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I HAVE been asked to explain how the benefits of a pension to
widows and an allowance to children can be valued when they are
included in a pension scheme; and as I have had no experience
whatever of a fund providing such benefits, I am, of course,
eminently qualified to lecture on the subject. At least, I
approach the subject with an unprejudiced mind, and am not
affected by anything I may have said or done.

The problem I am about to investigate is different from the
ordinary Widows' Funds; because I am assuming that it is
compulsory on every member of the staff, whether bachelor,
husband, or widower, to contribute towards the benefits, either by
a fixed annual sum for the whole of life or by a percentage of his
salary, or of his salary and pension.

I have made several enquiries as to the nature of the
benefits offered, and I find that the pension generally takes
the form of a fixed annuity to the widow, and, on the death
of the widow, a continuation of the annuity until the youngest
surviving child reaches a certain age, say 14, 16, or 21. There
is generally a provision that the annuity shall cease on the
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re-marriage of the widow, but even in that case it is sometimes
continued for the benefit of the children. Sometimes an
allowance is made for every child left by a married man until the
attainment of a certain age, say 14 or 16, in addition to the
pension to the widow. This additional benefit is of the form of
Mr. G. King's "Family Annuities", see J.I.A., vol. xxx, p. 291.
I have come across one fund which provides a pension to the
widow based in some way on the retiring allowance which the
husband would have received if he had retired at the date of
his death.

It not infrequently happens that a consolation is given to
the persistent bachelor, and the widower leaving no children,
in the shape of the payment at death of a fixed sum or the return
of contributions without interest.

As I propose to use, when suitable, Mr. A. Hewat's Tables in
his " Widows' and Pension Funds ", based on the experience of
the Widows' Funds of the Scottish Banks, for which he has
kindly given his permission, I may at once state that no provision
will be made for forfeiture of the widow's pension in the event of
re-marriage, and that second marriages are not provided for.
(See Hewat, p. 80, "Widows' and Pension Funds.")

We are now entering on a new and wide field of investigation,
and shall require a new notation, in which the symbols shall be so
distinctive that they cannot be mistaken for others we are in the
habit of using. In this I have found it necessary to break away
from the signs hitherto adopted for reasons which will appear
obvious. For instance, w which has hitherto been used to
represent a widow, I have already appropriated for withdrawals,
and wrmqx, which has been used to represent the probability of a
widower marrying between the ages x and x+1, is much too
complex when a simpler symbol can be found.

PRIMARY SYMBOLS.

As px is used to represent the probability of a person aged x
living from age x to age x+1, and qx to represent the probability
of a person aged x dying between the ages x and x + 1 , I propose
that mx shall represent the probability of a person aged x marrying
between the ages of x and x+1. This has a certain advantage,
because m without the suffix will represent the probability of
marrying. The following is the scheme of notation I propose
to use:—
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W

O

YC

Blx

=
=

=
=

=

=

=
=

bachelor.
husband.
widower.
married man.
widow.
orphans, that is, all the children left by a husband

or widower.
youngest child.
number of bachelors living at the age x.

Hlx

Klx

Mlx

=
=
=

,,
,,

,,

husbands
widowers
married men

,,
,,
,,

,,
,,
,,

x .

x .

x = Hlx+Klx.

Bdx

Hdx

Kdx

Mdx

Bpx

Hp x

Kpx

Mpx

Bqx

Hqx

Kqx

Mqx

=

=

=

=

=

=

=

=

=

=

=

=

number of bachelors dying between
and x+1.

number of husbands dying between
and x+1.

number of widowers dying between
and x + 1.

the ages of x

the ages of x

the ages of x

number of married men dying between the ages of
x and x + 1 = Hdx + Kdx.

the probability of a bachelor aged
age x to age x + 1.

the probability of a husband aged
age x to age x + 1.

the probability of a widower aged
age x to age x +1.

the probability of a married man
from age x to age x +1.

the probability of a bachelor aged x
the ages of m and x + 1.

the probability of a husband aged x
the ages of x and x + 1.

the probability of a widower aged x
the ages of x and x + 1 .

the probability of a married man
between the ages of x and x + 1.

x living from

x living from

x living from

aged x living

dying between

dying between

dying between

aged x dying

mx, or Bmx = the probability of a bachelor aged x marrying
between the ages x and x + 1.

I 2
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m2x,or Kmx = the probability of a widower aged x marrying
between the ages of x and x +1.

Bxm = the probability of a bachelor aged x marrying.

Kxm = ,, ,, widower ,, ,,
x is used to denote the age of a male.

y ,, ,, age of a female, but generally the
age of the widow at the death of her husband.

Wa
Wya

Oa(n)

YCa(n)

K.YCa(n)

.(n), or Ea(n)

K-C

K-C(n)

K-C (n)dx

=

=

=

=

=

=

=

=
=

the present value of an annuity of 1 to a widow.
the present value of an annuity of 1 to a widow

aged y.

present value, at the death of a husband or widower,
of an annuity of 1 to each of the children, until
they reach the age of n.

present value, at the death of a married man, of an
annuity of 1 until the youngest child attains the
age of n.

present value, at the death of a widower, of an
annuity of 1 until the youngest child attains the
age of n.

the addition, at the death of a husband, to the
present value of an annuity of 1 to a widow to
provide for the continuance of the annuity until
the youngest child attains the age of n.

a childless widower.

a widower without children under the age of n.

the number of widowers without children under the
age of (n) dying between the ages x and x + 1.

If it be desired to represent the probability of a person dying
a bachelor, or a husband, or a widower, we can use b, h, and k
respectively for such probabilities, so that

Bxb = probability of a bachelor aged x dying a bachelor.
Bxh

Bxk
=
=

,,
,,

,,
,,

,,
,,

,,
,,

husband.
widower.

Hxh

Hxk

Hxh

Kxk

=

=

=
=

,,

,,
,,
,,

,,
,,
,,
,,

husband aged x dying a husband.
„ „ widower.

widower aged x dying a husband.
„ „ widower.
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It will sometimes be necessary to use a symbol to represent
the number of bachelors marrying in a year, or marrying and
dying the same year—similarly with husbands becoming widowers
and widowers marrying. These will be represented thus :—

Bhlx

Hklx

Khlx

Bhdx

Hkdx

Khdx

=

=

=

=

=

the number of bachelors becoming husbands
between the ages of x and x + 1 .

the number of husbands becoming widowers
between the ages of x and x + 1 .

the number of widowers becoming husbands
between the ages of x and x +1.

number of bachelors marrying and dying as
husbands between the ages x and x + 1 .

number of husbands becoming widowers and dying
as widowers between the ages x and x+1.

number of widowers marrying and dying as
husbands between the ages x and x+1.

Other symbols will be developed as the work proceeds.

CONSTRUCTION OF TABLE SHOWING THE NUMBER OF BACHELORS,

HUSBANDS AND WIDOWERS DYING AT EACH AGE.

We have now to construct a working Table. It must in
the first place be a Table showing the numbers remaining,
withdrawing and dying each year out of a certain number entering
at a given age. That we have in my Table No. 3 (J.I.A.,
vol. xxxvi, p. 261). It is not necessary to separate those who
retire, because the liability we have to deal with now, arises
only on death, whether before or after retirement. In the second
place we have to carry the deaths to the extreme limit of life;
and for this purpose I have adopted the English Life No. 3
Experience. In the third place, we have to find, out of all those
who die at each age, how many are bachelors, how many are
husbands, and how many widowers. Fourthly, we have to
determine the average age of the widow at the death of the
husband; and, finally, we require to know how many of the
husbands and widowers will leave children, and the average age
of the youngest child at the death of the father.

Statistics on these points are very limited, and are not always
given in a form convenient for use.
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MARRIAGE RATES.

The number of husbands dying at each age must of necessity
depend largely upon the marriage rate. Now the marriage rate
differs according to occupation; and this has been clearly shown
by Messrs. Deuchar, Hewat, Huie, Meikle, and Sprague, in the
experiences of the different Widows' Funds in Scotland, and
the Peerage Families. The Ministers and Schoolmasters, who
attain their maximum income early in life, marry earlier than the
bankers and advocates who wait until their incomes will enable
them to marry comfortably. I imagine that the marriage rate
in the class for whom these Funds are created will correspond
more closely to that prevailing in a bank staff than in any other;
and, consequently, I decided to adopt Mr. Archibald Hewat's
experience of Scottish Bankers.

On page 63 of his work on " Widows' and Pension Funds "
he gives a Marriage and Mortality Table, based on the experience
of the Widows' Funds of the Scottish Banks, showing the
numbers living separated into bachelors and married, and the
numbers dying separated into bachelors and married, as well as
the number of bachelors marrying. The numbers dying in my
extended Table were divided into bachelors dying and married
dying, in the same proportion as in Mr. Hewat's Table. Having
thus obtained the numbers dying married, it became necessary to
sub-divide them into husbands and widowers. This was done, up
to age 65, in the proportion of husbands dying to widowers dying
by means of Mr. G. King's Table C in his valuable paper
" On Family Annuities." The number of bachelors, husbands
and widowers living at the age of 65 and over, are not
sub-divided according to ages in the Census Returns, and, in
consequence, we had to have recourse to another method of
separating our married men at death, after that age, into
husbands and widowers. This was done by means of Dr. Fare's
English Life Tables. It was assumed that all the married men
of the age of 65 would have wives of the average age of
10 years younger than themselves, and we ascertained how many
couples, out of a given number of couples of husband and wife
living at age 65, would survive every year to the end of the
Table. By this means we were able to extend Mr. King's
curve for husbands to the end of life, and it was particularly
gratifying to find that the total bachelors, husbands and
widowers, which we thus obtained, corresponded very closely
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with the Census Returns. The question of marriage or
re-marriage after 65 was excluded, because in these Funds
marriage after 65 is either not recognized, or, if it is, a large fine
is imposed.

The result of this distribution of the deaths is shown in
Table 45 on pp. 138-9; and, until more trustworthy statistics
are forthcoming, I venture to think that this Table is the best
that can be produced. The mortality amongst husbands is
greater after age 47 than in Mr. Hewat's experience of married
men in the class of Scottish Bankers, so that the liability,
according to my Table, will be on the safe side.

WIDOWS' AGE.

Having found the number of husbands who die at each age
we had next to find the ages of the widows which they leave on
the Fund. On page 81 of his work Mr. Hewat gives a Table of
the difference of age between husband and wife at marriage, based
on the actual experience of the Scottish Bankers, of which the
following is an extract:

TABLE J.

There will not, of course, be so much difference of age
between the wife and husband at the death of the husband,
especially as the majority of marriages takes place between
the ages of 27 and 40. After due consideration of the probable
survivors, I fixed upon the following scale :
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TABLE K.

The difference between the ages of husband at death and widow
for the intermediate ages of husband at death was determined by
first differences (see Table 46).

If these figures err at all, they err upon the side of making
the difference of age, especially after age 40, too large; but if
that is so, then the error is upon the safe side, because in my
Tables I shall be making a larger provision for the annuity to
the widow than is necessary.

The present value of an annuity of 1 payable to the widow
during the remainder of her life was taken from Mr. Hewat's
Table I I (page 87).

CHILDREN'S BENEFITS.

In order to ascertain the ages and the number of children
left by a married man at his death, I have had to go to the same
source as Mr. King did when he constructed his Table of
" Family Annuities " , namely, the " Statistics of the Colony of
New Zealand." In vol. xxx of the Journal, on page 300,
Mr. King gave a copy of the " Table showing, for the year 1890,
" the total number of males who died at each year of age from
" 20 to 65 ; the number of married males who died (a) leaving
" no children, and (b) leaving children; and the number and
" ages of the children living at the time of the father's death.'
In the statistics of the Colony for the year 1899 a similar Table is
given for the five years 1895 to 1899 inclusive, for all ages of the
father up to 65, and also a Table for the year 1899, for all ages
of males at death from 20 to 99. As I shall make very
considerable use of this Table, I will give the figures, grouping
five ages together.
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No attempt has been made to distribute the numbers in the
column headed "Age not specified", consequently that column
has been ignored.

The marriage rate in the Colony is no doubt different from
that prevailing amongst the class we are dealing with, but I agree
with Mr. King that no great error will be committed if it be
assumed that the number of children to each deceased married
man is much the same in New Zealand as in Great Britain.

There are two ways in practice of providing for orphans;
one by continuing the widow's annuity until the youngest child
reaches a certain age, the other by granting an annuity to each
child until the attainment of a certain age.

CONTINUATION OF WIDOW'S ANNUITY TO YOUNGEST CHILD.

This plan of providing for the children presents two distinct
problems : (1) The value, on the death of a husband, of a deferred
annuity to the youngest child to commence at the death of the
widow, and to continue until the youngest surviving child attains
a certain age; (2) the value on the death of a widower of an
annuity until the youngest child reaches the assigned age. The
former is a term survivorship-annuity, the latter is, practically,
an immediate term-annuity-certain.

Our statistics do not distinguish between husbands' and
widowers' children, nor do they give any information as to the
youngest child in the family. These defects prevent us from
arriving at anything like extreme accuracy in our estimates, but
we shall produce results which, if not exact, will at least be on
the safe side. The better to explain the methods pursued, I here
give a Table showing the different stages by which the values
were produced.
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Now there can only be one youngest child for each deceased
husband leaving a family; consequently, the 170 married men
(which for the present we will assume to be husbands) leaving
children, who died at ages within the group of which 30 is the
centre, would leave 170 youngest children. If then we assume
that the youngest 170 children are the youngest children of the
170 different families, we shall certainly be placing our estimate
on the safe side, because some of these will undoubtedly be first
and second from the youngest in the same family, and the
youngest of some families will be older. On the other hand the
fact that widowers' children are included would have the
tendency, when widowers are treated as husbands, to make the
youngest child somewhat older than the husbands' youngest
children alone; but the proportion of widowers who die to
husbands who die is very small, so that our assumption will
still keep us on the side of safety.

The youngest 170 children opposite central age 30 are,
46 aged 0, 53 aged 1, 58 aged 2, and to make up the 170 we take
13 aged 3. On the principle that the ages are scattered equally
throughout the year, we shall assume that all those entered under
age 0 are, on the average, ½ a year old; all those entered under
age 1 are, on the average, 1½ years' old, and so on. The average
age of the youngest child will, therefore, be

Having ascertained the average age of the youngest child,
which we will call x , our first object will be to find the addition
to be made to the value of the widow's annuity at the death of
the husband to provide for the continuance of the annuity to the
youngest child until the age of, say 14, in the event of the widow
dying before such time. We have not to provide for the
youngest child alone, for if the youngest dies the next youngest
in the family takes his place, and so on, until the youngest
surviving reaches the age of 14. The value of the annuity for the
youngest child, therefore, is not much short of an annuity-
certain ; so that by assuming, as I have done, that the value of
the annuity to the youngest child is the value of an annuity-
certain for the term between the age of the youngest child at the
death of a husband, and the age when the annuity is to cease, we
are arranging that the estimated value shall be on the safe side.
Huie assumes that every husband leaves a child just born, and
that such child will certainly live 21 years, which is an
exaggerated view to take of the case.
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The term during which a provision has to be made for the
youngest child, until the age of 14, is 14–x ' , and the value of a
continuous annuity-certain for that period is approximately

The value of a continuous annuity to the widow on
the death of the husband for the same term is approximately

The addition, therefore, to be made to the value of
the widow's annuity to provide for the youngest child
until 14, is

consequently, we only tabulate
The values of the term annuities on the lives of widows were

based on the HF Table, because the rate of mortality in that
Experience corresponded fairly well with Mr. Hewat's rate of
mortality amongst widows, and the values could be easily
obtained from the Institute HF Tables. As Mr. Hewat does not
publish the D and N columns in his Tables we had no ready
means of calculating the term values on his experience.

The difference between the annuity-certain for the youngest
child and the term annuity on the life of the widow, will give the
addition to be made to the widow's annuity per husband leaving
children under 14 years of age. It will be seen, on reference to
the Table, that there are sometimes more married men leaving
children than there are children under 14, and this is the case at
central age 60 at death and over. In order to find the addition
to the widow's annuity per husband leaving children, we require
to multiply the value already obtained by the total number of
children under 14, and divide by the number of married men
leaving children; that is to say, for central age 60, the value in
col. (10), which is ·137, must be multiplied by which
produces ·128; for central age 65, the value in col. (10) must be
multiplied by and so on. In this way col. (11) was
produced, showing the addition to the widow's annuity per
husband leaving children. But then it is not every husband who
leaves a child; and on comparing cols. (2) and (3) it will be
seen that 15 per-cent of the total married men die childless, and
that the ratio is nearly the same at all ages. By multiplying,
then, the values in col. (11) by ·85, we obtain the addition to
the widow's annuity per husband dying, which values are inserted
in col. (12). These values form a fairly regular series, and the
values for each age (see Table 48) were obtained by means
of a curve drawn graphically through the values at the central
ages.
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PROVISION FOR YOUNGEST CHILD ON DEATH OF A WIDOWER.

I have already explained that, owing to the New Zealand
statistics not distinguishing between husbands and widowers in
the married men who die, it is quite impossible to separate their
children; consequently, we have no choice between assuming that
the ages of the children left by widowers are the same as those
left by husbands and widowers together, or, making an empirical
assumption as to the possible increase in the ages of the children
on the death of a widower compared with the ages on the death
of a husband. I prefer to assume that the ages of the children
are exactly the same, for the reason that, by doing so. the
provision I make for the children of husbands and widowers
taken together will correspond exactly with the provision for the
children left by married men at death according to the statistics.
The number of widowers dying at ages when the children are
young is very small, even when only one marriage is allowed for;
but, if second and third marriages are taken into consideration,
it will be subsequently shown that the number of widowers dying
leaving young children is very small indeed.

At present, we do not take second marriages into consideration,
and we accordingly assume that the values in col. (7) in the
above Table, with the addition of ·5, will represent the value of
the continuous annuity to the youngest child of a widower leaving
children under 14. These values reduced, first to the values per
widower leaving children, and then to the values per widower
dying, in the same way as the additions to the widow's annuity
were treated, will produce the values in col. (15), which were also
graduated graphically in order to obtain the values for each age
of widower at death.

ANNUITY TO EACH OF THE CHILDREN OF A HUSBAND OR

WIDOWER ON THE DEATH OF THE FATHER; OTHERWISE

CALLED ORPHANS' ANNUITIES.

I have adopted the term " orphans' annuities " in preference
to " family annuities" used by Mr. King, because although,
in a narrow sense, the children of the same parents considered
collectively apart from their parents may be called the family, it
in no way implies that the liability arises only on the death of
the father. On the other hand, although, I suppose, in its strict
sense, an orphan means a child bereft of both parents, it is now
most commonly used to signify a child whose father is dead, and
therefore more clearly expresses the status of the child who is to
receive the annuity.
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We have not now to distinguish between husbands' children
and widowers' children, consequently we have to calculate the
value of the annuities as at the moment of death of a married man.

Mr. King based his annuities on the English Life No. 3
Experience, and I think wisely so, because he was dealing with a
population problem, but that Table does not represent the
mortality experience of the class with which we are dealing.
Mr. Hewat in his work on " An Investigation of the Marriage
" and Mortality Experience of a Scottish Ministers' Widows'
" and Orphans' Fund, &c. " , gives a Table of the mortality
experience amongst children, taken out to four places of decimals.
I am content to use only three places of decimals to represent the
probability of dying in a year. The following Tables show the
rate of mortality I have used, and the values of the temporary
annuities deduced therefrom. I have not used the elaborate
formula of Mr. King for a continuous term annuity, being
satisfied with the approximate formula, as a slight
difference in the rate of mortality would neutralize any difference
produced by extreme accuracy in calculating benefits.

The rate of children's mortality which I have assumed is
lighter than that used by Mr. King, and, consequently, my
temporary annuities are larger than his.

TABLE N.

Table of the Mortality Experience amongst Children.
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TABLE O.

Value of Continuous Temporary Annuity.

My Tables of orphans annuities were constructed in the way
described by Mr. King in his paper on ''Family Annuities"
(J.I.A., xxx, p. 303), but using only the numbers for the groups of
five ages of married men at death (Table L). The curve drawn
through the values for central ages was almost exactly of the same
form as Mr. King's. These Tables will be found on pages 146-7.

If my values " to age 1 4 " at 3 per-cent be compared with
Mr. King's values for the same limiting age and rate of interest,
it will be found that my values are less than his, particularly
from ages 30 to 40, notwithstanding that my annuities are
higher, which shows that the number of children in a family in
New Zealand had decreased in the ten years from 1890 to 1900.

Having given the particulars of the Tables upon which all
our calculations are to be based, I think the best way of showing
the construction of the Valuation Tables will be to follow the
same course as before; that is, to give solutions of the values of
the different benefits in the form of problems. By this means
every investigation is kept clear and distinct.

Problem Ic.—Assuming that the members of a staff consist
of bachelors, husbands, and widowers, distributed in the pro-
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portions according to the Tables, what would be the present value
in respect of a person aged x of an annuity of 1 to a widow for
the remainder of her life to commence on the death of a husband ?
No marriage after age 65 and no second marriage to be recognized.
What annual premium payable for the whole of life by each
member of the staff, entering at age x, would be required to
provide such benefit ?

Out of lx persons living at age x, Hdx husbands will die
between the ages x and x+1; say, on the average, at age x +½.

husbands will die between the ages of x +1 and x + 2 ;
say, on the average, at age x +1½; and so on. If the average age
of the widow at the death of a husband dying at the average age of
x + ½ is y, and if we assume that āv = ½ + ay approximately, then
we shall have to provide for Hd x×(½ + ay) at age x + ½,

at  age x+1½, &c., and the present value of
the annuity in respect of a person living at age x will be

If now we call and sum the values of
so that then the

present value of the widows' annuity will be represented by

The annual premium, in the ordinary way, would be found by
substituting for D x ; but if the premium is to be payable
monthly, and the funds invested quarterly, then we must apply
similar adjustments as in our other problems, and use

for the denominator.
Problem IIc.—What is the present value, in respect of a

person aged x, of the additional payment required to provide
for the continuance of the widow's annuity of 1 from her death
until the youngest surviving child reaches the age of (n), and the
corresponding annual premium payable for the whole of life ?

We have already ascertained (page 113) the value of the
addition at the death of the husband, and agreed to call such
value E(n)x. Out of lx persons, therefore, living at age x, we

* does not mean that the annuity is for the age 1 year older than y, but
y +1 is the age of the widow on the death of a husband at the age of x + 1½.

VOL. XXXVIII. K
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shall have to provide in respect of Hdx husbands dying between
the ages x and x + 1, and in respect of ,

husbands dying between the ages x+1 and x + 2, ;
and so on. The present value of the addition in respect of a
person aged x will therefore be

If then we call and sum the values of

so that the present
value of the addition to provide for the continuance of the widow's
annuity until the youngest surviving child reaches the age of n,
will be represented by

and the annual premium will be either

according as the premium is to be paid yearly in advance, or
deducted from salary.

Problem IIIc.—What is the present value, in respect of a
person aged x, of an annuity of 1 to the youngest surviving child
of a widower until the age of (n), from the moment of death of
the widower; and what the corresponding annual premium ?

We have already ascertained (page 113) the present value, at
the death of a married man, of an annuity of 1 until the youngest
surviving child reaches the age of n, and agreed to call the value
YCa(n)x.

Out of lx persons living at the age of x, Kdx will die as
widowers between the ages of x and x+1, and the annuities to
be provided will be will die as widowers
between the ages x+1 and x+2, and the annuities to be
provided for them will be and so on. So
that the present value in respect of a person aged x will be

If now we call and sum the

values so that the
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present value of an annuity of 1 to the youngest surviving child
of a widower until the age of n will be

and to find the annual premium we use the same denominator as
in the two previous Problems.

Problem IV c.—What portion of salary payable during
active service, equated to 1 of salary at age x, would be required
to provide for an annuity of 1 to a widow and an annuity of 1
from the death of a widow or widower until the youngest child
reaches the age of n ?

The value of the benefits have been ascertained in
Problems Ic , IIc, and I I Ic , and, equating the payments to the
benefits, we have

and

Problem Vc.—What is the present value, in respect of
a person aged x, of an annuity of 1 to each of the children of a
family, from the moment of death of the father, until they
respectively attain the age of (n) ?

Here we must remember that both husbands and widowers
leave children which are treated alike, and consequently we
have to base our calculations on the number of children left
by married men.

Out of lx persons living at age x, Mdx married men will
die between the ages x and x + 1 , say, on the average, at age
x + ½.  married men will die between the ages x + 1 and x + 2,
say, on the average at age x+1, and so on. The present value
of an annuity to the orphans left by a married man dying
between the ages x and x+1, until they respectively reach the
age of (n) is Oa(n)x; consequently the present value of the
orphans' annuities in respect of a person living at age x will be

If now we call and sum the values
so thatof

K 2
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then the present value of the orphans' annuities of 1 each until
they respectively reach the age of (n) will be represented by

Problem VIc.—What is the present value, in respect of each
person living at age x, whether bachelor, husband or widower,
of 1 payable on the death of a bachelor ?

Here out of lx persons living at age x, Bdx bachelors will die
between the ages of x and x+1; will die between the
ages x+1 and x + 2, and so on : so that the present value of 1 on
the death of a bachelor will be

If then we call and sum these values so that
the present value required

will be represented by

It is not, I believe, usual in these funds to provide for a return of
contributions on withdrawal from the staff; but if such a rule
is introduced it is only necessary to add to the benefit side of the
equation of payments and benefits the value or .
according as P is a fixed annual payment, or a proportion of
salary; or, to be more exact,

or

using, of course, the proper denominator of Dx or (See
Problems IA and VB. )

Problem VII c.—What is the present value, in respect of a
person aged x, of the assurance of 1 on the death of a widower
leaving no children under the age of (n) ?

This seems to be a benefit which is rapidly coming to the
front; and in the absence of statistics, anything like an exact
calculation is out of the question. It will be seen from Table L
that the proportion of married men dying childless is 33 per-cent
at age 25, and 25 per-cent at age 30, and after that about
15 per-cent. If we assume that, as a rule, the last child we
should have to deal with would be born when the husband's age
was 55, we might with safety assume that the number of widowers
who would become claims, if the children's benefits ceased at
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age 16, would be 20 per-cent of Kdx up to age 30, the percentage
increasing by 1 each year up to age 45, when the number would
be 25 per-cent of Kdx; then increasing by 2 each year to age 55,
then increasing by 3 each year up to age 65, when the number
would be 75 per-cent of Kdx; and then increasing by 5 each year
up to age 70, when the claims for that age and over would
amount to 100 per-cent of Kdx.

If the children's benefits are continued till age 21, then I
think the percentage might be deferred 5 years; that is to say,
take 20 per-cent of Kdx up to age 35, increase the percentage by
1 each year to age 45, and so on.

The symbol for a childless widower is (K— C), and for a
widower without children under the age of (n),K—C(n). If,
now, the column we are supposed to have just constructed be
called K—C(n)dx, then out of lx persons living at age x,
K — C(n)dx will die between the ages x and x+1 as widowers
leaving no children under the age of (n). Then, following the
same reasoning as in Problem V i c ; if

and the present
value of the assurance of 1 on the death of a widower leaving no
children under age (n) will be represented by

If the contributions are to be returned on the death of a
widower leaving no child on the Funds, then Tables would have

to be formed of or and (See
Problems I A and V B . )

Sometimes the contribution is a fixed percentage of the salary
and pension, in which case it is not quite so easy to find the value
of the contributions.

Problem VIIIc.—What is the present value, at age x, of future
salary and pension to the end of life, equated to 1 of salary
at age x ?

We have to deal with this problem in three sections, namely:

(i)

(ii)

The present value of the salary during active service,
equated to 1 of salary at age x;

The present value of the pension in respect of those
who retire at the pension age, say 65, from the date
of their retirement to the end of life, equated to 1 of
salary at age x;
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(iii) The present value of the pension in respect of those
who retire before the pension age, from the date of
their retirement to the end of life, equated to one of
salary at age x;

and for these we must use the values based upon my Table 4.
The value of (i) we already know, namely,

but (ii) and (iii) must depend upon the mode in which the
pension is calculated.

Let us suppose, first, that the retiring allowance is a fixed
percentage of average salary for every year of service, say p per
cent.; then the value of (ii) will be

But this is not now a liability payable at the moment of the
occurrence of the event, but an asset dependent upon the
accumulation of capital; and so, according to the rule upon
which I have based the adjustments, namely, that the invest-
ments are not made immediately, but, on the average, every
quarter, the above value should be multiplied by v .

The value of (iii) will be (see Problem XB. )

and the total value of the future salary and pension to the end of
life, equated to one of salary at age x, will be

Ii past service has to be taken into account in calculating the
pension on retirement, then the complete value of (ii) based on
past and present salary,— (not equated to 1 of salary)—will be

(total past salary)

(present salary)
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and the complete value of (iii) will be

(total past salary)

(present salary)

so that the complete total value is

(present salary)

(total past salary)

(present salary)

which looks more formidable than it really is.
In the second place, let us suppose that the retiring allowance

is a fixed percentage of the last salary for every year of service,
says p per-cent: then the value of (ii) will be

and the value of (iii) will be

and the total value of the future salary and pension to the end of
life, equated to 1 of salary at age x, will be

If past service has to be taken into account in calculating the
pension on retirement, we have to consider the number of years
already served. Say the number is n, then the complete value of
(ii), based on past and future service, will be

(present salary)

and the value of (iii) will be

(present salary)
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and the complete total value of the future salary and pension to
the end of life will be

(present salary)

The usual scales of retiring allowances can be introduced by
appropriately applying the solutions given in Problems XIII B,
XIV B, and XV B.

Problem IX c.—To find the present value, in respect of a
person of the age x at entrance, of the return of total salary and
pension, without interest, on the death of a bachelor, equated to
1 of salary at age x.

This would be a very simple matter if it were not for the
early retirements, because we could assume that all the bachelors
in our Table No. 45 received full salaries up to the pension age,
and then retired on full pension.

If the pension is p per-cent of average salary for the total
number of years' service, then s for age 65 and over would be,

taking 17 as the average age at entrance, or, if the

pension at the pension age is | rds of last salary, then s for
65 and over would be s64.

We should then proceed in the same way as in Problem VB,
and construct a Table of for the whole of life, which we
have called BdCx; sum these values like the M column, and call
the new values BdMx, a column which we have already obtained
in Problem V I c ; multiply each value of BdMx by s, calling the
result BdMs

x, and then sum these values again, thus producing a
column which we will call BdRs

x, and the value of the return of
total salary and pension on the death of a bachelor, out of
lx persons (including pensioners) living at the age x would be
represented by

where Ds
x is calculated on the lx

's in Table 3.
The work could be shortened by adding all the Bdx's from

age 65 inclusive to the end of life, thus producing Bl65, and

multiplying Bl65 by (average pension at age 65),
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because no marriages are allowed after the pension age, and,
consequently, the bachelors dying after that age are the numbers
dying in the ordinary mortality Tables.

Even assuming that no one retires before the pension age, the
values we have obtained would be in excess by half the last
year's salary, namely, a value which has not been
calculated.

If past service is to be taken into consideration, then the
value will be—

(total past salary)

The rule that no marriage after retirement on pension is
recognized would enable us to make an exact valuation of the
benefit, if anyone thought it worth while to take the trouble.
We could find out how many bachelors retire at each age, and
how many remain in the fund until the pension age. We could
then deal with those remaining on the fund in the same way as
above; and for those who retire early we should have to find an
average pension at each age of retirement, and make the
liability from the age of retirement the value of an increasing
assurance of the retiring allowance according to Table 8 ; that is,

average pension age at x).

Another and equally good way would be to find an average
age at retirement, by multiplying the number in the column
" Retiring " in Table 4 by the age, including those who retire at
the pension age, and dividing the sum of the results by the total
number retiring.

The last plan would be quite safe, and as near accuracy as we
might ever wish to get.

Problem Xc.—To find the present values, in respect of a
person aged x at entrance, of the return of total salary and
pension, without interest, on the death of a widower leaving no
children under the age of (n), equated to 1 of salary at age x.

In the first place we have to find the number of widowers
dying at each age leaving no children under the age of (n), as
described in Problem V I I c ; and then proceed as in Problem IXc,
forming columns of and

The required value would then be represented by

the Ds
x being calculated on Table 3.



126 On the Valuation of [OCT.

There is no way of shortening this work as in the previous
Problem, because widowers are constantly emerging from the
husbands as they lose their wives. We, however, need not trouble
about the early retirements, as the number of widowers dying do
not become large until the pension age is reached.

Problem XI c.—A firm whose staff is represented by the
particulars given on page 242, vol. xxxvi, is anxious to start a
widows' pension fund, which all those now on the staff and of the
age of 30 and under, and all future entrants, must join. The
benefits are to be £20 a year to the widow, commencing from the
moment of death of her husband, and, in the event of the early
death of the widow, a continuation of the annuity until the
youngest child reaches the age of 16. In the event of a widower
dying leaving children, an annuity of £20 a year is to be paid
until the youngest reaches the age of 16. On the death of
a bachelor, the sum of £25 is to be paid to his relations. Each
member of the fund is to contribute a percentage of his salary
and pension until his death. The scale of pension is the
Government scale, namely, th of last salary for every year of
service not exceeding 40, and retirement at 65 is compulsory.
The firm will pay a sum down to start the fund, and will
guarantee 4 per-cent interest on the investments, free of income
tax. There are to be no expenses connected with the manage-
ment of the fund. No one over the age of 30 is to be allowed to
join except on payment of a fine commensurate with the risk.
No second marriage is to be allowed except on payment of a fine
commensurate with the risk, and no marriage after 65 is to be
recognized. A widow on re-marriage is to forfeit her annuity.

What percentage of salary and pension should each member
contribute to the fund, and what sum should the firm pay down
to start the fund ?

As our Tables do not provide for second marriages, nor for
the forfeiture of the widows' pension on re-marriage, we must
leave them out of our present calculations.

To find the proper contribution, it is necessary to determine
the average age on entrance to the staff. This will vary according
to the nature of the business, but in our imaginary staff I think
18 would be the proper age to take. I t is not desirable to take
too young an age, because you may be fixing the scale too low
and endangering the Fund, while if you take an age higher
than the average, you will have a margin to keep the Fund in
safety.
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On the benefit side we have

Present value of widow's annuity
of £20

Present value of continuation of
annuity tillyoungest child is 16

Present value of annuity of £20 to
children of widower until
youngest child is 16 .

Present value of £25 on death of
bachelor

On the payment side we have
Present value of contribution during whole period of active

service

Present value of contribution from those who retire on
pension at age 65 (see Problem XIV B, J.I.A.,
vol. xxxvii, p. 204)

Present value of contributions from those who retire on
pension before the age of 65

As D(3)
18if is the same as D(4)

18if, we shall find, by collecting all the
benefits together, and all the payments together, that

which produces ·0150, or 1½ per-cent.
To make a valuation in order to find what the reserve should

be, or in other words to find the amount which the firm should
pay down to start the fund, we must have a valuation schedule.

The most difficult part of this Problem is to find the present
value of the future salaries and pensions on which we have to
calculate the value of the contributions, so we will consider the
contributions first.
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From Problem VIIIc we find the value of future salary and
pension (allowing for no more than 40 years' service to count for
pension) to be :

Present salary multiplied by

not exceeding 40,

and all divided by Ds
x.

The last two terms contain values based on past service; but
the second term will not trouble us now, because in all cases in
our supposed Fund, 65 + n—x will exceed 40.

We will proceed then, first, to obtain the details for valuing
the pensions on early retirement.
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All the rest of the work, except when (65 + n—x) is less than 40,
is based upon totals for each present age.
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By present value of annuity to widows of £20, col. (21) × 20

Valuation Balance Sheet.

LIABILITIES.

= 2,749·0

,,
,,

,,

,,

,,

,,

,,

,,

,,

continuation of annuity after death of widow
until youngest child is 16, col. (23) × 20

£20 to children of widowers until youngest is
16, col. (25) × 20

£25 on death of bachelors, col. (27) × 25

= 69·0

=
=

94·0
148·8

3,060·8

ASSETS.

To present value of salary during active service,
col. (11) 141,500·3

2,122·5Increase by
143,622·8

To present value of pension after 65, col.
5120·4

multiplied by decreased by
2½ % nearly 128·0

4,992·4
To present value of pension on early retirement:

col. (16)
col. (18)

=
=

87,717·7
268,787·3

356,505·0
deduct, col. (6) = 30,111·1

50,358·8 80,469·9

increased by 1½%
276,035·1

4,140·5

280,175·6÷60=4,669·6

153,284·8
1½% of £153,284·8=

Deficit
2,299·3

761·5

£3,060·8

The sum which the firm should pay down to start the Fund
is £761. 10s.

Problem XII c.—What is the present value, in respect of a
person aged x at entrance, of an annuity to a widow based on the
husband's pension, or the pension he would have been entitled to
at the date of his death ? And what would be the value of
a continuation of the same annuity to the children of a widow
or widower until the youngest reaches the age of (n) ?

Here the question of retirement, and the mortality amongst
those who retire, form important elements in the Problem;
consequently we require to use Table 4, where those who retire
early are separated from the others.
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It will be necessary to divide the Problem into three parts,
and investigate separately the values of the benefits in respect of

(1) Those who die while in the service.
(2) Those who retire before the pension age.
(3) Those who retire at the pension age.

For 1, the d's in Table 4 must be divided into Bdx, Hdx and
Kdx; and for 2, the d's in Table 8 must be divided into

and      and extended to the end of life. This can stop
at age 64 if the values of waMx, &c, by Table 3 have already
been calculated.

Now we know the value of the widow's annuity on the death
of her husband, namely, ay + ½, but we want also to know the
value of the widow's annuity per retired person at the date of
retirement. It is necessary, therefore, to ascertain the values of

and according to Table 8 ; and, for the children's

annuities, to find the values of and also by the

same Table.
Using the index (r) to distinguish the invalid pensioners

Mortality Table, we may call

the value, per retired person aged x, of a
widow's annuity of 1.

the value, per retired person aged x, of the
addition to provide for continuation of the
widow's annuity until the youngest child is (n)
years of age.

the value, per retired person aged x,
of an annuity of 1 to the children of a widower
until the youngest reaches the age of (n).

When these Tables are constructed we shall be in a position
to proceed with the investigation of the Problem; but we must
first know the principle on which the pensions are calculated.
Let us, in the first place, take the case where the pension is
based on the number of years' service of the husband, and the
average salary he received.

Following the same reasoning as in my Problem X B (J.I.A.,
vol. xxxvi, p. 238) we proceed thus :

Out of lx persons living at the age x, in receipt of an average
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salary of s each, the liability for widows' annuities, equal to the
total amount of the salaries received by their husbands,
would be—

In respect of Hdx persons dying— And in respect of rx persons retiring—

In respect of persons dying— And in respect of persons retiring—

In respect of persons dying— And in respect of persons retiring—

In respect of Hd64 persons dying— And in respect of r64 persons retiring—

In respect of l65 persons retiring at the pension age
The present value of all the annuities equated to 1 of salary

at age x will be

divided by lxsxv
x.

Separating the symbols inside the large bracket, we have

If now we first form Tables of Hdx(ay+ ½) and       then

add the two values together, forming a Table of {Hdx(ay+½)
and multiply the value by 

thus forming a
Table of which we will call w . r a C x ;
and sum these values, so that

then multiply by sx making and then sum these
values so that

we can represent the present value of an annuity to the
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widow, of her husband's pension based on average salary and
number of years' service equated to 1 of salary, in respect of
a person aged x at entrance, and dying or retiring before the
pension age, by the convenient symbol

Adding to this the value of the widow's pension in respect of
the l65 persons who retire at the pension age,

we have for the complete value of the widow's annuity, per
person aged x at entrance,

The value however, requires adjustment, because it
has been assumed that the full year's salary in the year of
retirement was paid, and the whole has been over-discounted by
half a year. The proper adjustment is to deduct x (which
will be found later), and increase the difference by half a year's
interest. The corrected value will therefore be

For the continuation of the annuity for the benefit of the
children of a widow or widower until the youngest child attains
the age of n ; we shall have (equating our values to a denominator
of l x s x v x )
In respect of Hdx persons dying as husbands at age x,

In respect of Kdx persons dying as widowers at age x,

In respect of rx persons who retire at age x

By separating the symbols as before, it will be found that
a Table would have first to be constructed of

which could be called
VOL. XXXVIII. L
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Then these values of would have to be summed to
form a Table which might be called The values in
this Table would have to be multiplied by sx, forming a Table of

and these new values summed again producing a Table
0f

In respect of those who retire at the pension age 65,
the value equated to a denominator of lxsxv

x will be
and the complete value for the con-

tinuation of the annuity will be

The value s , however, too large by reason of our
assuming that the last year's salary is paid in full, and by the
whole being over-discounted by half a year. The correct value
would therefore be

Secondly, let us assume that the pension is based on last
salary and number of years' service. The same process as before
will have to be followed, up to the construction of the Table of
values of when each value would have to be multiplied
by sx, and the resulting values then summed, so that

These values would have to be summed again, so that

The value of the widow's pension, in respect of the l65 persons who
retire at the pension age 65, will be

and the value of the widow's annuity per person aged x at
entrance will be

or, using the proper adjustments,
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For the continuation of the annuity for the benefit of the
children of a widow or widower until the youngest arrived at the
age of (n) we follow the same process as above up to the
construction of the Table of These values would have
to be multiplied by sx, and then summed, so that

Summing these values in like manner, we shall have

and the value, in respect of the l65 persons who retire at the
pension age 65, will be

so that the value of the addition to the value of the widow's
annuity (making the usual correction) will be

By means of Problems XIII B, XIV B and XV B, it would be a
simple matter to apply the above formulas to the usual modes of
calculating pensions.

I have not attempted to make any Tables for this kind
of pension to widows and children; because I have not found the
plan to be in practical use with either of these modes of
calculating pensions; but, from signs which I have observed, I
should not be surprised to hear of an attempt to put this plan
into operation. The younger members might do worse than
exercise their powers on the construction of Tables for this
kind of benefit.

Problem XI I I c.—To ascertain the fine payable on second
marriage.

One of the difficult problems connected with these Funds is
to determine what fine should be paid on re-marriage. All the
Tables are based on first marriage only; and if the contributions
are based on such Tables, without any addition for the con-
tingencies of second and third and subsequent marriages, then
the widower who marries again is bringing on to the Fund
a liability which he is not paying for. He undertook to make a
contribution for the whole of life, and the Fund undertook the
risk of making a payment if he died a bachelor, the risk of paying

L 2



136 On the Valuation of [OCT.

an annuity to his widow by the first marriage, the risk of paying
an annuity to his children, and the risk of paying a sum on his
death as a widower. The risk of his dying a bachelor ceased
when he married, the risk of paying an annuity to his widow by
the first marriage ceased when his wife died, the risk of paying an
annuity to his children may or may not have ceased, and the risk
of paying a sum at his death is still in existence. He now wants
to bring on to the Fund the risks attaching to a second marriage,
that is, the risk of paying an annuity to his widow by the second
marriage, and the risk of paying an annuity to his children by
the second marriage; but by doing so he is reducing the risks
left by his original contract, for the value of the annuity to his
children by the first wife will be smaller, and the risk of his
dying a widower without children under a certain age will
be less.

If we assume that the value of the reduction in the old risks
will cover the value of the annuity to the children of the new
marriage, there remains the additional risk of the annuity to the
widow, which is ay—ax y , and that is clearly the fine which
should be paid.

The cost, however, is prohibitive ; and you will never persuade
a man that it is right and just that he should go on paying all his
life for other people's widows, and not be allowed to leave his own
widow on the Fund, even if it is by a second marriage, without
paying an additional sum equal to the full value of the risk.

In all the Funds I have examined fine on second marriage is
quite nominal compared with the correct amount; but then the
contributions and the values of the risks have generally been
calculated with an excess of caution which has justified the
imposition of only a small fine.

If, however, we are going to calculate the values of the
contributions more closely, we shall have to calculate the fines
more closely, or find some way of making them merely nominal,
or doing without them altogether. We can only do this by
including the risk of second and subsequent marriages in the
original calculations. But how ?

The difficulty is considerably increased when the contribution
is a fixed percentage of salary and pension.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 44.

Simple Commutation Columns (according to Tables 3 and 45).
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 45.

Showing the number living and remaining on the staff at each age
according to Table 3, and the numbers who die at each age as
Bachelors, Husbands, and Widowers; no second marriage being
allowed for.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 45—(continued).
Showing the number living and remaining on the staff at each age

according to Table 3, and the numbers who die at each age as
Bachelors, Husbands, and Widowers ; no second marriage being
allowed for.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 46.

Value, on the Death of a Husband, of a continuous Annuity of 1to
the Widow for the remainder of her life.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 46—(continued).

Value, on the Death of a Husband, of a continuous Annuity of 1 to
the Widow for the remainder of her life.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 47.

Present value, on the death of a Married Man, of a continuous
Annuity of 1 until the youngest surviving child attains the age
of 21 , 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 47—(continued).

Present value, on the death of a Married Man, of a continuous
Annuity of 1 until the youngest surviving child attains the age
of 21, 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 48.

Value, on the death of a Husband, of a continuous Reversionary
Annuity of 1 to commence on the death of the Widow, and
continue until the youngest surviving child reaches the age of
21, 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 48—(continued).

Value, on the death of a Husband, of a continuous Reversionary
Annuity of 1 to commence on the death of the Widow, and
continue until the youngest surviving child reaches the age of
21, 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 49.

Value, on the death of a Married man, of continuous Annuities of
1 to each of the children until they respectively attain the age
of 21,16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.
TABLE 49—(continued).

Value, on the death of a Married man, of continuous Annuities of
1 to each of the children until they respectively attain the age
of 21, 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 50.

Commutation Columns for finding the Present Value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of 1
to a Widow to commence at the moment of death of a Husband.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 50—(continued).
Commutation Columns for finding the Present Value per Member

(whether Bachelor, Husband, or Widower) of an Annuity of 1
to a Widow to commence at the moment of death of a Husband.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 51.

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence at the death of a Widow and continue until
the youngest surviving child reaches the age of 21,16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 51—(continued).

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence at the death of a Widow and continue until
the youngest surviving child reaches the age of 21, 16, or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 52.

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence on the death of a Widower and continue until
the youngest surviving child reaches the age of 21, 16 or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 52—(continued).
Commutation Columns for finding the present value per Member

(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence on the death of a Widower and continue until
the youngest surviving child reaches the age of 21, 16 or 14.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 53.

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to each of the children until age 16 on the death of a married
man (whether Husband or Widower).
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 54.

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of 1 payable
immediately on the death of a Bachelor.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 55.

Multipliers for use in a Valuation.

INTEREST 4 PER-CENT.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 55—(continued).

Multipliers for use in a Valuation.

INTEREST 4 PER-CENT.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 56.

Multipliers for use in a Valuation.

INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TABLE 56—(continued).

Multipliers for use in a Valuation.

INTEREST 3 PER-CENT.
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DISCUSSION.

Mr. MANLY said that the Paper was not yet finished, and he
hoped to be able to show how to ascertain the different benefits, not
for individuals—bachelors, husbands, and widowers all put together—
but for bachelors, husbands, and widowers separately; and to include
the risks of second marriages. Such figures had not been produced
before; and he never saw a way of arriving at them himself until he
had made the very interesting table, which was marked No. 57*,
tracing the husbands to their death or widowerhood. Table 58*,
which had cost an enormous amount of labour, would also, he hoped,
be considered an extremely interesting one, showing out of a given
number of bachelors who started at the age of 15, namely, 200,000,
how many died as bachelors, how many as husbands after the first
marriage, and how many as widowers of the first marriage, husbands
of the second marriage, widowers of the second marriage, and
husbands of the third marriage, and widowers of the fourth marriage,
and so on until, as would be noticed, they had really disappeared
after the fourth marriage, for very few of them entered into that
state. For this table he was indebted to Mr. Workman, who
had shown the most exemplary patience in working the tables out
for him. He thought that some very excellent results would be
produced afterwards.

Mr. E. C. THOMAS said that Mr. Manly had set himself many
distinct problems, the number of which seemed to be only limited by
the possible combinations of widows, children, and other relations on
the one hand, with husbands, widowers, and bachelors on the other.
Some of these problems had been already investigated by previous
writers, but Mr. Manly had introduced two fresh complications,
namely, the elements of withdrawal and average salary. One of the
greatest difficulties with which Mr. Manly, in common with every
other investigator, had had to contend, was to find suitable material
on which to base his necessary tables, and one was at once struck
with the great variety of the sources to which he had been obliged to
resort for this purpose. Those sources comprised his own tables,
based on the experience of certain railway pension Funds, Mr. Hewat's
tables based on the experience of Scottish banks, the census returns
of New Zealand, and the HF Mortality Table. There might,
therefore, be a possible objection raised to Mr. Manly's tables on account
of the composite nature of their bases. Possibly a consideration of the
various items involved might help to remove that objection. He
thought that although the present paper was a continuation of
Mr. Manly's previous paper, the kind of experience now in
Mr. Manly's mind was more that of a bank than of a railway. He
imagined that there would be no objection raised against the use of
Mr. Hewat's tables drawn from the experience of banks. With
regard to Mr. Manly's own tables, previously published, they had
been criticized as comprising a very low mortality rate and a very
high lapse rate. They might naturally expect that a low mortality
rate would usually be experienced in these Funds, for not only were
members generally selected at the outset, but selection operated at

* Tables 57 and 58 will be published later.
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the other end by the retirement, compulsory or otherwise, of the
weakly members. With regard to the withdrawal rate, experience
had accumulated to show that for a hypothetical table, unaffected by
any exceptional circumstances, Mr. Manly's table would probably be
as suitable a basis as any other that could be devised. In one case—
that of a bank's Fund—it had been possible to use Mr. Manly's
withdrawal rate in its entirety. With regard to the figures based on
the New Zealand census returns, it might be objected that New
Zealand was a very much younger country than England, and
subject to very different economic conditions; but this could be met
by the unanswerable argument that the figures were apparently the
only ones obtainable. One would naturally expect the number of
children per marriage to be greater in New Zealand than in England,
but in the discussion on Mr. King's paper on " Family Annuities ",
Mr. Morris Fox had stated that he considered that both the marriage
rate and the birth rate were lower in New Zealand than in England.
He took this to mean the birth rate per thousand of the population
living, and this might follow upon a lower marriage rate, though not
necessarily so. But what was required in the present instance was
the number of children left per married man dying, and the New
Zealand figures would probably err in this respect, if at all, on the
side of safety. I t was in accordance with reasonable expectation
that the later figures obtainable by Mr. Manly showed a falling-off
in this respect compared with the earlier statistics used by Mr. King.
On the whole, he thought that they might conclude that Mr. Manly
had been able to keep on the safe side in these figures as in the
others. For lack of reliable information Mr. Manly had been forced
in many cases to make assumptions. Mr. Manly seemed to have a
remarkable gift for placing his hand upon the key of the situation,
and this was exemplified in the short table on page 111. By
calculating the extra liability involved in the continuance of the
annuity to the youngest child after the death of the widow, the
succeeding calculations for this benefit were greatly simplified. There
were two assumptions made by Mr. Manly, both on the safe side,
which would probably command general approval. The first was
that the n youngest children tabulated for each age of the father at
death, would represent the youngest children of the n fathers who
died. This would certainly over-estimate the liability, particularly
in respect of the fathers dying in middle life. The second assumption
was that the annuity to the youngest child would be equivalent to
the value of the annuity-certain for the same term, and would
commend itself as an easy, effective, and sound solution of the
difficulty. I t was far less stringent than the assumption made by
Mr. Huie that each husband dying would leave a child who would
certainly live twenty-one years. I t might be considered severe in
the case of very young children, and it might be possible to obtain a
little relief from the following consideration. The children that
would take the place in the benefit of those who died, must
necessarily be older than the originals, and the term would
consequently be shortened. They might take it that on the
average the difference would be about two years. They might,
therefore, use the annuity-certain for two years less than the full



162 On the Valuation of [OCT.

term, and add the value of the last two payments discounted
with mortality as well as interest. Where the rate of child
mortality was as low as in the present case, the difference would
not be very large; but as they had so many assumptions on the safe
side, he thought it would be desirable that they should obtain what
relief was available. One of the greatest services which Mr. Manly
had done was to provide them with a comprehensive system of
notation, and it was a remarkable instance of his skill that he had
been able to keep so successfully each distinct element apart, and
provide them with a well-defined symbol for each, at the same time
maintaining consistency with the scheme already propounded in his
earlier paper. Although it might look complicated, it would be found
to be in reality simple and straightforward. The paper was a further
illustration, if such were needed, of the immense power of the
commutation column. Mr. Manly extended into a much wider sphere
than before the principle he developed so ably in his previous paper
of providing a special commutation column for each kind of benefit,
from which the value could be at once obtained. With reference to
the benefit investigated in Problem VII c, a payment on the death of a
widower without children under a certain age, it was a little difficult
to follow Mr. Manly's assumptions as to the number of widowers
which would come on to the Fund for that particular benefit. From
ages 25 to 40 it appeared to be merely a question of the number
dying childless; and the proportion of these among married men was
stated as 33 per-cent. at 25, decreasing to 15 per-cent. after age 30.
Unless, therefore, there were fewer widowers than husbands dying
childless, they might expect the series to begin at 33 per-cent. at 25,
and run down to 15 per-cent. at, say, age 40, and thence steadily rise
to 100 per-cent. The series actually adopted by Mr. Manly started
with 20 per-cent. and increased steadily up to 100 per-cent. at age 70.
Perhaps the most interesting part of the paper was the short valuation
schedule given on pages 128-130. I t would he seen that all
unnecessary labour had been avoided, but the essential features were
set out with such clearness that they could be readily grasped and
understood.

Mr. G. J. LIDSTONE said that after a diligent study of
Mr. Manly's formulas, he could not help thinking that if Mr. Manly
had worked throughout on the numbers existing in the middle of the
year of age, his formulas would have been considerably simplified, and
he would have got rid of the complicated adjustments referred to,
more especially in the earlier paper. Then Mr. Manly's notation was
distinctly awe-inspiring, and one was tempted to ask whether a
pictorial notation could not be purchased at almost too great a price—
one, in fact, almost sighed for a more arbitrary notation, which would
be a little more easily written. Mr. Manly had given, with
extraordinary completeness, theoretically exact solutions of a number
of problems which arose in connection with these Funds. I t was
probable that in practice they would, if they could, use slightly
rougher methods with a view of minimizing labour; but it was quite
evident that a full study of these theoretically exact solutions must be
the necessary preliminary to the consideration of what those rougher
methods might be. The kernel of the paper was Mr. Manly's
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adoption of what had been called the " Collective " method, suggested
first, he believed, by Mr. Ralph P. Hardy to Mr. Meikle, and used by
the latter with great success in 1875 in connection with the Ministers'
Widows' Fund. The same method and principle was also used very
successfully by Mr. King in his classic paper on " Family Annuities."
According to that method, instead of investigating and seeking to
combine various component forces, the statistics of which were quite
insufficient for proper treatment, they dealt with the resultant effect of
those causes as focussed and exhibited in those cases, whether of
members living or of members dying, which they were able to bring
under observation. As Mr. G. F. Hardy had said (J.I.A. xxxi., 469) :
" Given certain rates of mortality, marriage, &c., operating fairly
constantly, it should follow that among the numbers surviving to
successive ages the proportion of married, the average age of their
wives "—one might add, also, the number and average age of their
children—"and the average liability that would be created by the
death of each member would be practically a function of the age."
Having brought the calculations into that form, the benefits were
treated as varying assurances payable at the death of the members,
the amount of the assurance being the average value of the benefits
at the moment of death of the member. I t was important to
observe that that average value could be determined equally well by
examining the cases of members living, as it could by examining
the cases of members who had actually died, for there was no
reason to think that the members dying were anything else than
an average sample of those existing. For example, Mr. Manly had
applied the proportions of husbands, widowers, and married men
existing to obtain the relative numbers of each dying in the year.
When he came to deal with the values of orphans' annuities at the
date of the death of the parents, he found it more convenient
to derive his information from statistics of persons dying, because
those statistics happened to be ready at his hand. But it was obvious
that equally good results could have been obtained by examining the
same number of persons living and taken at random from the
population. This was a very important point when they had to
consider how far the statistics could be derived from the records of the
Funds with which they were dealing. The numbers dying in these
Funds during a reasonable period of observation would doubtless
generally be too small for statistical treatment. But if the figures
were taken from the numbers living over a period of years, they
might frequently get quite sufficient material for their purpose. For
example, Mr. King based his valuation of orphan annuities on about
1,500 observations; the same number, he thought, might be easily
obtained by an examination of the numbers living in an average
widows' Fund. This point was of great importance, because it was
obviously desirable to get as much information as they could from the
Fund itself, if only for purposes of test. However much they might
admire the way in which Mr. Manly had pieced together statistics
drawn from various sources, they could not but have a slight feeling
of anxiety as to how far such a delicate mosaic formed a solid and
substantial basis for the erection of tables of valuation. I t was
desirable to get back to bed-rock whenever they could, and to examine
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the statistics of the Funds with which they were dealing. There were
one or two practical problems with which he had met, and to which it
might be worth while to refer. As Mr. Thomas had pointed out,
Mr. Manly had assumed that the widows' Fund was to be worked in
conjunction with a pension Fund, and therefore he naturally treated
the contribution as being a percentage of the salary. Where, however,
the widows' Fund existed independently, they sometimes found that
instead of the contribution being a percentage of the salary, the
contribution varied, not continuously, but by steps according as the
salary passed a certain limit. For instance: In a Fund with which he
(Mr. Lidstone) had had to deal, the annual contribution was £1 for
salaries under £100, £2 for salaries between £100 and £200, and £3
where the salary was £200 or upwards. There were two
ways in which they could deal with a case of that kind.
The first, and perhaps the best way, was to form a
table of the average contributions payable at each age in
the same way as Mr. Manly had formed a table of average salary.
Another way was to determine the average age at which the increase
of salary, and the consequent increase of contribution, took place, and
to value the contribution as being unchanged between those points,
treating the increment of contribution as taking place at those
average ages. Another point which had to be borne in mind when a
widows' Fund existed independently of a pension Fund, was that there
was usually a certain option exercisable against the Fund at the
pension age. He believed that it was usual to give pensioners the
option of continuing in the Fund (subject to their paying the
maximum contribution) or of retiring—indeed, it was difficult to
prevent their having the option of retiring if there were no pension
from which the contributions could be deducted. The probability
was that those who were bachelors or widowers with no likelihood of
marrying would drop their contribution to the Fund, because the
benefit was worth practically nothing, whereas married men and men
with families would probably maintain their membership in force.
This, of course, had to be allowed for, as the benefits which were
dropped at the same time as the contributions were practically worth
very little, if anything, at the date of the pension age, so that there
was practically a loss, in such cases, of the value of the future
contributions. Of course, the easy way to get over this was to
assume that a certain proportion of members would cease membership
at the pension age, and to reduce the value of the contribution after
that age by the same proportion.

Mr. GEORGE KING said that the paper was an exceedingly heavy
one, and he felt that he must repeat Mr. Manly's expression, and say
that he rose to speak with an unprejudiced mind. The first thing
that struck him was the immense magnitude and completeness of
Mr. Manly's labours. When he (Mr. King) wrote the paper on
" Family Annuities " he was quite unaware that anyone had done
anything of the kind before, although he afterwards heard of what
had been done by Mr. R. P. Hardy and Mr. Meikle, which had been
mentioned by Mr. Lidstone. However, the work which he did on
the subject had, he thought, put things in an entirely different
light, and had shown how the benefits could best be valued.
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When he (Mr. King) wrote the paper, he had specially in his
mind what he called Family Annuities, and what Mr. Manly
had now called Orphans' Annuities; but at the close of the paper
he gave a formula for similar benefits for widows put in the same
form, and just as he had transformed the integral for orphans'
annuities into commutation columns, so he had had in his mind to
transform the integral for widows' annuities also into commutation
columns. But this Mr. Manly had now done. Ever since he
(Mr. King) wrote the paper, he had been thinking of continuing
it whenever opportunity offered, and whenever the right statistics
came along, but so far his intention had not been fulfilled.
However, only about six months ago he was collaborating in a
Fund with Mr. H. J. Nahmer, a Fellow of the Faculty of
Actuaries who resided in Dublin, and Mr. Nahmer and he made
up their minds, from the statistics which they then had, to
continue the paper. Mr. Manly had now relieved them of that
labour, and he was sure that they were very much obliged to
him. He thought, however, that some of the figures that were
derived from their work might be useful, and he should refer to
that subject later on. The difficulty which Mr. Manly had had, and
the difficulty which stopped him (Mr. King) from continuing bis
paper, was the absence of suitable statistics. Mr. Manly had to a large
extent overcome that difficulty by a most skilful use of the statistics
of the Scottish banks, obtaining, however, facts from elsewhere to
supplement them. He was not sure, however, that in preparing the
tables the ideas had been fully carried out, although in using the
tables they had been carried out. Those tables enabled them
theoretically, as Mr. Lidstone had said, to solve exactly the most
intricate problems which came before the actuary in this very special
branch of consulting practice. In his paper on " Family Annuities'', he
said that they must not take the statistics from those living, but
that, if they wanted to be exact, they must take them at the date of
death. He did not remember exactly what was in his mind when he
wrote that, but he would not now put the statement in the same
form, because he entirely agreed that they might safely take the
condition as to marriage and as to family, either at any point in life,
or at the date of death, and if they used those statistics properly they
got correct results. In fact, in the Fund which he had already
referred to, he had, because of the very meagre number of deaths,
made use of the statistics at a particular date of those living, and he
believed that he got quite as good results that way as he would have
had if he had had a large body of deaths. However, in the paper
on " Family Annuities ", in the same paragraph that he had been
commenting upon, he found another statement: "To take the
average difference between the ages of bridegrooms and brides would
understate the values of annuities to widows, because the average
difference between the ages of husbands who died and the ages of
their wives is greater than in the case of bridegrooms and brides."
He now found Mr. Manly, after having given the average difference
of age of bridegrooms and brides, saying that there would not, of
course, be so much difference of age between the wife and the
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husband at the death of the husband, especially as the majority of
marriages took place between, the ages of 27 and 40. So here
Mr. Manly apparently made a statement the exact opposite to his
(Mr. King's), and one might think at the first blush that one or other
statement or both of them must be wrong. But notwithstanding the
extraordinary contradiction between their statements, he ventured to
submit that they were both right. They could well imagine that of
two people who had looked through a telescope, one might maintain
that the telescope enlarged distant objects and brought them nearer,
and that the other person might maintain that the telescope made
distant objects smaller and sent them farther away. These statements
would seem contradictory, but they were reconciled when it was
found that the two persons had looked through different ends of the
telescope. That was exactly what Mr. Manly and he had done. He
took the average difference of age between bridegrooms and brides,
and then he looked ahead, and he remembered that those who had
wives older than themselves, or not much younger, were more likely to
be left widowers than those who married young wives, and that,
speaking of the death of husbands later on, they would be the
survivors therefore of those who had comparatively young wives,
because the others would be in the category of widowers and would
not come under observation as husbands; so that from that point of
view his statement was absolutely correct. Mr. Manly, however,
went to the other end of the telescope, and looked at the ages of
bridegrooms and brides, and then he took the deaths of husbands at
that particular moment of age, and he remembered that those who
were husbands then and dying, were the survivors of those who
married earlier in life when the difference between the ages of
bridegrooms and brides was not so great; and therefore Mr. Manly
maintained, and perfectly correctly from that point of view, that the
difference of age between husband and wife at the moment of the
husband's death was not so great as the difference of age between
brides and bridegrooms, the bridegroom being of the age of the
husband of whom they were speaking. This reconciled the apparently
absolutely contradictory statements; and it showed how statistics
might bear various meanings, and give various lessons, according to
the way in which they were regarded. There was one point in
which he did not quite agree with Mr. Manly. Having got the
average difference of age between husband and wife, he proceeded, in
making his calculations, to take an annuity on the wife at that
average age. A little investigation would show that, when the
wives were young, that overstated the value of the annuity,
and that when the wives were old it understated it. And they
could not be sure which way the average error would go. In
the ease of the table that Mr. Manly had used, the turn he
thought began somewhere about 70, but he believed that in
the British Offices Annuity Tables it would be found to begin
younger, somewhere about 60. He was not prepared to say exactly
how much error there would be in this. In fact, the error
would depend on the amount of the differences in the ages of the
wives. There was a better plan, and a plan which he had himself
followed. He multiplied the value of the annuity at each one of the
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individual ages of the wives by the number of wives at that
particular age, and then took the sum of all the annuities so found
and divided by the total number of wives. That gave the average
value of the annuity, as distinguished from the annuity at the
average age. He thought that that gave more correct results, and it
occasioned very little more trouble. He therefore would suggest
that it was the better course to follow. He had spoken of the Fund
which Mr. Nahmer and he had been dealing with. I t was a Fund
relating to the Irish clergy, and it was of rather a special kind. I t
was compulsory on all bachelor clergymen who entered the ministry
of the church of Ireland, and it was voluntary on the part of all
married clergymen who entered that ministry, so that every bachelor
was compelled on entering the ministry to join the Fund, and if he
remained a bachelor he never got any benefit from it at all. The
Fund provided annuities to widows, and it provided annuities to
children at the death of the father, whether the mother was alive or
not, until those children reached the age of twenty-one. They did
not value the Fund by means of its own experience by the new
methods, but by means of adjustment of Mr. Hewat's tables on the
old methods of Huie and Hewat. He had, however, worked out the
statistics roughly, not with the same exactness as if he had had a
larger body of facts, on the new method. He prepared the values of
what Mr. Manly called the Orphans' Annuities, and he also got the
value of Widows' Annuities. Unfortunately, on account of the
smallness of the Fund, and it having been established barely more
than thirty years, he could not carry the annuities for widows up to
the necessary point. He could not carry them beyond age sixty-five,
and, of course, they were wanted right on to the end of life. For the
children he was able to get tables which were sufficiently complete
for practical purposes. The fewness of the children per marriage
was very remarkable. His table did not include the whole members
of the Fund, whether husbands, or widowers, or bachelors, but only
the husbands. That table he had the pleasure to submit. I t showed
the number of husbands, and the number of children of each age up
to age twenty-one for each age of the husbands, and from that he
had prepared a table of family annuities, and he might give a
comparison with Mr. Manly's table. His were 3½ per-cent., and he
had taken the mean between Mr. Manly's 3 per-cent. and 4 per-cent.
values. His figures did not extend below age thirty. He might
remind the meeting that a man could not become a clergyman until
he was twenty-four, and he probably would not enter the ministry of
the church of Ireland until later than that, and in almost every case
when he entered he was a bachelor.

As to the average ages of the wives compared with the husbands, he
found that Mr. Manly gave a much greater difference in his tables
than the Irish clergy showed. At age 30 the average difference
according to the Irish clergy was 1·8, the wife being that much
younger. Mr. Manly gave 2·5. So, at age 50, the Irish clergy
showed 5·7, while Mr. Manly gave 8·5. Mr. Manly's tables would
certainly err on the safe side, both as regarded the values of the
children's benefits and the values of the widows' benefits; but he
thought that that would be so seriously on the safe side as to upset
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IRISH CLERGY.

Number of Children living at each Age, grouped according to
Central Ages of Husbands, also value of Family Annuity and
Average Age of Wife.

altogether such a Fund as that of the Irish clergy. This led him to
say that he thought that Mr. Manly's industry and thoroughness
might perhaps be a source of danger, because they would tempt those
persons who were not so industrious, and who had Funds of this kind
to value, to use Mr. Manly's tables. His own experience was most
emphatically that, although for mortality purposes it might be safe
to use one experience for another Fund, yet for pension purposes, and
for widows' and orphans' annuities purposes, the Funds were so very
different that he did not think that they could find two sufficiently
near for them to apply the same experience to both. He had
submitted one example in the case of the Irish clergy. They could
not possibly use Mr. Manly's tables for them. To do so would give
results which would be out of the question. He had had another
case not long ago. He had had a great deal to do with certain large
railway superannuation Funds, and a very large and a very old-
established industrial corporation came to him not long ago for him
to advise them as to the establishment of a Fund for themselves.
They thought that he could take the railway statistics and apply
them. He said, " No; I must have the statistics of your own Service
before I can do anything at all." The result was that he found them
so totally different that the railway statistics could not possibly be
applied to the commercial undertaking. The rate of withdrawal in
the commercial undertaking was very much lower than in the railway.
The rate of early superannuation was very much higher. The rate of
mortality was not so different as to be impossible of adjustment.
But the rate of mortality after pension age in the industrial
undertaking was lower, and the rate of salary in the industrial
undertaking was much higher and rose much more rapidly from the
minimum to the maximum, so that the two sets of statistics were not
in any way comparable, and to establish a Fund for an industrial
undertaking on railway experience would be to launch out into
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inevitable ruin. He had a ease in which an industrial undertaking
some ten or eleven years ago adopted the exact ratios and rates of
pension of a railway Fund without any actuarial advice and applied it
to their staff, and they had come to him to value it. He was sure
it would prove to be in a bad way.

The PRESIDENT (Mr. Hughes) said that he was very sorry that
the paper had not attracted a larger number of speakers, but it was
not altogether surprising that it had not done so. The subject had
been described by Mr. King as a very heavy one, and he could quite
understand that members would feel hesitation in speaking on a paper
like this without giving it a great deal more consideration than they
had had the opportunity of doing. They must thank Mr. Manly,
not only for the paper and for the information that it contained, but
for having put into the hands of the profession an exceedingly useful
tool. He had supplied them from time to time with useful tools,
and this last was not the least useful of them. The paper might,
moreover, be put to a use which was not contemplated by the author.
The mere exhibition of it, with its formidable looking formulas,
might serve to impress with some sense of the seriousness of the
subject those amateur philanthropists and benevolent employers who
were apt to call upon actuaries in an airy sort of way to devise some
little scheme for their work-people, comprising impossible benefits at
merely nominal contributions, and, of course, at an equally nominal
fee for settling the scheme.

Mr. MANLY, in reply, said that he had put in one or two kinds of
benefits which had not come into actual use as yet, so far as he knew;
but from observations which he had heard dropped from various sources
he was inclined to think that they were soon coming to the front. I t
was marvellous how benefits of that sort were introduced from time to
time, and how old Funds which had been conducted upon quite cautious
and conservative principles, and which simply provided for widows'
annuities, were asked to give more benefits. They wanted to know
whether they could not give some benefit for the children, and then
it was said, " Well, you know, bachelors are very discontented, they
do not see why they should go on subscribing for other people's
widows and families, when they get nothing out of it themselves."
So an additional benefit providing some consolation to the persistent
bachelors was now being introduced in the form of the return of their
subscriptions at death. But widowers with no children also wanted
some consolation ; and so it was coming now to be quite fashionable
to give something on the death of a widower leaving no children;
and all these new benefits were supposed to be so small that
the Funds could easily bear them. If this paper had no other
object it would do a great service in showing really what the
costs of these benefits would be to such a Fund; and they
totalled up pretty costly. They meant, of course, that the widow
must go with less annuity, or that the contributions must be
increased, neither of which changes would be received with any great
amount of delight. He had listened with very great interest to
Mr. King's experience of the different Funds he had valued. He
(Mr. Manly) was not putting forward these tables as standard tables
for use. They were intended more to show the way in which the
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experience must be worked up in order to arrive at the values of the
different benefits. He quite agreed with Mr. King that the
experience of one Fund with regard to its withdrawals, its mortality,
its rate of retirement, and its marriage rate, would not necessarily
apply to another Fund. One would never expect that the rate of
withdrawal in a service like, for instance, the Government Civil
Service of the higher class, would be the same as in a poorly paid
staff like that of a railway company. Then with regard to the
question of the effect of these pension Funds on the rate of
withdrawal. There was a general idea—though, curiously, he had
not found the idea really confirmed by statistics—that the establish-
ment of such Funds induced the men to remain in the services. I t
might do so when they received such a scale of salary and pension as
they got in the Government service, but he thought that present
income had much more to do with the movement of the members of
a staff than future benefits. There was a very common feeling on
the part of young men of from twenty to thirty years of age that they
would never reach the far-off pension age of sixty or sixty-five, and
they would consequently very much rather have an increase of their
salary at the present time, when, they considered, the money would
be much more valuable to them, than take the deferred pension into
account. Moreover, the rule that the contributions shall be returned
on withdrawal removes any feeling of loss when they leave. As to
taking the average age of widows : If they had the material—that is
to say, if they could ascertain from all the husbands living at each
age the ages of their wives, and if they could make their average
pension depend on the sum of the pensions to each of the wives, it
would be perfection; but he did not think that they often got it.
At any rate, he had no material of the kind on which to base his
annuities, so he had to be content to assume an average age, as he had
explained. He understood that Mr. Lidstone rather objected to his
notation. He was very sorry for that. The notation which had been
used before seemed to be very confusing, and he wanted something
that would be very distinct, and that could not be mistaken for any
other values or functions. He tried several methods before he could
reduce the notation to anything like a system. If Mr. Lidstone, or
anybody else, could make an improvement upon that notation, he
should be quite glad to adopt it. He did not think that Old English
type would have helped him. He had taken the clearest and most
distinctive type which the printer had. As to the option to withdraw,
to which Mr. Lidstone had referred, he took it that it was one of
those Funds in which the contribution was a fixed contribution to the
end of life, or something of that kind.

Mr. LIDSTONE said that his case was a widows' Fund without a
pension Fund at all.

Mr. MANLY said that the option allowed to the bachelor or
widower to withdraw introduced another element which would have to
be taken into consideration. I t had been suggested by Mr. Lidstone
that he (Mr. Manly) could have made his tables simpler and his work
very much lighter by assuming that the payments took place in the
middle of the year, and so avoiding the introduction of adjustments.
In this paper it was assumed that they all took place in the middle
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of the year, but he did not think that Mr. Lidstone had tried
the problem of ascertaining the return of contributions based on
salary, on withdrawal, or retirement. If they tried to value those
benefits in the middle of a year they got mixed up with half-year's
salaries, and it became a very awkward problem indeed. He found it
work very much better to assume that the members went out exactly
at the end of the year, and to make the adjustment afterwards.
When they had simple benefits, such as in this paper, he agreed that
it was easier to assume the payments to be made in the middle of the
year. He would like to refer to his table number 45, that which he
had called his working table, because he was not altogether satisfied
with it. I t did not altogether represent what it was intended to
represent. He had said that it had been assumed that only first
marriages had been allowed for; that no second marriages were
allowed for, and that there were no marriages after sixty-five. But,
having distributed the married men into husbands and widowers,
according to the census returns, he felt that there certainly must be
second marriages in them, but how many he could not tell. Further,
he was unable to tell exactly whether the method he had adopted of
extending the table from age sixty-five to the end of life had given
him exactly what he wanted, namely, the numbers dying out of first
marriages only. The supplementary tables had settled those points.
The husbands dying in table 45 were more numerous than the
husbands dying from first marriages in table 58, and took in, roughly,
half the second marriages, and that applied up to the age of seventy-
five. After seventy-five the husbands dying in table 45 were less
than the deaths of husbands of the first marriage in table 58, which
was calculated scientifically. He fancied that the increase in the
husbands dying in the first part of the table and the decrease in the
latter part arose entirely from their having taken the census returns.
Taking the whole population, the marriages were earlier than in the
class with which they were likely to deal, and were less in the later
part of life. They knew that the working classes really attained to
their maximum wage-earning power when they had reached maturity.
Prom 22 to 24 or 25 was the time at which they earned best
wages and the time when they married; but after 55 or 60
they were not able to earn wages enough to keep a wife. If they
had children, the children generally kept them, but the children
would not keep another mother if they could help it. He thought
this explanation accounted for the difference in the two tables,
coupled with the fact that the census returns included second
and subsequent marriages.




