N (2.10)

where a = a,, ,and b=b,,_, and
a+N-1\_ T@+N)
N IR ECERDEC)
although since N is an integer, (N + 1) = N! Hence the log-likelihood function
for the unknown hyperparameter o is

T

log L) = ), {logT(ay,_,+ N)—log N!--logI'(a,,_ )+
t==141
a,|,, llog bl]l—l "(allt» 1 + N:) IOg (] + bl|l—~ 1)} (21 l)

It follows from the properties of the negative binomial that the mean and
variance of the predictive distribution of N7y given Ny are respectively

‘ Nrywr=EWN7INp)=ary yr/bry yr=ar/br, (2.12a)
and
Var(N; IND) =ar, 1T (I + by 1|7‘)/b27'4 \r

= @ ' Var(A,|N;) + E(AAN). (2.12b)
Repeated substitution from (2.3) and (2.4) shows that the forecast function is
71
Npowr=azbr= Y o'Ny_, Z w’. (2.13)

Jj=0 j=0
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This is a weighted mean in which the weights decline exponentially. In large
samples the denominator of (2.13) is approximately equal to 1/(1--w) when
o < 1 and the forecasts can be obtained recursively by the EWMA scheme

Nyw=Q0-DNy,_ ,+iN, t=1,..,T (2.14)

where N,,():O and A=1—w is the smoothing constant. When w =1, the right
hand side of (2.13), is equal to the sample mean. Regarding this as an estimate of
A, the choice of zeroes as initial values for @ and b in the filter is seen to be justified
insofar as it yields the classical solution. In Bayesian terms it corresponds to a
non-informative prior.

Details of multi-step prediction can be found in Harvey and Fernandes
(1989).

2.3 Explanatory Variables
Observable explanatory variables may be added to structural time series
models. For a Gaussian model, such as (2.1), the first equation becomes

Y=+ x'6+¢, (2.15)

where x,is a k x 1 vector of explanatory variables and & is the corresponding k x 1
vector of unknown parameters. If y, is removed (2.4) reduces to a classical linear
regression model.

In a model with Poisson observations, but no dynamic structure, explanatory
variables are introduced via a link function; see the discussion of the GLIM
framework in McCullagh and Nelder (1983).(% The exponential link function

Ar=exp (x6) (2.16)

ensures that 4, remains positive. Note that it does not make sense to include a
lagged dependent variable as an explanatory variable when the observations are
small and discrete.

Explanatory variables can be introduced into time series models for count data
as follows. Asin (2.15), the level A, may be thought of as a component which has a
separate effect from that of the explanatory variables in x,, none of which is a
constant. Suppose that

Aici~T(a,, bi2)

and that, conditional on the information at time 1—1,
Ai~T(wa,-1,wb,_)).

This level component may be combined multiplicatively with an exponential link
function for the explanatory variables so that the distribution of N,, conditional
on 4,, is Poisson with mean

A} = A exp(x; 8). (2.17)
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It follows from the properties of the gamma distribution that, conditional on
Nl—!a
)‘: ~ I“(a,f,_ l9b;r1—— 1)

where
g y=wa_; and bl exp(—xi5) @.18)
respectively.
The log- likelihood of the observations is therefore as in (2.11) with a,,., and
by, 1 replaced by a '_iand b} _.. Thismust be maxmlwed with respect to w and 6.

Mg — 1 2t e B fi—1

As regards updatmg, 2} ~T(a}, b)) where a and b} are obtained from a,|,_ .
and by, via updating equatlons of the form (2 7). Therefore the posterior
distribution of 4, is I'(a,,b,), where a, and b, are given by

a,=wa,_,+ N, (2.19a)
b,=wb, |+ exp(x; d), t=1+1,..,T. (2.19b)

Thus the only amendment as compared with the recursions in the previous
subsection is the replacement of unity by exp(x; 8) in the equation for b,.
In the Gaussian case, the computational burden is eased considerably by the

fact that 8 mav be estimated hqpayl\r by oeneralized least saguares: see Kohn and

pR- 10200 0 4 (S o1 R 288 P 0w @ ) B¢ RO 20ASL sQuUales, sCU RO

Ansley (1985).09 It is unfortunate that this is no longer possible for the Poisson
model. However, it is sometimes possible to use estimates from the Gaussian
model as starting values; the difficulty lies in how to handle zero observations
when logarithms are being taken.

Another limitation to the Poisson model is that only the level can be allowed to
be time-varying. Unlike in the Gaussian case, the time trend and seasonals must

he determinictic enterine the madel ac exnlanatory variahles Hawever it ig
AW MWW 1313311000, Vll‘\«llllé (2P LR YR AVAVIS B \/l\}llullﬂllv‘) YULIUIVO, 13IWVYWWYVE,y 1V 20

argued in Harvey and Fernandes (1989)( that Poisson observations are unlikely
to contain enough information to enable changes in slope and seasonal effects to
be picked up.

3. MODELLING THE SIZE AND NUMBERS OF CLAIMS

As in the introduction we consider a situation where there is a single group at
risk and there are N, claims at time 1. It is assumed that the size of each individual
claim is known. Estimation by maximum likelihood is proposed.

3.1 Stochastic Trends in Claim Sizes

Structural time series models for claim sizes may be developed by assuming
that claims are lognormally distributed. According to Beard er al. (1984) Ch. 3,
such an assumption has been found to be reasonable in practice and it means lh t

we can construct a Gaussian model for log(Y;) = yj.
The observations satisfy the model

. " o 1 AT
Y=t &, J=1,.., Ny

~
i
~
=3
~~
w
=
A
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where the ¢;, are mutually and serially uncorrelated disturbances with variance o2
and g, is either formulated as a random walk, (2. lb), or, more generally, asa local
linear trend model, (2.2). As noted in §2.1, 1fo = a( =0 in the local linear trend
model, it collapses to a deterministic tlme trend. This is known as the
Hachemeister model in the credibility theory literature; see Hachemeister
(1975).® The stochastic generalization to the local linear trend model is a natural
one, It has been suggested recently by Ledolter, Klugman and Lee (1989)'? for
credibility models, although the modelling framework within which they use it is
somewhat different.

The model in (3.1) can be extended to include other stochastic components,
such as seasonals, and explanatory variables. Handling these extensions poses no
problems, and so attention is focused on (3.1). Indecd matters can be simplified
further by restricting attention to the case where u, follows a random walk. The
full model can be written as

y.=iu +e¢, g, ~ NID(0,02I) (3.2a)

l’ll = ”l—--l + ”n 'h ~ N]D(O’GS (32b)
where i is an N,x 1 vector of ones. This is a special case of a dynamic factor
model; see Fernandez Macho et al. (1987)® and Harvey (1989)©® Ch. 8. As such it
can be handled by the Kalman filter and the exact likelihood function
constructed. However, the special form of the state space model in (3.2a) means
that (a) only a univariate Kalman filter need bc run; and (b) numerical
opumlzauon only need be carried out with respect to a single parameter, the
relative variance g= a,,/a

The univariate Kalman filter is based on the averages in each time period. Thus
(3.2a) implies

Fi=w+&  &~NID(0,0;/N). (3.3)
The fact that the Kalman filter applied to the full set of disaggregated
observations does indeed reduce to a Kalman filter applied to (3.3) and (3.2b) can

be shown as follows. Let a,;p, denote the variance of u, conditional on the
information at time 7. The Kalman filter for (3.2) can be written simply as

mo=m,_ +py._, ilef l(yr—i’nt— l) (3.4a)
Pe=Py1—PyTF; Y g, (3.4b)

where m1, is the minimum mean square estimator of y, based on information at
time ¢,

Pyu-1=pi-1+q 3.5)
and
=Itipy ¥ (3.6)
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By a standard matrix inversion lemma
F' =T~ {py/(1+ Ny )} G.7)
and so
my=m,_ 1 +{Npg-1/(3 + Npge )}F—m,-). (3.8)

This recursion and the corresponding recursion for p, are precisely the
expressions obtained by writing down the Kalman filter for the univariate
aggregate model (3.3) and (3.2b).

The initial conditions for the Kalman filter must be computed from one of the
observations at time == 1. This yiclds

to~N(y1+, 67) (3.9)

where y|+ is the value of the selected observation. Since y+ has been used in this
way it should not be used in the subsequent calculations. Thus N will be re-
defined as the actual number of observations at time =1 less one. It can be
shown that the likelihood function and the estimates of the state are not affected
by the choice of the initial observation. In more general models with d
nonstationary elements in the state vector, an estimator of the state vectorat t=0
may be computed by taking an observation from each of the first d sets of
observations and making the appropriate amendments to the values of Ny, . . .,
Na.

If all the N,’s are regarded as being fixed, the log-likelihood function of the full
set of observations on claims can be written as

N -
log L = -3 log2n--3 Y log|F)

=1

N , | L
——2—log o, "'2—0_‘2 2:‘] v, F, v, (3]03,)
where
v,=y—im,_ t=1,..,T (3.10b)
and
7
N= Y N, (3.10¢)

.
S v Fty, @3.11)
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f[ > - { N ""—‘-—}ﬁ?] @3.12)

=1 1 +NJ’:|:#

However, using (3.7),

21

where
Oy = Vy—M,_ s J=1,..,N, t=1,...,T

and 7, is the mean of the Uy ’s. The likelihood function may therefore be
concentrated with respect to o , leaving the following function to be minimized
with respect to ¢:

)
St@) = Nlog 82+ 3, log (1 + N,py,_ ). (3.13)
£ 1

The simpliﬁcation in the determinental term arises as a corollary to the matrix
1nvers10n result in (3.7); sce Rosenberg (1973)('Y page 416.

If 62 and g were known, the Kalman filter would yield the mean and variance of
the dlstrlbutlon of an observation at 7'+ 1 conditional on the information at time
T. Thus,

Yiz+ 1~ Nz yr, 6H4pry yr+ 1)) (3.14)

This result is approximately true when o?

estimators.

and ¢ are replaced by their ML

3.2 Modelling the Number of Claims

A deterministic Poisson model for the number of claims can be set up within
the GLIM framework by using the link function, (2.16). In addition to a constant
term, it would seem sensible for the set of explanatory variables, x,, to at least
contain log P, where P,is the population at risk. If the corresponding é parameter
is set equal 1o unity, then the mean of the Poisson distribution is proportional to
P,. Other candidates for explanatory variables might be a time trend, seasonals
and income; see the discussion in Beard er al. (1984 Ch. 6).

When N, has a Poisson distribution, the distribution function of the value of
claims, F(S,)in (1.2), is known as a compound Poisson distribution. Unfortuna-
tely, finding an analytic expression for F(S)) is not possible when the size of claims
follows a lognormal distribution. Nevertheless, using the information available
at time 7, predictions for S, together with any higher order moments, may be
made by combining predictions from the Poisson count model with predictions
from the lognormal claims model.

A stochastic time series model may be set up for the number of claims as
described in Section 2. Instead of a constant term, the model contains a stochastic
level and the mean of the distribution of Ny, at time T is given by (2.13). The
predictive distribution for the total value of claims is no longer a compound
Poisson distribution, however, because the predictive distribution of N, is not
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Poisson if w is less than one. As shown in Section 2, it is negative binomial for
predictions one step ahead. Evaluating the moments of S, can be carried out as
usual, with the mean and variance given by (1.3) and (1.4). That is, the expected
value of claims in the next time period is:

E(S,  )=EWNy, ) EY;7.1) (3.15a)
T Va T
with a prediction MSE given by

Var(Sy, ) = Var(Ny . HE(Y, 7, )P + E(N7, )Var(Y; ;.. ,) (3.15b)
T T T T T

with
E(Nyy 1) =ai /b ing (3.16a)
-
and
Var(Ny, 1) = a7, 70 + bp/bi 2 (3.16b)
>
For lognormal claims,
E(Y; 74 1) = exp(my+ 3062p7, 0 (3.17a)
7
and
E(sz.T+ 1) = exp(my + 202 py, ur)- (3.17b)
7

When w = 1, in the model for the number of claims, F(S; ;) reverts to a
compound Poisson distribution and because the estimated mean at time 7"+ 1 is
equal to the variance, (3.15b) simplifies to

Var(Sy, 1) = ENpy ) E(Y7 5, ). (3.18)
T T T

Maximum likelihood estimation of the parameters in the full random sum
model can be obtained by first writing down the joint density function for the
individual claims and the number of claims at time 7. Thus if y,is the N, x 1 vector
containing yy, j=1, ..., Nyand y¥= (¥, Vi-1s . . o Y1),

P(YoNIN LY ) =p(PdNLYE )  pP(ININLY* 2 0). (3.19)

As a rule the distribution of N, will not depend on past values of the claims, in
which case y¥_ | can be dropped from the last term in (3.19). In any case, it follows
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from (3.19) that the log-likelihood function can be written as the sum of the log-
likelihood for the claims, (3.10a), and the log-likelihood for the counts, (2.11). If
the models contain no parameters in common, ML estimation of each can be
carried out separately.

4, SEVERAL GROUPS

Suppose now that there are G groups, and that the number of claims on the gth
group at time ¢ is N,,. The total number of claims at time ¢, that is the sum of the
Ng:s, will be denoted by N,. The problem now is to predict the total value of claims
in each group,

Ng.T+1

Sg,r+1= Z ng,r+1.

J=1

The approach adopted is to let the model for the size of claims in each group
contain a stochastic trend component which is common to all groups. The
stochastic model for the number of claims described earlier is then generalized in
a parallel fashion.

It is assumed that data on individual claims are available in each group.

4.1 Size of Claims
The model for the size of claims

V=it g+, 8~NID(0,07) 4.2)

where p, is a random walk as in (3.2b) and the s, g=2,...,G are fixed
parameters. These parameters are to be interpreted as multiplicative factors for
the common trend component, as it enters into the model for the size of claims for
a given group. In other words the level of claims in different groups is not the
same, but the long-run movements they exhibit follow the same pattern,
reflecting changes in common influences stemming from changes in unmeasured
economic and social variables.
In matrix terms (4.2) is

Wo=ip+¥Yute, &~NID0,071) 4.3)

where y,, i and g are N,x 1, such that g is a (G—1)x 1 vector and ¥, is an
N, x (G —1) matrix

0 0
U

v=| . 4.9)
0 g

where ig is an N, vector of ones. The model is a special case of the dynamic factor
model described in Fernandez Macho et al. (1987), and various generalizations
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within this framework might prove to be useful. However, if T'is small, the scope
for estimating a richer model than the one above may be limited.

The model may be estimated by applying the Kalman filter described in §3.1.
The only modification is that this filter is applied to y, and to the columns of ¥,.
This enables an estimator of u to be computed by carrying out a multivariate
regression of the innovations from yp, on the innovations from each of the
columns of ¥,. In this way u may be concentrated out of the likelihood function;
see Kohn and Ansley (1985)('D or Harvey (1989),® Sect. 3.4. A starting value for
Hto is obtained from one of the observations in the first group. This is possible
because the mean of the first group is i, An alternative way of computing the
likeliho?d function is by adapting the more general algorithm given by De Jong
(1988).™

A somewhat simpler approach enables one to estimate the y;s independently of
the hyperparameter, ¢. The mean in each group satisfics

).Ygl = ’ll ‘+' llg '+ égh (4.5)
and so aggregating over time gives

7 7 7
Fo= 20 FedT= 2 T+ pe+ 3 &7,

=1 t=1 =1

G, (4.6)

)
i

Since ;=0 for g=1,

Fe— 1=+ Z &/ T— 2 &,/ T. @.7)
Thus the term involving the underlying stochastic level has disappeared,
suggesting the estimator

flo=Jg— 1, g=2,...,0G. 4.8)
The variance of this estimator is

Var (i) = 03[ Y (N )+ 3. (1/1\’1()]/72 4.9)
t=1 t=1

These estimates of the group effects may be subtractcd from the observations in

the corresponding groups. The parameters o2 and g are then estimated using the

algorithm of § 3.1.

4.2 Number of Claims

As with the size of claims, it seems rcasonable to assume that the stochastic
movements in the level are common to all the groups. Thus the number of claims
in each of the g-th groups follow independent Poisson distributions with mean

At =1, exp(xi6) exp(x;d,), g=1..,G 4.10)

where x,, is a vector of explanatory variables for the g-th group, x, is a vector of
explanatory variables entering into the common trend component, and §;, and 8



526 Time Series Models for Insurance Claims

are corresponding vectors of unknown parameters. In the simplest case x,,= | for
all g, in which case exp(d,) is the factor by which the common trend must be
multiplied for the j-th group. The é,s play a similar réle to the s in (4.2), and, as
there, some kind of normalization is required. The most appropriate normaliza-
tion is to let the sum of the exp(d,)s be G, since then the mean of the gth group is
2 exp (x;8) if 8;=0. More generally

G
Y exp(x}6,) = G. “.11
g=1

The prediction equations for A, are given by (2.6), just as in a univariate model.
The G independent observations can now be used to update a,,—; and by by
bringing them in one at a time. The net result is two composite updating
equations,

a,=a,_ -+ ZNgl (4.12a)
b4
b,=by,_ , + exp(x;d) Y. exp(x,0) = by, , + Gexp(x;8).  (4.12b)
P4

The joint density function of the numbers of claims, conditional on the
numbers in previous time periods, N,_,, is

G
p(Nln s NthNt-- l) = II p(Ngl‘Ng-rl,ﬂ BN N],,N,_ 1) (4.13)
=1

Each of these G conditional distributions is negative binomial with parameters
(@g-1.5b5_1, ) where

b, = by exp(— x,8) exp(— X,0) 4.14)
and a,, and b, are given by the recursions

a,=a, ,,+ N, (4.15a)

by, = b, ,,+ exp(x;d)exp(x,,6) (4.15b)

with starting values ag,=a,,-1 and by, = by, ;. The net effect of (4.15) is of course
the single set of recursions in (4.12), with g, = ag, and b,= bg,. The full likelihood
function is obtained by summing the conditional densitiesin (4.13) over all ¢ from
t=1to 7.

The main drawback with this model is that estimation must be carried out
nonlinearly with respect to 8y, ..., 8¢ as well as w. However, a preliminary
estimator of w can be constructed by summing the observations in each time
period and treating them as a univariate series from a Poisson distribution with
parameter

YAk =Y A,exp(x,0,) = G A exp(x;0) 4.16)
E4 £
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The updating recursions are precisely those given in (4.15), except that G is
replaced by unity in (4.15b). However, there is no reason why (4.15b) should not
be used. It is interesting to observe that 1, is an EWMA of the average number of
claims per group in each time period.

If x,,=(1 log P,,)’, and if the coefficients of log P, are unity and each Py, is
roughly constant over time, i.e. Py, = P, preliminary estimates of 8y, . . ., §; may
be obtained by summing the number of claims in each group over time. If the 4;s
are treated as though they were fixed, the total number of claims per group over
the full time period, N,, would have a Poisson distribution with parameter

T T
Y it =e%P, Y dexpxd), g=1,...G. 4.17)

t=1 t=1

In view of the normalization rule, the distribugion of N, the sum of claims over all
groups, is Poisson with mean XA, exp(x,8). This suggests the following
preliminary estimator:

3,=log (NN P), g=1,...,G. (4.18)

5. CONCIL.USION AND EXTENSIONS

This article has set out time series models which can be used for modelling
claims. The statistical specification of these models invites estimation by
maximum likelihood and allows tests of model specification to be constructed.
Such tests, which are described in Harvey and Durbin (1986)® and Harvey
(1989), could be extended to cover some of the more complex multivariate
situations described here.

One practical problem which arises is that the values of individual claims may
not be available. In the absence of such information predictions of the expected
value of claims could still be made from the aggregate model, (3.3), provided that
J,t=1,..., T, is observed. The fact that this is the geometric, rather than the
arithmetic, mean of the individual claims makes its availability unlikely. Rather
than attempt to work with some kind of approximation, it may be worth
considering the use of a gamma distribution for the size of claims S, since the sum
of identically distributed gamma variables is still gamma. We plan to describe the
implementation of a dynamic model based on gamma distributions in a later
article.
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