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I HAVE been asked to explain how the benefits of a pension to
widows and an allowance to children can be valued when they are
included in a pension scheme; and as I have had no experienece
whatever of a fund providing such benefits, I am, of course,
eminently qualified to lecture on the subject. At least, I
approach the subject with an unprejudiced mind, and am not
affected by anything I may have said or done.

The problem I am about to investigate is different from the
ordinary Widows’ Funds; because I am assuming that it is
compulsory on every member of the staff, whether bachelor,
husband, or widower, to contribute towards the benefits, either by
a fixed annual sum for the whole of life or by a percentage of his
salary, or of his salary and pension.

1 have made several enquiries as to the nature of the
benefits offered, and I find that the pension generally takes
the form of a fixed annuity to the widow, and, on the death
of the widow, a continuation of the annuity until the youngest
surviving child reaches a certain age, say 14, 16, or 21. There
is generally a provision that the annuity shall cease on the
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re-marriage of the widow, but even in that case it is sometimes
continued for the benefit of the children. Sometimes an
allowance is made for every child left by a married man until the
attainment of a certain age, say 14 or 16, in addition to the
pension to the widow. This additional benefit is of the form of
Mr. G. King’s “ Family Annuities”, see J.I.A4., vol. xxx, p. 291.
I have come across one fund which provides a pension to the
widow based in some way on the retiring allowance which the
husband would have received if he had retired at the date of
his death.

It not infrequently happens that a consolation is given to
the persistent bachelor, and the widower leaving no children,
in the shape of the payment at death of a fixed sum or the return
of contributions without interest.

As T propose to use, when suitable, Mr. A. Hewat’s Tables in
his «“ Widows’ and Pension Funds”, based on the experience of
the Widows’ Funds of the Scottish Banks, for which he has
kindly given his permission, I may at once state that no provision
will be made for forfeiture of the widow’s pension in the event of
re-marriage, and that second marriages are mnot provided for.
(See Hewat, p. 80, “ Widows’ and Pension Funds.”)

‘We are now entering on a new and wide field of investigation,
and shall require a new notation, in which the symbols shall be so
distinetive that they cannot be mistaken for others we are in the
habit of using. In this I have found it necessary to break away
from the signs hitherto adopted for reasons which will appear
obvious. For instance, w which has hitherto been used to
represent a widow, I have already appropriated for withdrawals,
and wrmq., which has been used to represent the probability of a
widower marrying between the ages z and 241, is much too
complex when a simpler symbol can be found.

Primary SyMBoLs.

As p. is used to represent the probability of a person aged z
living from age # to age 2+ 1, and ¢, to represent the probability
of a person aged x dying between the ages z and 241, I propose
that m, shall represent the probability of a person aged 2 marrying
between the ages of # and #+1. This has a certain advantage,
because m without the suffix will represent the probability of
marrying. The following is the scheme of notation I propose
to use :—
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B = bachelor.

OS2 xrzx

Il

Bl
Hl,
KL,
M/,
Bd,
Hd,
Kd,

Md,,
Bpm

Hp;,,
sz

Mp,.

Bq_,,
qu

Kg_,,

qu

My, O Bmy,

il

il

1

]

husband.
widower.
married man.
widow.

orphans, that is, all the children left by a husband
or widower.

youngest child.
number of bachelors living at the age 2.

" husbands 55 &
2 widowers . &
" married men  ,, 5y @=HIL +Kl,.

number of bachelors dying between the ages of =
and z+1.

number of hushands dying between the ages of 2
and z+1.

number of widowers dying between the ages of x
and z+1.

number of married men dying between the ages of
2 and -+ 1=Hd, 4 Kd,.

the probability of a bachelor aged 2 living from
age z to age 2+ 1.

the probability of a husband aged # living from
age z to age z+1.

the probability of a widower aged  living from
age z toage z+1.

the probability of a married man aged z hving
from age z to age z+1.

the probability of a bachelor aged 2 dying between
the ages of # and #+1.

the probability of a husband aged z dying between
the ages of z and 2 +1.

the probability of a widower aged # dying between
the ages of # and #+1.

the probability of a married man aged 2 dying
between the ages of # and #+1.

the probability of a bachelor aged 2 marrying
between the ages # and 4 1.

12
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my,, or Kmy,

B,m

Kym
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= the probability of a widower aged z marrying
between the ages of 2 and 2+ 1.
= the probability of a bachelor aged # marrying.

= 3 2 widower 2 3

z 1s used to denote the age of a male.

Oa(n)

YCa(n)

K.YCa(n)

(n), or Ea(n)

K-C
K-C(n)

3 " age of a female, but generally the

age of the widow at the death of her husband.

= the present value of an annuity of 1 to a widow.

= the present value of an annuity of 1 to a widow
aged y.

= present value, at the death of a husband or widower,
of an annuity of 1 to each of the children, until
they reach the age of =.

= present value, at the death of a married man, of an
annuity of 1 until the youngest child attains the
age of n.

= present value, at the death of a widower, of an
annuity of 1 until the youngest child attains the
age of n.

= the addition, at the death of a husband, to the
present value of an annuity of 1 to a widow to
provide for the continuance of the annuity until
the youngest child attains the age of =.

= a childless widower.

= a widower without children under the age of =.

K-C(n)d,= the number of widowers without children under the

age of (n) dying between the ages z and 2+1.

If it be desired to represent the probability of a person dying

a bachelor,

or a husband, or a widower, we can use b, A, and %

respectively for such probabilities, so that

B,b
B.A
B,k
H,k
H,k
Kzl
Kk

= probability of a bachelor aged # dying a bachelor.
= » » ,, » husband.
= 3 1 » 2 widower.
= » ,» husband aged # dying a husband.
= 2 » » 9 widower,
= 2 ;» widower aged z dying a hushand.

= » ,, ,, " widower.
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It will sometimes be necessary to use a symbol to represent
the number of bachelors marrying in a year, or marrying and
dying the same year—similarly with husbands becoming widowers
and widowers marrying. These will be represented thus :—

BAil, = the number of bachelors becoming husbands
between the ages of #z and x+1.

Hkl, = the number of husbands becoming widowers
between the ages of # and 2+1.

Khly = the number of widowers becoming husbands
between the ages of 2 and z+1.

Bhd, = number of bachelors marrying and dying as
husbands between the ages z and z+1.

Hid, = number of husbands becoming widowers and dying
as widowers between the ages 2 and 2+ 1.

Khd, = number of widowers marrying and dying as
husbands between the ages # and 2+ 1.

Other symbols will be developed as the work proceeds.

ConsTRUCTION OF TABLE SHOWING THE NUMBER OF BACHELORS,
Hussanps AND Winpowers DyiNe AT EACH AGE.

We have now to construet a working Table. It must in
the first place be a Table showing the numbers remaining,
withdrawing and dying each year out of a certain number entering
at a given age. That we have in my Table No. 8 (J.I.4,,
vol. xxxvi, p. 261). It is not necessary to separate those who
retire, because the liability we have to deal with now, arises
only on death, whether before or after retirement. In the second
place we have to carry the deaths to the extreme limit of life ;
and for this purpose I have adopted the English Life No. 3
Experience. In the third place, we have to find, out of all those
who die at each age, how many are bachelors, how many are
hushands, and how many widowers. Fourthly, we have to
determine the average age of the widow at the death of the
husband; and, finally, we require to know how many of the
husbands and widowers will leave children, and the average age
of the youngest child at the death of the father.

Statistics on these points are very limited, and are not always
given in a form convenient for use,
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MarriaGE RarEs,

The number of husbands dying at each age must of necessity
depend largely upon the marriage rate. Now the marriage rate
differs according to occupation; and this has been clearly shown
by Messrs. Deuchar, Hewat, Huie, Meikle, and Sprague, in the
experiences of the different Widows’ Funds in Scotland, and
the Peerage Families. The Ministers and Schoolmasters, who
attain their maximum income early in life, marry earlier than the
bankers and advocates who wait until their incomes will enable
them to marry comfortably. I imagine that the marriage rate
in the class for whom these Funds are created will correspond
more closely to that prevailing in a bank staff than in any other;
and, consequently, I decided to adopt Mr. Archibald Hewat’s
experience of Scottish Bankers.

On page 63 of his work on “ Widows’ and Pension Funds
he gives a Marriage and Mortality Table, based on the experience
of the Widows’ Funds of the Scottish Banks, showing the
numbers living separated into bachelors and married, and the
numbers dying separated into bachelors and married, as well as
the number of bachelors marrying. The numbers dying in my
extended Table were divided into bachelors dying and married
dying, in the same proportion as in Mr. Hewat’s Table. Having
thus obtained the numbers dying married, it became necessary to
sub-divide them into husbands and widowers. This was done, up
to age 65, in the proportion of husbands dying to widowers dying
by means of Mr. G. King’s Table C in his valuable paper
“On PFamily Annuities.” The number of bachelors, husbands
and widowers living at the age of 65 and over, are not
sub-divided according to ages in the Census Returns, and, in
consequence, we had to have recourse to another method of
separating our married men at death, after that age, into
husbands and widowers. This was done by means of Dr. Farr’s
English Life Tables. It was assumed that all the married men
of the age of 65 would have wives of the average age of
10 years younger than themselves, and we ascertained how many
couples, out of a given number of couples of husband and wife
living at age 65, would survive every year to the end of the
Table. By this means we were able to extend Mr. King’s
curve for husbands to the end of life, and it was particularly
gratifying to find that the total bachelors, husbands and
widowers, which we thus obtained, corresponded very closely
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with the Census Returns. The question of marriage or
re-marriage after 65 was excluded, because in these Funds
marriage after 65 is either not recognized, or, if it is, a large fine
is imposed.

The result of this distribution of the deaths is shown in
Table 45 on pp. 138-9; and, until more trustworthy statistics
are forthcoming, I venture to think that this Table is the best
that can be produced. The mortality amongst husbands is
greater after age 47 than in Mr. Hewat’s experience of married
men in the class of Scottish Bankers, so that the liability,
according to my Table, will be on the safe side.

Wibows’ AGE.

Having found the number of husbands who die at each age
we had next to find the ages of the widows which they leave on
the Fund. On page 81 of his work Mr. Hewat gives a Table of
the difference of age between husband and wife at marriage, based
on the actunal experience of the Scottish Bankers, of which the
following is an extract :

TasLe J.

e | Ao Difference
20 22 -2
25 24 +1
30 26 4
35 27 8
40 29 11
45 29 16
50 33 17
55 87 18
60 40 20

There will not, of course, be so much difference of age
between the wife and husband at the death of the husband,
especially as the majority of marriages takes place between
the ages of 27 and 40. After due consideration of the probable
survivors, I fixed upon the following scale :
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Tasre K.
Average Average Age of
Age of Husband ‘Widow at Difference

at Death Death of Husband
25% 24 13
303 28 2%
35% 313 4
403 344 6
453 38 75
503 42 8%
55% 463 9
60% 51 9%
65% 55% 10

The difference between the ages of husband at death and widow
for the intermediate ages of husband at death was determined by
first differences (see Table 46).

If these figures exr at all, they err upon the side of making
the difference of age, especially after age 40, too large; but if
that is so, then the error is upon the safe side, because in my
Tables I shall be making a larger provision for the annuity to
the widow than is necessary.

The present value of an annuity of 1 payable to the widow
during the remainder of her life was taken from Mr. Hewat’s
Table II (page 87).

CuiLprEN’s BENEFITS.

In order to ascertain the ages and the number of children
left by a married man at his death, I have had to go to the same
source as Mr. King did when he constructed his Table of
“ Family Annuities”’, namely, the “ Statistics of the Colony of
New Zealand.” In vol. xxx of the Journal, on page 800,
Mr. King gave a copy of the “ Table showing, for the year 1890,
‘ the total number of males who died at each year of age from
© 20 to 65 ; the number of married males who died (a) leaving
“no children, and () leaving children; and the number and
“ ages of the children living at the time of the father’s death.”
In the statistics of the Colony for the year 1899 a similar Table is
given for the five years 1895 to 1899 inclusive, for all ages of the
father up to 65, and also a Table for the year 1899, for all ages
of males at death from 20 to 99. As I shall make very
considerable use of this Table, I will give the figures, grouping
five ages together.
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No attempt has been made to distribute the numbers in the
column headed “ Age not specified ”, consequently that column
has been ignored.

The marriage rate in the Colony is no doubt different from
that prevailing amongst the class we are dealing with, but I agree
with Mr. King that no great error will be committed if it be
assumed that the number of children to each deceased married
man is much the same in New Zealand as in Great Britain.

There are two ways in practice of providing for orphans;
one by continuing the widow’s annuity until the youngest child
reaches a certain age, the other by granting an annuity to each
child until the attainment of a certain age.

ConrtinvaTioN oF Wipow’s ANNuUrtY To YoungEst CHILD.

This plan of providing for the children presents two distinet
problems : (1) The value, on the death of a husband, of a deferred
annuity to the youngest child to commence at the death of the
widow, and to continue until the youngest surviving child attains
a certain age; (2) the value on the death of a widower of an
annuity until the youngest child reaches the assigned age. The
former is a term survivorship-annuity, the latter is, practically,
an immediate term-annuity-certain.

Our statistics do not distinguish between husbands’ and
widowers’ children, nor do they give any information as to the
youngest child in the family. These defects prevent us from
arriving at anything like extreme accuracy in our estimates, but
we shall produce results which, if not exact, will at least be on
the safe side. The better to explain the methods pursued, I here
give a Table showing the different stages by which the values
were produced.
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Now there can only be one youngest child for each deceased
husband leaving a family ; consequently, the 170 married men
(which for the present we will assume to be husbands) leaving
children, who died at ages within the group of which 30 is the
centre, would leave 170 youngest children. If then we assume
that the youngest 170 children are the youngest children of the
170 different families, we shall certainly be placing our estimate
on the safe side, because some of these will undoubtedly be first
and second from the youngest in the same family, and the
youngest of some families will be older. On the other hand the
fact that widowers’ children are included would have the
tendency, when widowers are treated as husbands, to make the
youngest child somewhat older than the husbands’ youngest
children alone; but the proportion of widowers who die to
husbands who die is very small, so that our assumption will
still keep us on the side of safety.

The youngest 170 children opposite central age 30 are,
46 aged 0, 53 aged 1, 58 aged 2, and to make up the 170 we take
13 aged 3. On the principle that the ages are scattered equally
throughout the year, we shall assume that all those entered under
age O are, on the average, § a year old; all those entered under
age 1 are, on the average, 14 years’ old, and so on. The average
age of the youngest child will, therefore, be {(46 x $)+ (53 x 1})
+ (58 x 21) + (18 x 31) }=170= ?%=1-7.

Having ascertained the average age of the youngest child,
which we will call #/, our first object will be to find the addition
to be made to the value of the widow’s annuity at the death of
the husband to provide for the continuance of the annuity to the
youngest child until the age of, say 14, in the event of the widow
dying before such time. "We have not to provide for the
youngest child alone, for if the youngest dies the next youngest
in the family takes his place, and so on, until the youngest
surviving reaches the age of 14. The value of the annuity for the
youngest child, therefore, is not much short of an annuity-
certain ; so that by assuming, as I have done, that the value of
the annuity to the youngest child is the value of an annuity-
certain for the term between the age of the youngest child at the
death of a husband, and the age when the annuity is to cease, we
are arranging that the estimated value shall be on the safe side.
Huie assumes that every husband leaves a child just born, and
that such child will certainly live 21 years, which is an
exaggerated view to take of the case.
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The term during which a provision has to be made for the
youngest child, until the age of 14, is 14—2’, and the value of a
continuous annuity-certain for that period is approximately
3+am—p—3. The value of a continuous annuity to the widow on
the death of the husband for the same term is approximately
4 +|14-0-3a,. The addition, therefore, to be made to the value of
the widow’s annuity to provide for the youngest child
until 14, is

aMT’—%I—IM—x'—%ay:
consequently, we only tabulate a7z

The values of the term annuities on the lives of widows were
based on the HT Table, because the rate of mortality in that
Experience corresponded fairly well with Mr. Hewat’s rate of
mortality amongst widows, and the values could be easily
obtained from the Institute H* Tables. As Mr. Hewat does not
publish the D and N columns in his Tables we had no ready
means of calculating the term values on his experience.

The difference between the annuity-certain for the youngest
child and the term annuity on the life of the widow, will give the
addition to be made to the widow’s annuity per husband leaving
children under 14 years of age. It will be seen, on reference to
the Table, that there are sometimes more married men leaving
children than there are children under 14, and this is the case at
central age 60 at death and over. In order to find the addition
to the widow’s annuity per husband leaving children, we require
to multiply the value already obtained by the total number of
children under 14, and divide by the number of married men
leaving children ; that is to say, for central age 60, the value in
col. (10), which is -137, must be multiplied by 282, which
produces ‘128 ; for central age 65, the value in col. (10) must be
multiplied by £2%, and so on. In this way col. (11) was
produced, showing the addition to the widow’s annuity per
husband leaving children. But then it is not every husband who
leaves a child; and on comparing cols. (2) and (8) it will be
seen that 15 per-cent of the total married men die childless, and
that the ratio is nearly the same at all ages. By multiplying,
then, the values in col. (11) by '85, we obtain the addition to
the widow’s annuity per husband dying, which values are inserted
in col. (12). These values form a fairly regular series, and the
values for cach age (see Table 48) were obtained by means
of a curve drawn graphically through the values at the central
ages.
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Provision ror YounNcest CHILD oN DEatH oF A WIDOWER.

I have already explained that, owing to the New Zealand
statistics not distinguishing between husbands and widowers in
the married men who die, it is quite impossible to separate their
children ; consequently, we have no choice between assuming that
the ages of the children left by widowers are the same as those
left by husbands and widowers together, or, making an empirical
assumption as to the possible increase in the ages of the children
on the death of a widower compared with the ages on the death
of a husband. T prefer to assume that the ages of the children
are exactly the same, for the reason that, by doing so, the
provision I make for the children of husbands and widowers
taken together will correspond exactly with the provision for the
children left by married men at death according to the statistics.
The number of widowers dying at ages when the children are
young is very small, even when only one marriage is allowed for;
but, if second and third marriages are taken into consideration,
it will be subsequently shown that the number of widowers dying
leaving young children is very small indeed.

At present, we do not take second marriages into consideration,
and we accordingly assume that the values in col. (7) in the
above Table, with the addition of '5, will represent the value of
the continuous annuity to the youngest child of a widower leaving
children under 14. These values reduced, first to the values per
widower leaving children, and then to the values per widower
dying, in the same way as the additions to the widow’s annuity
were treated, will produce the values in col. (15), which were also
graduated graphically in order to obtain the values for each age
of widower at death.

Axnurry to Kacu oF tHE CHILDREN oF A Hussanp or
Wipower oN THE DEATH oF THE FATHER; OTHERWISE
cALLED ORPHANS’ ANNUITIES.

I have adopted the term “ orphans’ annuities ” in preference
to “family annuities” used by Mr. King, because although,
in a narrow sense, the children of the same parents considered
collectively apart from their parents may be called the family, it
in no way implies that the liability arises only on the death of
the father. On the other hand, although, I suppose, in its strict
sense, an orphan means a child bereft of both parents, it is now
most commonly used to signify a child whose father is dead, and
therefore more clearly expresses the status of the child who is to
receive the annuity.
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We have not now to distinguish between husbands’ children
and widowers’ children, consequently we have to calculate the
value of the annuities as at the moment of death of a married man.

Mr. King based his annuities on the English Life No. 3
Experience, and I think wisely so, because he was dealing with a
population problem, but that Table does not represent the
mortality experience of the class with which we are dealing.
Mr. Hewat in his work on “ An Investigation of the Marriage
“ and Mortality Experience of a Scottish Ministers’ Widows’
“and Orphans’ Fund, &e.”, gives a Table of the mortality
experience amongst children, taken out to four places of decimals.
I am content to use only three places of decimals to represent the
probability of dying in a year. The following Tables show the
rate of mortality 1 have used, and the values of the temporary
annuities deduced therefrom. 1 have not used the elaborate
formula of Mr. King for a continuous term annuity, being
satisfied with the approximate formula, § 4+ ,_»r 304, as a slight
difference in the rate of mortality would neutralize any difference
produced by extreme accuracy in calculating benefits.

The rate of children’s mortality which I have assumed is
lighter than that used by Mr. King, and, consequently, my
temporary annuities are larger than his.

Tasre N.
Table of the Mortality Experience amongst Children.
A;e gx zx dx
0 062 10,000 620
1 ‘016 9,380 150
2 ‘010 9,230 92
3 ‘009 9,138 83
4 008 9,055 72
5 007 8,983 63
6 006 8,920 53
7 ‘005 8,867 45
8 004 8,822 35
9 004 8,787 35
10 004 8,752 35
11 ‘004 8,717 35
12 ‘003 8,682 26
13 ‘002 8,656 17
14 002 8,639 18
15 003 8,621 25
16 ‘004 8,596 34
17 *004 8,562 35
18 005 8,627 43
19 006 8,484 50
20 ‘006 8,434 51
21 8,383
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Tasir O.

Value of Continuous Temporary Annuity.

To AGE 14 To Ace 16 To AGE 21
Year
of Age

3 per-cent | 4 per-cent § 3 per-cent | 4 per-cent }§ 8 per-cent | 4 per-cent

0-1 10-281 9690 11-440 10697 14-018 12-865
1- 2 9995 9457 11-237 10548 14-003 12-898
2-3 9409 8939 10706 10089 13-593 12°564
3- 4 8764 8:361 10114 9568 13-116 12-167

4-5 8085 7746 9487 9012 12-605 11-788
5- 6 7-372 7:093 8826 8:420 12:063 11-276
6- 7 6-624 6401 8132 77791 11-488 10781
7- 8 5843 5671 7405 7124 10-880 10-251

8-9 5029 4-902 6644 6420 10-240 9687
9-10 4-183 4:097 5854 5681 9572 9092

10-11 3-309 3256 5037 4910 8-882 8472
11-12 2-405 2:377 4192 4105 8168 7824
12-13 1-468 1-459 3316 3:262 7-426 7144
13-14 -500 500 2:407 2380 6:652 6427
14-15 - o 1469 1459 5849 5676
15-16 - . 500 500 5023 4:897
16-17 e - 4175 4:089
17-18 e - 3300 3248
18-19 v o e 2-397 2370
19-20 1465 1:466
20-21 +500 500

My Tables of orphans’ annuities were constructed in the way
described by Mr. King in his paper on “Family Annuities”
(J.I.A4., xxx, p. 308), but using only the numbers for the groups of
five ages of married men at death (Table L). The curve drawn
through the values for central ages was almost exactly of the same
form as Mr. King’s. These Tables will be found on pages 146-7.

If my values “to age 14> at 8 per-cent be compared with
Mr. King’s values for the same limiting age and rate of interest,
it will be found that my values are less than his, particularly
from ages 30 to 40, notwithstanding that my annuities are
higher, which shows that the number of children in a family in
New Zealand had decreased in the ten years from 1890 to 1900.

Having given the particulars of the Tables upon which all
our calculations are to be based, I think the best way of showing
the construction of the Valuation Tables will be to follow the
same course as before ; that is, to give solutions of the values of
the different benefits in the form of problems. By this means
every investigation is kept clear and distinct.

Problem 1¢c.—Assuming that the members of a staff consist
of bachelors, husbands, and widowers, distributed in the pro-
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portions according to the Tables, what would be the present value
in respect of a person aged z of an annuity of 1 to a widow for
the remainder of her life to commence on the death of a husband ?
No marriage after age 65 and no second marriage to be recognized.
What annual premium payable for the whole of life by each
member of the staff, entering at age z, would be required to
provide such benefit ?

Out of Z, persons living at age z, Hd, husbands will die
between the ages z and 2+ 1; say, on the average, at age z+4.
Hd,,, husbands will die between the ages of z+1 and #+2;
say, on the average, at age #+ 1% ; andsoon. If the average age
of the widow at the death of a husband dying at the average age of
z+1 is y, and if we assume that @,=3% + a, approximately, then
we shall have to provide for Hd,x(3-+a,) at age z+14,
Hdgp1 X (3 +a,.:)% at age -+ 14, &ec., and the present value of
the annuity in respect of a person living at age 2 will be

Hd—’c(% + a@l) v:v-!—% + Hd:c.y_l(% + tly+1)7)x+1%+ e
Lvx

If now we call Hd,(}+4a,)»*+i=""C,, and sum the values of

YoCy so that “*M,=""C,+""Cys1+""Cyse+..., then the
present value of the widows’ annuity will be represented by

waMw
The annual premium, in the ordinary way, would be found by
substituting N®, for D.; but if the premium is to be payable
monthly, and the funds invested quarterly, then we must apply
similar adjustments as in our other problems, and use

(N2 —3MP— "ML (1+ 1)
for the denominator.

Problem 11c.—What is the present value, in respect of a
person aged #, of the additional payment required to provide
for the continuance of the widow’s annuity of 1 from her death
until the youngest surviving child reaches the age of (r), and the
corresponding annual premium payable for the whole of life ?

We have already ascertained (page 118) the value of the
addition at the death of the husband, and agreed to call such
value E(n),. Out of I, persons, therefore, living at age z, we

* @, does not mean that the anmuity is for the age 1 year older than y, but
¥ +1 is the age of the widow on the death of a husband at the age of #+ 14,

VOL. XXXVII11. K
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shall have to provide in respect of Hd, husbands dying between
the ages # and 2+1, Hd:.E(n),; and in respect of Hdyy,
husbands dying between the ages 241 and 2+ 2, Hdo 1 . E(R) 2413
and so on. The present value of the addition in respect of a
person aged z will therefore be

Hdy . E(n) ;. 0" ¥+ Hdpyr . E(m) ppa 0 B+, L L
10"

If then we call Hdm.E(n),,.v“"*l:E(")Cx, and sum the values of

EM(, so that WM, =""C, +*"C, . +E(")Cm+2+ ..., the present
value of the addition to provide for the continuance of the widow’s
annuity until the youngest surviving child reaches the age of =,
will be represented by

E(n)M;,;

and the annual premium will be either

E(n)M;c o E(n)M:c
NO, (N2, —iMP— "M 1+ 84)

according as the premium is to be paid yearly in advance, or
deducted from salary.

Problem II1c.—What is the present value, in respect of a
person aged x, of an annuity of 1 to the youngest surviving child
of a widower until the age of (n), from the moment of death of
the widower ; and what the corresponding annual premium ?

‘We have already ascertained (page 113) the present value, at
the death of a married man, of an annuity of 1 until the youngest
surviving child reaches the age of #, and agreed to call the value
YCa(n)g.

Out of I, persons living at the age of x, Kd, will die as
widowers between the ages of # and #+1, and the annuities to
be provided will be Kd;.YCa(n).. Kdy,, will die as widowers
between the ages z+1 and #+42, and the annuities to be
provided for them will be Kdy,,.YCa(n)yy:; and so on. 8o
that the present value in respect of a person aged = will be

Kdp.YCa(n) 5 v 3+ Kdyy ) YCa(R) fyy 05 R4 L ..
L® .

If now we call Kd,.YCa(n),.»¢+3="""""C_ and sum the
values so that K.YCa(n)Ma::KAYCG(ﬂ)Cm_*_K.YCC&(n)Cx+‘+ e the
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present value of an annuity of 1 to the youngest surviving child
of a widower until the age of » will be

K. vca(n)M
x

(3)
%

and to find the annual premium we use the same denominator as
in the two previous Problems.

Problem IVc.—What portion of salary payable during
active service, equated to 1 of salary at age z, would be required
to provide for an annuity of 1 to a widow and an annuity of 1
from the death of a widow or widower until the youngest child
reaches the age of n?

The value of the benefits have been ascertained in
Problems Ic, Il¢, and I1lc, and, equating the payments to the
benefits, we have

PN, —3("M7+ M+ M) (1 + )]
— (waN[w + E(n)M;p + K.YCa(’lb)Mx) - Dfi)

_ waMw +E(7L)Mz +K.YCa(n)1\{[w N D.;

NG = (MM ML) DY
Problem Vc.—What is the present value, in respect of
a person aged x, of an annuity of 1 to each of the children of a
family, from the moment of death of the father, until they
respectively attain the age of (n)?

Here we must remember that both husbands and widowers
leave children which are treated alike, and consequently we
have to base our calculations on the number of children left
by married men.

Out of [, persons living at age , Md, married men will
die between the ages z and x4 1, say, on the average, at age
z-+%. Md,,; married men will die between the ages #-+1andz -2,
say, on the average at age #+14, and so on.  The present value
of an annuity to the orphans left by a married man dying
between the ages z and z-1, until they respectively reach the
age of (n) is Oa{n),; consequently the present value of the
orphans’ annuities in respect of a person living at age x will be

and

Md,. Oa(n), . 0"t + Mdp ;1. Oa(n) gyr ™ R4 | |,
IR :

If now we call Md,.0a(n),.v°+ 1 ="""C,,, and sum the values
of oa(n)C:” so that oa(n)szoa(n)Cx +0a(ﬂ)Ca:+] _*_<',\¢z(1fz)C$+2 1,
K 2
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then the present value of the orphans’ annuities of 1 each until
they respectively reach the age of (r) will be represented by

oa,(n)Mx

Problem VIc.—What is the present value, in respect of each
person living at age x, whether bachelor, husband or widower,
of 1 payable on the death of a bachelor ?

Here out of Z, persons living at age z, Bd, bachelors will die
between the ages of # and x+1; Bd,,; will die between the
ages -+1 and #+2, and so on : so that the present value of 1 on
the death of a bachelor will be

Bd, 07 i+ By 0" £ By 5 05T R L L

lm’l)“'
If then we call Bd,.»**1=""C,, and sum these values so that
"0+ Crp1+Cayat - - - ="My, the present value required
will be represented by g
D®’

It is not, I believe, usual in these funds to provide for a return of
contributions on withdrawal from the staff ; but if such a rule
is introduced it is only necessary to add to the benefit side of the
equation of payments and benefits the value P."R,, or P."R;
according as P is a fixed annual payment, or a proportion of
salary ; or, to be more exact,
P("Ro—§"M.) (1+4d), or P("R;—3"M)(1 +4d),

using, of course, the proper denominator of D, or DS. (See
Problems Ia and Vs.)

Problem VIIc.—What is the present value, in respect of a
person aged z, of the assurance of 1 on the death of a widower
leaving no children under the age of (n) ?

This seems to be a benefit which is rapidly coming to the
front; and in the absence of statistics, anything like an exact
caleulation is out of the question. It will be seen from Table L
that the proportion of married men dying childless is 33 per-cent
at age 25, and 25 per-cent at age 30, and after that about
15 per-cent. If we assume that, as a rule, the last child we
should have to deal with would be born when the husband’s age
was 55, we might with safety assume that the number of widowers
who would become claims, if the children’s benefits ceased at
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age 16, would be 20 per-cent of Kd,, up to age 30, the percentage
increasing by 1 each year up to age 45, when the number would
be 25 per-cent of Kd,; then increasing by 2 each year to age 55,
then increasing by 3 each year up to age 65, when the number
would be 75 per-cent of Kd,; and then increasing by 5 each year
up to age 70, when the claims for that age and over would
amount to 100 per-cent of Kd,.

If the children’s benefits are continued till age 21, then I
think the percentage might be deferred 5 years; that is to say,
take 20 per-cent of Kd, up to age 35, increase the percentage by
1 each year to age 45, and so on.

The symbol for a childless widower is (K—cC), and for a
widower without children under the age of (n),k—c(n). If,
now, the column we are supposed to have just construeted be
called K—C(n)d,, then out of I, persons living at age =z,
K—C(n)d, will die between the ages # and 2+1 as widowers
leaving no children under the age of (n). Then, following the
same reasoning as in Problem Vlc; if K—c(n)d, xv*+i=
x=ctnl(y,, and BTN, =K URQ R-0M0 4. .., the present
value of the assurance of 1 on the death of a widower leaving no
children under age (n) will be represented by

X —C(n)szE
g

If the contributions are to be returned on the death of a
widower leaving no child on the Funds, then Tables would have
to be formed of *~UYR_, or *"M?, and *"UMRS, (See
Problems I4 and V3.)

Sometimes the contribution is a fixed percentage of the salary
and pension, in which case it is not quite so easy to find the value
of the contributions.

Problem VIIIc.—What is the present value, at age z, of future
salary and pension to the end of life, equated to 1 of salary
at age 27

We have to deal with this problem in three sections, namely:

(1) The present value of the salary during active service,
equated to 1 of salary at age z;

(1) The present value of the pension in respect of those
who retire at the pension age, say 65, from the date
of their retirement to the end of life, equated to 1 of
salary at age z;



122 On the Valuation of [Ocr.

(iii) The present value of the pension in respect of those
who retire before the pension age, from the date of
their retirement to the end of life, equated to one of
salary at age x;

and for these we must use the values based upon my Table 4.
The value of (i} we ah‘eady know, namely,

(NS —3(° MY+ MY+ "M2) } (1 + §i)
DS
but (ii) and (iii) must depend upon the mode in which the
pension is calculated.

Let us suppose, first, that the retiring allowance is a fixed
percentage of average salary for every year of service, say w per
cent. ; then the value of (it) will be

™. Si55(Nes+ $ Des)
100 D

But this is not now a liability payable at the moment of the
occurrence of the event, but an asset dependent upon the
accumulation of capital; and so, according to the rule upon
which I have based the adjustments, namely, that the invest-
ments are not made immediately, but, on the _average, every
quarter, the above value should be multiplied by +%.

The value of (iii) will be (see Problem X3.)

(ra lra Zs)(1+ Z)
100 De

and the total value of the future salary and pension to the end of
life, equated to one of salary at age x, will be

[{N; 1( Mls+ les ers)}(l_*_ﬁz)_i_ ES_T(N(;;,-’-%D&;) ?)

+ 1060 By — WM”)(H 3) |5,

It past service has to be taken into account in calculating the
pension on retirement, then the eomplete value of (ii) based on
past and present salary,— (not equated to 1 of salary)—will be
_m_[(total past salary) X (Ng;+3Dss)
100 D,
+ (present salary) D); Ss:(Nes+ 3 Dgs) }113

X
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and the complete value of (iii) will be
ra

100{(total past salary) x s{ z

&

”r 8 rapgls
“RS—3" ML
Ds

T

+ (present salary) x 1+ §z)}

so that the complete total value is

ls is , ryyls
{(Present ) Tt ;)L M), (1+az)}
T o Ngs+ 1De). 08+ "M
+ ﬁ)‘{ (total past salary) x (Nes+3 ?ga .
m Sse M
* 100 100 [:(Plesent salaxy)g D
ra,R ”’Mls .
+( Dsm_% Dsm (1+%z)}:]

which looks more formidable than it really is.

In the second place, let us suppose that the retiring allowance
is a fixed percentage of the last salary for every year of service,
says 7 per-cent : then the value of (ii) will be

w (65 uz')854 (N55 D55) -1}%
100° D¢
and the value of (iii) will be
a (raRls lraMls)(l + 32)
100 D* ?

x

x

and the total value of the future salary and pension to the end of
life, equated to 1 of salary at age z, will be

[ (e —sME M M)} (1489
+_07’_0 (65 —)s64.(Nos— Dgs) . o

R ?
100 (ra s A"“M 8)(1—{——1)] ___Ds
If past service has to be taken into account in calculating the
pension on retirement, we have to consider the number of years
already served. Say the number is n, then the complete value of
(ii), based on past and future service, will be
(65 +n—a)s5s. (Nes—3Dss) | o,

100 D
and the value of (iti} will be

w2 M7+ "R — "M
100 D

(present salary) x —=

&

(present salary) x -—

“(1+59),
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and the complete total value of the future salary and pension to
the end of life will be

(present salary) x [ (NS —3(°M2+ MY +"M%) }(1 + 3i)

100 (65 +n— :Z')864(N§5— 1D65) i

100 (nraMls+raRls ;"“Mls) (1+—2 ] D
The usual scales of retiring allowances can be introduced by
appropriately applying the solutions given in Problems XIIIs,
XIVs, and XVB.

Problem 1Xc.—To find the present value, in respect of a
person of the age z at entrance, of the return of total salary and
pension, without interest, on the death of a bachelor, equated to
1 of salary at age 2.

This would be a very simple matter if it were not for the
early retirements, because we could assume that all the bachelors
in our Table No. 45 received full salaries up to the pension age,
and then retired on full pension.

If the pension is 7 per-cent of average salary for the total
number of years’ service, then s for age 65 and over would be,

taking 17 as the average age at entrance, 100 - 3%s; or, if the

pension at the pension age is Zrds of last salary, then s for
65 and over would be 2sg.

We should then proceed in the same way as in Problem Vs,
and construet a Table of v**+i8d,, for the whole of life, which we
have called ®*C,; sum these values like the M column, and call
the new values **M,, a column which we have already obtained
in Problem VIc; multiply each value of ™M, by s, calling the
result **M?, and then sum these values again, thus producing a
column whlch we will call BdR , and the value of the return of
total salary and pension on the death of a bachelor, out of
I, persons (including pensioners) living at the age 2 would be
represented by

BdRi
D,
where D’ is caleulated on the /,’s in Table 3.
The work could be shortened by adding all the Bd.’s from

age 65 inclusive to the end of life, thus producing Bl;, and
in®

_DT)% x {average pension at age 65),
&x

multiplying Bl by
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because no marriages are allowed after the peunsion age, and,
consequently, the bachelors dying after that age are the numbers
dying in the ordinary mortality Tables.

Even assuming that no one retires before the pension age, the
values we have obtained would be in excess by half the last
year’s salary, namely, 1**M%, a value which has not been
calculated.

If past service is to be taken into consideration, then the
value will be—

(total past salary) **M_+>R?
D;, '
&

The rule that no marriage after retirement on pension is
recognized would enable us to make an exact valuation of the
benefit, if anyone thought it worth while to take the trouble.
We could find out how many bachelors retire at each age, and
how many remain in the fund until the pension age. We could
then deal with those remaining on the fund in the same way as
above ; and for those who retire early we should have to find an
average pension at each age of retirement, and make the
liability from the age of retirement the value of an increasing

assurance of the retiring allowance according to Table 8 ; that is,
(r)
v (ry X ]—)%:) X average pension age at x).

Another and equally good way would be to find an average
age at retirement, by multiplying the number in the column
“ Retiring ” in Table 4 by the age, including those who retire at
the pension age, and dividing the sum of the results by the total
number retiring.

The last plan would be guite safe, and as near accuracy as we
might ever wish to get.

Problem Xc.—To find the present values, in respeet of a
person aged x at entrance, of the return of total salary and
pension, without interest, on the death of a widower leaving no
children under the age of (n}, equated to 1 of salary at age «.

In the first place we have to find the number of widowers
dying at each age leaving no children under the age of (n), as
deseribed in Problem VIIc; and then proceed as in Problem IXec,
forming columns of »*+i(K—C)d,, =M, (K‘MM:;, and
(=Mps  The required value would then be represented by

(K—‘U)dR-;

D
the D?, being calculated on Table 3.

H
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There is no way of shortening this work as in the previous
Problem, because widowers are constantly emerging from the
husbands as they lose their wives. We, however, need not trouble
about the early retirements, as the number of widowers dying do
not become large until the pension age is reached.

Problem Xlc—A firm whose staff is represented by the
particulars given on page 242, vol. xxxvi, is anxious to start a
widows’ pension fund, which all those now on the staff and of the
age of 30 and under, and all future entrants, must join. The
benefits are to be £20 a year to the widow, commencing from the
moment of death of her husband, and, in the event of the early
death of the widow, a continuation of the annuity until the
youngest child reaches the age of 16. In the event of a widower
dying leaving children, an annuity of £20 a year is to be paid
until the youngest reaches the age of 16. On the death of
a bachelor, the sum of £25 is to be paid to his relations. Each
member of the fund is to eontribute a percentage of his salary
and pension until his death. The scale of pension is the
Government scale, namely, J;th of last salary for every year of
service not exceeding 40, and retirement at 65 is compulsory.
The firm will pay a sum down to start the fund, and will
guarantee 4 per-cent interest on the investments, free of income
tax. There are to be no expenses connected with the manage-
ment of the fund. No one over the age of 30 is to be allowed to
join except on payment of a fine commensurate with the risk.
No second marriage is to be allowed except on payment of a fine
commensurate with the risk, and no marriage after 65 is to be
recognized. A widow on re-marriage is to forfeit her annuity.

‘What percentage of salary and pension should each member
contribute to the fund, and what sum should the firm pay down
to start the fund?

As our Tables do not provide for second marriages, nor for
the forfeiture of the widows’ pension on re-marriage, we must
leave them out of our present calculations.

To find the proper contribution, it is necessary to determine
the average age on entrance to the staff. This will vary according
to the nature of the business, but in our imaginary staff I think
18 would be the proper age to take. It is not desirable to take
too young an age, because you may be fixing the scale too low
and endangering the Fund, while if you take an age higher
than the average, you will have a margin to keep the Fund in
safety.
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On the benefit side we have

Present value of widow’s annulty ¥ Mg 20
@ X

of £20 Disg

Present value of continuation of } EaG)M 18

annuity tillyoungest childis 16 ])%) 20

Present value of annuity of £20 to xycal®p
18

children of widower wuntil (3) x 20
youngest child is 16

Present value of £25 on death of — M18 <25
bachelor . D(B)

On the payment side we have
Present value of contribution during whole period of active
service
P{le‘“l( M+ “Ma+ Mlg)}(l-f'%i)
DY
Present value of contribution from those who retire on
pension at age 65 (see Problem XIVs, J.I.4.,
vol. xxxvii, p. 204)
Sﬁ4(N65 + %D%)Ug
D(4)
Present value of contributions from those who retire on
pension before the age of 65

_p. o Ris—""Rai—§""Mis) (1 +4)
DG)
As DY is the same as D2, we shall find, by collecting all the
benefits together, and all the payments together, that

W M5 % 20) +(E‘“’M18 X 20) + (7 UOM 15 x 20) + (**M5 x 25)
{le—%( M+ “MS+" ﬁ)}(l'f‘%i)

gSM(Nss'f‘ %Dﬁs)v%'*"g@*(raﬁg— ngg_ %raMig) (1 + %i):
which produces *0150, or 14 per-cent.

To make a valuation in order to find what the veserve should
be, or in other words to find the amount which the firm should
pay down to start the fund, we must have a valuation schedule.

The most difficult part of this Problem is to find the present
value of the future salaries and pensions on which we have to
calculate the value of the contributions, so we will consider the
contributions first.

p={
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From Problem VIIIc we find the value of future salary and
pension (allowing for no more than 40 years’ service to count for
pension) to be:

Present salary multiplied by

{N;—4("MT+ "ML+ M) } (1 + 89)

654n—a
not exceeding 40 864 Nos + 3 Do) v

+6L0(nraM'l:+raRf;_raRﬁ“‘m_n_%raM?) (1+%i)
and all divided by D7,

The last two terms contain values based en past service; but
the second term will not trouble us now, because in all cases in
our supposed Fund, 65+ n—=z will exceed 40.

We will proceed then, first, to obtain the details for valuing
the pensions on early retirement.

1
+30

PARTICULARS oF Fonp PART OF VALUATION SCHEDULE
|
Annual
Salary X
Number of
Nug;ber v ea_i; o rece?%a]‘:ili by past(’)t{em mR}csm—n Cgl' 1.(3()5 )
Members service al e service DE XLol
=n | mombemin | @x@ =
O] @ &) 1) ) l (6}
Present Age 20
10 5 450 2,250 15974 7,188-3
20 4 900 3,600 14305 12,8745
10 3 450 1,350 12-549 5,647-1
5 2 200 400 10776 2,155'2
5 1 250 250 8984 2,2460
50 e 2,250 7,850 e 30,1111
Present Age 30
5 15 875 5,625 15974 5,990°3
5 14 375 5,250 14-305 5,364-4
15 13 1,310 17,030 12549 16,439-2
15 12 1,275 15,300 10776 13,7394
5 11 460 5,060 8984 4,132:6
4 10 600 6,000 7178 4,306'8
1 8 105 840 3677 386-1
50 4,500 55,1056 1 50,3588
1




1903.]

Staff Pension Funds.

129

All the rest of the work, except when (65 +n—=2) is less than 40,
is based upon totals for each present age.

VALUATION ScBREDULE—(Continued)

Total
Total salary {N" _l(th N N_+1iD
Present xT2 2 Dy 1
1 X past joic 65~ %765 13
sge | ool | et |+vME +"M)}+D, (8= (10) s, D, (8) x (12) x (13)
service
M () (&) (10 (11) (12) 13) (14)
20 2,250 7,850 24:035 54,0788 502 193 2179-9
30 4,500 55,105 19-427 87,4215 251 487 55007
Totals| 6,750 141,500°3 76806
VaLvaTIioN ScHEDULE-(Continued)
Number
raMls raRls raMls Py WaM
Present sx (9) x (15) : -3 : (8) x (17) Mexglbers —=
age £ D Dy on Fund Dy
(15) (16) @an (18) 19) 20)
20 1136 8,917:6 42:039 94,5878 50 809
30 1-430 78,8001 38711 174,199°5 50 1-940
Totals | 87,7177 268,787'3 100
VarvaTioNn ScrEpvLE—(Continued)
E(16) K YCa(16) Bd:
M. M M
(19) x (20) T’” (19) x (22) th—x (19) x (24) Dﬂ: (18) x (26)
(21) (22) 23) 24 (25) (26) @n
4045 ‘021 1-05 ‘027 1-350 053 265
97-:00 ‘048 240 ‘067 3-350 -066 3:30
187:45 345 4700 595
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Valuation Balance Sheet.

LiaABILITIES.
By present value of annuity fo widows of £20, col. (21)x20 . . = 2,7490
” » ” continuation of annuity after death of widow
until youngest child is 16, col. (28) x 20 = 69-0
. s s £20 to children of widowers until youngest is
16, col. (25)x20 . . . . . = 940
” " » £25 on death of bachelors, col. (27)x25. . = 1488
3,060-8
AgsETs.
To present value of salary during active service,
col. (11) . . . . . . 141,500°3
Increase by §i=13%. . . 2,122'5
—  143,622'8
To present value of pemsion after 65, col.
(149 xi= . . . . . . 51204
multiplied by »¥=decreased by
2% % nearly . . . 1280
_ 4,9924,
To present value of pension on early retirement:
col. (16) = 87,7177
col. (18) = 268,787-3
356,5050
deduct, col. (6) = 30,1111
50,3588 80,469-9
276,035°1
inereased by 13% . . . 41405
280,175°6<60=4,6696
153,284°8
1} % of £153,2848= . . . . . . 2,299-3
Deficit . . . . . . . . 7615
£3,060'8

The sum which the firm should pay down to start the Fund
18 £761. 10s.

Problem XIIc.—What is the present value, in respect of a
person aged z at entrance, of an annuity to a widow based on the
husband’s pension, or the pension he would have been entitled to
at the date of his death? And what would be the value of
a continuation of the same annuity to the children of a widow
or widower until the youngest reaches the age of (n)?

Here the question of retirement, and the mortality amongst
those who retire, form important elements in the Problem;
consequently we require to use Table 4, where those who retire
early are separated from the others.
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It will be necessary to divide the Problem into three parts,
and investigate separately the values of the benefits in respect of
(1) Those who die while in the service.
(2) Those who retire before the pension age.
(8) Those who retire at the pension age.
For 1, the d’s in Table 4 must be divided into Bd,, Hd, and
Kd,; and for 2, the &’s in Table 8 must be divided into Bdfv" ),
Hd™ and Kd?, and extended to the end of life. This can stop
at age 64 if the values of "M, &c., by Table 8 have already
been calculated.
Now we know the value of the widow’s annuity on the death
of her husband, namely, a,+ 4, but we want also to know the
value of the widow’s annuity per retired person af the date of

retirement. It is necessary, therefore, to ascertain the values of
WaC Wa

T)—“‘ and 3{ z according to Table 8; and, for the children’s

(n) X. yca(n)

annuities, to find the values of D Z and D Z also by the

same Table.
Using the index (r) to distinguish the invalid pensioners
Mortality Table, we may call

way ()
1&-;” =wad{P=the value, per retired person aged z, of a
De widow’s annuity of 1.
E(W)M(”')
— " _ 3
D(r“)’ =E(n)"=the value, per retired person aged z, of the
&

addition to provide for continuation of the
widow’s annuity until the youngest child is {n)

years of age.
K. Yca('n)M('r)

o =K.YCa ()7 =the value, per retired person aged z,
D of an annuity of 1 to the children of a widower
until the youngest reaches the age of (n).

‘When these Tables are constructed we shall be in a position
to proceed with the investigation of the Problem ; but we must
first know the principle on which the pensions are caleulated.
Let us, in the first place, take the case where the pension is
based on the number of years’ service of the husband, and the
average salary he received.

Following the same reasoning as in my Problem X8 (J.I.4.,
vol. xxxvi, p. 238) we proceed thus :

Out of , persons living at the age z, in receipt of an average
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salary of s each, the liability for widows’ annuities, equal to the
total amount of the salaries received by their husbands,

would be—

Inrespect of Hd, persons dying—  And in respect of r,, persons retiring—
Hdy X s, > (ay+ 1) 7o X 8 X Walr)

In respect of Hd,, persons dying— And in respect of r,,, persons retiring—
Hdy (82 +8241) (a1 + 3) Tes1(So+ 8oy ) WalDs

In respect of Hd, ., persons dying— And in respect of 7, , persons retiring—
Hdp po(Se+ o1+ Swso) (g 2+ 3) To+2(8e T Sos1+ 5242 Wal?),

In respect of Hdy, persons dying—  And in respect of r¢, persons retiring—
Hdgs- S5 (ay 1 o1—a+3) Tor- Sts. Waly

In respect of /g persons retiring at the pension age 1652245- Wags.

The present value of all the annuities equated to 1 of salary
at age # will be
[{Hd, x (ay+1) +75-Wa } 507 + {Hdpin X (g 114+ 1)

+ 7241 -Wag—.}?l }(Sm+sx+l)”w+2+ ..t '{ Hd&x X (ay+64—x+ %)

+ r54awg)}224s . v“] + lgs. 26;3 Walh) .o
divided by I s,0".

Separating the symbols inside the large bracket, we have
(Hdy(ay+3) +75.Wal)sp 07+ = (Hdy. (ay+ 3 ) + 7, Wa) 55 0741
( Hda:-!—l . (ay+1 + %) + 741 'Wagz?l ) (Sx+ 3x+1) o2

= (Hdm-H . (ay+1 + %) +7r -Wa§?1 )Sx-vx+2
+(Hdgyr- (@yir1+3) + 7041 Wa.gs?-'{-)l )8zt t2

If now we first form Tables of Hdy(a,+ }) and r,.Wa'?, then
add the two values together, forming a Table of {Hd,(a,+13)
+7,.Wal?}, and multiply the value by »*+1, thus forming a
Table of {Hd,(a,+3)+7r.Wa{"}v*+, which we will call ¥™C,;
and sum these values, so that

W. WC$+W.?‘QCx+1+W.‘T€LCm+2+ - W.’HLCM:W.WI/M‘T;

then multiply ¥""M, by s, making ™M

> and then sum these
values so that

W.TePS — W T 8 W.rd 8
RS ="""M+""Ma1+ - -

we can represent the present value of an annuity to the



1908.] Staff Pension Funds. 133

widow, of her husband’s pension based on average salary and
number of years’ service equated to 1 of salary, in respect of
a person aged z at entrance, and dying or retiring before the
pension age, by the convenient symbol
W.MR-‘:;
D,

x

Adding to this the value of the widow’s pension in respect of
the Zs; persons who retire at the pension age,

Lt®. %5 . Wa Dg;
e wag De so

18,07 D

we have for the complete value of the widow’s annuity, per
person aged  at entrance,

.
8
&

VRt Des 235 . Wags
. = .
The value "™R],, however, requires adjustment, because it
has been assumed that the full year’s salary in the year of
retirement was paid, and the whole has been over-discounted by
half a year. The proper adjustment is to deduct 37"M” (which
will be found later), and increase the difference by half a year’s
interest. The corrected value will therefore be
(1 +3)(" "R, — 1" M)+ Des . 5;'s. Waes
D; '
For the continuation of the annuity for the benefit of the
children of a widow or widower until the youngest child attains
the age of » ; we shall have (equating our values to a denominator
of ls,0%)
In respect of Hd, persons dying as husbands at age =,
Hd, X E(n) X 8p X v®+1
In respect of Kd, persons dying as widowers at age z,
Kdz x YCa(n) X 8, X v¥*!
In respect of r, persons who retire at age 2

(re X E@) 47, x K. YCa(n)7) (35 X 07+1).

By separating' the symbols as before, it will be found that
a Table would have first to be constructed of
{(Hd, x E(n) + (Kd x YCa(n))+ (rp x E(z)")

+ (ra X Ko YCa(n) ) oot
which could be called ™™-"C_.

VOL. XXXVIIIL. L
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Then these values of *™™C_ would have to be summed to
form a Table which might be called em-ran . The values in
this Table would have to be multiplied by s, forming a Table of
vem-m\f? , and these new values summed again producing a Table
of vc(n)‘mRi .

In respect of those who retire at the pension age 65,
the value equated to a denominator of I,s,2* will be lg; x =6
(E(n)es+ K.YCa(n)es) .v%°, and the complete value for the con-
tinuation of the annuity will be

veln)-roRe + Dig 3 55(E (m)es + K.YCa(n)es)
D} '
£

The value *™-™R? is, however, too large by reason of our
assuming that the last year's salary is paid in full, and by the
whole being over-discounted by half a year. The correct value
would therefore be

(L+39)("° 7RG — 37O ML) + Des. Io(E (m)as + K.YCa(n)s)
b,

Secondly, let us assume that the pension is based on last
salary and number of years’ service. The same process as before
will have to be followed, up to the construction of the Table of

values of ¥""™C,,, when each value would have to be multiplied
by s, and the resulting values then summed, so that

w‘ma'S‘z'i‘w'mCz-st-i-l+w'mcm+33¢+2+ .. =w'me:-
These values would have to be summed again, so that

H
W. mM s+w me+ +w T z+2 1. w.me:.

The value of the widow’s pension, in respect of the [ persons who
retire at the pension age 65, will be

1
l vm l55'0 (65—$)854 X Wasg,},
and the value of the widow’s annuity per person aged 2 at
entrance will be
WrIRE | Dis (65 — )4 X Wag
D8‘
or, using the proper adjustments,

(L4 4)(" "R — 37 ML) + Dys(65 —2)s04 X Watgs
Ds

a&
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For the continuation of the annuity for the benefit of the
children of a widow or widower until the youngest arrived at the
age of (n) we follow the same process as above up to the

construction of the Table of "C(")‘T“Cx. These values would have
to be multiplied by s,, and then summed, so that

vc(n).'raC S +vc(n).m0x+l Spsrt e .. =vc(n).mM?.
Summing these values in like manner, we shall have
vc(n).me: +vc(n).mM£lci N =Yc(n).mR:l:’
and the value, in respect of the /g persons who retire at the
pension age 65, will be

1:03711;"-' {losv®®. (65— z)s54. (E(n)es+ K.YCa(n)s) },

so that the value of the addition to the value of the widow’s
annuity (making the usual correction) will be

(L4 3y (" RE—F M) 4 Dy (65— 2)354(E (n)gs + K. YCa(n)es)
D8

x

By means of Problems XIIIs, XIVs and XVB, it would be a
simple matter to apply the above formulas to the usual modes of
calculating pensions.

I have not attempted to make any Tables for this kind
of pension to widows and children; because I have not found the
plan to be in practical use with either of these modes of
calculating pensions ; but, from signs which I have observed, I
should not be surprised to hear of an attempt to put this plan
into operation. The younger members might do worse than
exercise their powers on the construction of Tables for this
kind of benefit.

Problem XI11Ic.—To ascertain the fine payable on second
marriage.

One of the difficult problems connected with these Funds is
to determine what fine should be paid on re-marriage. All the
Tables are based on first marriage only; and if the contributions
are based on such Tables, without any addition for the con-
tingencies of second and third and subsequent marriages, then
the widower who marries again is bringing on to the Fund
a liability which he is not paying for. He undertook to make a
contribution for the whole of life, and the Fund undertock the
risk of making a payment if he died a bachelor, the risk of paying

L2
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an annuity to his widow by the first marriage, the risk of paying
an annuity to his children, and the risk of paying a sum on his
death as a widower. The risk of his dying a bachelor ceased
when he married, the risk of paying an annuity to his widow by
the first marriage ceased when his wife died, the risk of paying an
annuity to his children may or may not have ceased, and the risk
of paying a sum at his death is still in existence. He now wants
to bring on to the Fund the risks attaching to a second marriage,
that is, the risk of paying an annuity to his widow by the second
marriage, and the risk of paying an annuity to his children by
the second marriage; but by doing so he is reducing the risks
left by his original contract, for the value of the annuity to his
children by the first wife will be smaller, and the risk of his
dying a widower without children under a certain age will
be less.

If we assume that the value of the reduction in the old risks
will cover the value of the annuity to the children of the new
marriage, there remains the additional risk of the annuity to the
widow, which is a,—a.,, and that is clearly the fine which
should be paid.

The cost, however, is prohibitive ; and you will never persuade
a man that it is right and just that he should go on paying all his
life for other people’s widows, and not be allowed to leave his own
widow on the Fund, even if it is by a second marriage, without
paying an additional sum equal to the full value of the risk.

In all the Funds I have examined fine on second marriage is
quite nominal compared with the correct amount; but then the
contributions and the values of the risks have generally been
calculated with an excess of caution which has justified the
imposition of only a small fine.

If, however, we are going to calculate the values of the
contributions more closely, we shall have to calculate the fines
more closely, or find some way of making them merely nominal,
or doing without them altogether. We can only do this by
including the risk of second and subsequent marriages in the
otiginal calculations. But how?

The difficulty is considerably increased when the contribution
is a fixed percentage of salary and pension.
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TaBLE 44.

137

Simple Commutation Columns (according to Tubles 3 and 45).

4 PER-CENT 3 PER-CENT
Age Gl Age

A U - A G I
15 11105 60 34393 15 12837 60 61410
16 98390 61 31928 16 11484¢ 61 575°61
17 8581:4 62 29557 17 10113 62 538:05
18 74691 63 27279 18 88879 63 501-40
19 6552°1 64 251°01 19 7872-3 64 46584
20 5793'8 65 23041 20 70289 65 43177
21 5158'9 66 211-11 21 63195 66 399-44
22 46272 67 192-95 22 57231 67 36862
23 4176°1 68 175'63 23 52153 68 33879
24 37897 69 15914 24 47787 69 30997
25 3456'0 70 143-49 25 44002 70 282°20
26 31647 71 128'69 26 40685 71 25555
27 29080 72 11474 27 37748 72 23006
28 2680°8 78 101-66 28 35187 73 205°81
29 24786 74 89462 29 3280°2 74 18288
30 22973 75 78141 30 30697 75 16128
31 213472 76 67716 31 28795 76 141-12
32 19863 77 58186 | 32 | 27060 77 12244
33 1852-3 78 49538 33 25479 78 10525
34 17300 79 41-768 34 24027 79 89605
35 16180 80 34°851 35 2269°1 80 75492
36 15151 81 28755 36 21454 81 62°891
37 14206 82 23449 ar 20310 82 51786
38 18332 83 18883 38 19247 83 42107
39 12525 84 15°005 39 18257 84 33783
40 11775 85 11757 40 17330 85 26728
41 11075 86 9076 41 16459 86 20833
42 10426 87 6'897 42 15644 87 15985
43 98159 88 5155 43 14872 88 12°063
44 924°76 89 3789 44 141477 89 8953
45 871°40 80 2732 45 13460 90 6517
46 821-26 a1 1933 46 12809 91 4°657
47 77416 92 1341 47 12191 92 3:263
48 72993 93 909 48 11606 93 2233
49 688'10 94 *604 49 11047 94 1497
50 64854 95 303 50 10514 95 983
51 61129 96 ‘248 51 10006 96 ‘627
52 576-21 97 *154 52 95229 97 392
53 54290 98 092 53 90598 98 237
54 511:32 99 -054 54 861°55 99 ‘139
55 48102 100 030 55 81835 100 ‘078
56 45172 . 56 77600
57 42302 . 57 73874

58 39595 . 58 69344

59 36945 . 59 65331




138 On the Valuation of [Ocr.

Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,
TaBLE 45.
Showing the number living and remaining on the staff at each age
according to Table 3, and the numbers who die at each age as

Bachelors, Husbands, and Widowers; no second marriage being
allowed for.

Living and X Dvs Dyin in Dyin
Age | remaming | Dying Bathorers | Mol | Hosbaods | Witmees | Age
P @ ) Bd, Md,, Hd, Kd,, z
15 20,000 72 72 15
16 | 18428 68 68 . 16
17 16,716 64 64 . 17
18 | 15,181 59 59 . 18
19 13,804 55 55 19
20 12,695 52 519 ‘1 1 20
21 | 1L756 49 487 3 3 21
22 10,966 47 462 8 ‘8 . 22
23 10,293 45 434 16 16 oo 23
24 9,714 43 405 25 25 s 24,
25 9,213 42 383 37 37 25
26 | 8774 42 370 50 49 ‘1| 26
27 8,385 41 348 62 61 1 | oer
28 | 8039 40 325 75 T4 1 | 28
29 7,730 40 30-0 100 98 2 | 29
30 7,451 40 280 120 118 2 30
31 7,199 41 26'6 144 141 3 31
32 6,968 41 246 164 160 4 | 82
33 6,758 41 227 183 178 5 | 83
34 6,564 42 21-2 208 2012 6 | 34
35 6,385 43 197 233 226 7 1 85
36 6,218 43 180 250 242 -8 | 86
37 | 6063 45 174 | 216 | 267 9 | 37
38 5,918 46 165 295 284 11 | 38
39 | 5782 47 161 | 309 | 297 12 | 39
40 5,663 49 161 329 315 14 40
41 5,630 50 160 34-0 324 16 41
42 5,414 53 16+4. 366 348 18 | 42
43 5,301 54 162 878 859 19 43
44 5,194 57 165 405 383 22 44
45 | 5090 60 169 | 431 | 406 25 | 45
46 4,989 63 174 456 428 28 46
47 4,801 65 177 47-3 44:2 31 47
48 4,796 69 186 5004 468 36 48
49 4,702 73 194 536 495 471 49
50 | 4,609 76 198 | 862 | 516 46 | 50
51 | 4518 79 202 | 588 | 537 51 | 51
52 | 4,429 83 208 | 622 | 565 57 | 62
53 4,340 87 214 656 59:2 64 | 53
54 | 4251 92 224 | 696 | 624 72 | 54
55 4,159 97 232 738 656 82 b15)
56 4,062 103 24r3 787 693 9.4 56
57 8,956 108 251 829 724 105 57
58 3,851 114 258 882 764 11-8 58
59 3,187 119 264 926 795 131 59
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TasLe 45—(continued).

Showing the number living and remaining on the staff at each age
according to Table 3, and the numbers who die at cack age as
Bachelors, Husbands, and Widowers ; no second marriage being
allowed for.

Living and Dyi Dying | Dying | Dying | .

Y . ying
Ago rf,’;";‘ﬁg»g Dying Bachelors | Married | Husbands | Widowers

z » a2 Bd, md, Hi,, Kd,, z

60 36180 1250 268 982 833 149 60
61 34930 1300 26-9 1031 864 167 61
62 33630 1350 269 1081 893 188 62
63 32280 1390 26:8 112:2 91-2 210 63
64 30890 1400 26-2 113-8 91-0 228 64

65 2949-0 139-0 255 1135 890 24°5 65
66 28100 1390 25-1 1139 874 265 66
67 2671-0 1425 254 1171 878 293 67
68 25285 1457 259 1198 876 322 68
69 23828 1484 264 1220 869 351 69

70 22344 150'3 268 123'5 855 380 70
71 20841 151-6 271 124'5 836 40°9 71
72 19825 151-8 272 124-6 810 436 72
73 17807 1510 271 1239 778 461 73
74 1629-7 1493 26'8 1225 741 484 74

75 14804 1462 264 1198 696 50:2 75
76 1334-2 1419 259 1160 645 516 76
77 11923 1366 254 1112 590 522 i
78 106577 1300 24°8 1052 530 522 78
79 926'7 122-4 28-7 987 471 516 79

80 8033 11470 22:2 91-8 412 506 80
81 6893 1047 214 833 350 483 81
82 584:6 950 188 762 299 463 82
83 4896 850 16'4 686 249 437 83
84 404-6 749 142 607 20-3 404 84
85 3297 650 120 530 162 368 85
86 264-7 555 101 454 126 328 86

87 2092 46'6 78 388 97 291 87
88 162-6 383 64 319 71 24-8 88
89 124-3 311 52 259 51 208 89
90 932 246 41 20'5 35 170 90
a1 686 191 32 159 24 185 91
92 495 146 24 122 15 107 92
93 34-9 108 18 90 10 80 93
94 241 78 13 65 ‘6 59 94
95 163 56 9 47 4 43 95
96 107 38 6 32 2 30 96
97 69 26 4 22 1 21 97
98 43 17 3 14 14 98
99 26 11 -2 ‘9 e 9 99
100 15 6 -1 ‘5 e 5 | 100
101 ‘9 4 -1 3 e 3 101
102 5 2 2 e 2 | 102
103 ] 2 . 2 e 2 1103
104 ‘1 ‘1 ‘1 ‘1 | 104

106 1056
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TaBLE 46.

Value, on the Death of a Husband, of a continuous Annuity of 1 to
the Widow for the remainder of her life.

Age Age of Widow Age
of Husbhand at Death VALUE OF g+ % of Husband
at Death of Husband at Death
& Yy 4 per-cent 3 per-cent x
20 220 18-311 21-547 20
21 22-4 18278 21-496 21
22 228 18245 21-445 22
23 232 18211 21-394 23
24 236 18177 21-341 24
25 24°0 18143 21-288 25
26 24:8 18072 21178 26
27 256 17998 21-065 27
28 264 17-922 20950 28
29 272 17-844 20r832 29
30 280 17764 20712 30
31 2847 17690 20602 31
32 29°4 17-614 200490 32
33 301 175687 20-376 33
34 308 17-457 20259 34
35 315 17-874 20139 35
36 321 17-302 20034 36
87 327 17-227 19925 a7
38 333 17-151 19815 a8
39 339 17-073 19704 39
40 3475 16-992 19-589 40
41 352 16897 19-453 41
42 350 16799 19316 42
43 366 16697 19173 43
44 373 16°593 19-028 44
45 380 16487 18-880 45
46 388 16-361 18706 46
47 396 16231 18527 47
48 404 16097 18-344 48
49 412 15959 18157 49
50 420 15818 17-967 50
51 429 15655 177747 51
52 438 15-486 17522 52
53 447 15311 17-291 53
54 456 15-131 17053 54
55 465 14-944 16-810 55
56 474 147751 16569 56
57 483 14552 16:301 57
58 492 14-345 16:086 58
59 501 14°131 15765 59
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TaBLE 46— (continued).

Value, on the Death of a Husband, of a continuous Annuity of 1 to

the Widow for the remainder of her life.

Age Age of Widow Age
of Husband at Death VALUE OF g, + 4 of Husband
at Death, of Husband a$ Death
& y 4 per-cent 8 per-cent x
60 510 13911 15488 60
61 519 13-687 15-205 61
62 528 18-457 14-919 62
63 537 13-224 14628 63
64 546 12-986 14-334 64
65 555 12745 14037 65
66 565 12471 13702 66
67 576 12-191 13-362 67
68 585 11-904 18015 68
69 595 11-609 12-662 69
70 60-5 11-305 12-300 70
71 615 10-993 11-929 71
72 625 10671 11-551 72
73 635 10-339 11-164 73
74 64°5 9-998 10769 74
75 655 9648 10366 75
76 66'5 9290 9957 76
T 675 8928 9545 vicd
78 685 8572 9143 78
79 695 8233 8-760 79
80 705 '7-908 8395 80
81 715 7-594 8:044 81
82 725 7-291 7705 82
83 735 6996 7376 83
84 745 6705 T-054 84
85 755 6418 6-736 85
86 765 6130 6419 86
87 775 5843 6104 87
88 785 5566 5791 88
89 795 5267 5478 89
90 805 4977 5163 90
91 816 4679 4-842 g1
92 825 4-370 4-513 92
93 835 4049 4171 93
94 845 3718 3:821 94
95 855 3-388 3-473 95
96 86-5 3060 3129 96
97 875 2734 2790 97




142 On the Valuation of [Ocr.
Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.
TapiLe 47.

Present value, on the death of a Married Man, of a continuous
Annuity of 1 until the youngest surviving child attains the age
of 21, 16, or 14.

4 PER-CENT 3 PER-CENT
Age of Age of
ch;%wer Annuity till Age of Annuity till Age of Wii%wer
Death Death
21 16 14 21 16 14

x YCa21) | YCu(16) | YCu(14) | YCa(21) | YCa(16) | YCu(19) z

25 1174 959 861 1279 1026 912 25
26 1171 956 857 1275 1021 908 26
27 11-68 952 853 1271 1017 908 27
28 11-65 948 848 12-67 1012 898 28
29 1162 943 843 1263 1007 893 29

30 11-58 938 8:38 1259 10:02 887 30
31 1164 933 833 12-54 996 881 31
32 11-50 928 828 1249 990 875 32
33 1146 923 8-22 1244 984 869 33
34 11-41 918 816 12-38 978 8:63 34

35 11-36 913 810 12:32 971 856 35
36 1131 907 804 1226 964 848 36
37 11-26 900 Tor 12-20 956 839 37
38 11-20 893 789 12-18 948 830 38
39 1113 885 780 1205 939 821 39

40 11-06 876 771 11-97 929 811 40
41 1098 867 7-60 11-88 919 800 41
42 1090 857 750 1178 908 7-88 42
43 1082 846 789 11-68 896 776 43
44 1074 835 727 1157 884 763 44

45 1064 824 7185 11-46 871 7:49 45
46 10°54 812 702 11-35 858 735 46
47 1044 800 6-89 11-23 844 720 497
48 1033 7-88 675 11-11 830 705 48
49 10-22 7775 660 1098 815 689 49

50 10110 760 645 1084 798 672 50

51 997 7-43 627 1069 7-80 662 51
52 982 724 6-08 1062 760 6-30 52
53 9656 704 586 10-32 737 606 53
54 967 682 561 1010 712 580 54
55 926 656 533 986 685 551 55
56 902 628 500 960 654 517 56
57 875 590 462 929 619 77 57
58 844 558 4-21 894 578 4-34 68

59 808 513 376 854 530 386 59
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Present value, on the death of o Married Man, of e continuous
Annuity of 1 until the youngest surviving child attains the age
of 21, 16, or 14.

4 PER-CENT 3 PER-CENT
A_ge of A.ge of
Wlda&wer Annuity till Age of Annuity till Age of W)da%vver
Death Death
21 16 14 21 16 14
x YCa(21) | YCa(16) | YOu(14) ] YCa(21) | YCa(i6) | YCa(l4) F
60 765 461 327 8:04 475 3:34 60
61 697 408 276 7-84 4:20 282 61
62 6-32 348 2-26 664 3:58 2-32 62
63 568 287 1-80 594 2:95 1-86 63
64 504 226 1-37 523 2-32 1-42 64
65 441 1-67 1-06 458 170 1-09 65
66 378 129 86 388 1-32 88 66
67 322 103 70 3:30 105 72 67
68 274 85 58 2:81 87 59 68
69 282 72 48 2-38 ‘78 49 69
70 194 60 -39 199 62 41 70
71 1-60 51 32 164 52 33 71
72 1-30 -43 26 133 44 27 72
73 110 37 21 113 -38 22 73
74 ‘94 -31 ‘17 96 -32 17 74
75 i 26 ‘14 81 27 ‘14 75
76 66 22 ‘11 ‘68 22 ‘11 76
Vil 56 18 09 57 18 09 77
78 46 ‘15 08 *48 ‘15 08 78
79 -39 12 06 40 12 06 79
80 32 ‘10 05 33 ‘11 ‘05 80
81 27 09 04 28 ‘09 04 81
82 23 07 ‘03 23 07 03 82
83 ‘19 *06 02 20 06 02 83
84 16 ‘04 01 16 ‘05 01 84
85 ‘13 03 . ‘13 ‘03 85
86 11 02 ‘11 02 86
87 09 -01 . 09 ‘01 87
88 07 . 07 88
89 05 - . 05 89
90 04 04 . 90
91 02 . 02 . 91
92 01 . 01 . 92
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Value, on the death of ¢ Husband, of a continuous Reversionary
Annuity of 1 to commence on the death of the Widow, and
continue until the youngest surviving child reaches the age of

On the Valuation of

for Widows and Orphans.
TaBrE 48.

21, 16, or 14.

[Ocr.
Hypothetical Experience of Staff Pension Fund

4 PER-CENT 3 PER-CENT
Age of Age of
Husband Annuity £l age of Annuity till age of Husband
Death Death
21 16 14 21 16 14

z E(21) E(16) E(14) E(21) E(16) EQ4) x
25 1-096 698 551 1-235 765 597 25
26 1-096 *696 548 1-234 ‘762 593 26
27 1-095 ‘694 545 1-232 758 -589 27
28 1-094 691 541 1-230 754 585 28
29 1-092 687 537 1-228 750 580 29
30 1-090 682 533 1-225 745 575 30
31 1-087 677 *528 1-222 *740 569 31
32 1-084 672 522 1-218 735 563 32
33 1080 667 516 1-213 ‘729 ‘556 33
34 1-075 661 509 1-207 722 -549 34
35 1-070 655 502 1-201 715 542 35
36 1-064 648 494 1-194 706 6534 36
37 1-058 ‘640 486 1-187 697 526 37
38 1-052 632 478 1-179 -688 517 38
39 1-046 623 470 171 678 507 39
40 1040 614 462 1162 ‘668 497 40
41 1083 605 454 1-153 658 487 41
42 1-025 *596 445 1-144 648 477 42
43 1-017 587 436 1134 637 467 43
44 1-009 578 427 1-123 625 456 44
45 1000 568 417 1112 613 445 45
46 991 557 406 1101 600 433 46
47 982 <546 -395 1-090 587 420 47
48 972 533 383 1078 578 406 48
49 962 =519 -369 1-066 557 391 49
50 951 504 354 1-061 539 375 50
51 938 486 336 1-035 519 356 51
52 922 464 316 1-016 -495 334 52
53 903 440 -295 ‘993 469 311 53
54 -880 415 272 ‘966 442 286 54
55 853 388 <246 034 413 258 55
56 -822 -356 =217 898 877 <228 56
57 787 320 -188 -857 337 ‘196 57
58 748 284 159 811 297 164 58
59 ‘703 248 *181 759 258 *134 59
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Annuity of 1 to commence on the death of the Widow, and
continue unitil the youngest surviving child reaches the age of

Staff Pension Funds.

for Widows and Orphans,
TasLE 48—(continued).
Value, on the death of o Husband, of o continuous Reversionary

21, 16, or 14.
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Hypothetical Experience of Staff Pengion Fund

4 PER-CENT 3 PER-CENT
Age of Age of
Husband Annuity till age of Annnity till age of Husband
Death Death
21 16 14 21 16 14
- E(21) E(16) E(14) E(21) E(16) E(14) z
60 650 212 *109 699 220 ‘111 60
61 574 ‘182 -091 615 *189 -093 61
62 498 154 077 531 160 079 62
63 *422 -128 066 447 *133 ‘068 63
64 *352 -106 067 370 110 068 64
65 -282 <088 049 2086 092 050 65
66 230 076 042 241 080 043 66
67 *192 ‘065 ‘036 200 068 037 67
68 ‘161 054 031 -168 057 032 68
69 *139 ‘046 026 145 ‘048 ‘027 69
70 123 040 ‘021 *128 ‘042 022 70
71 *111 034 017 *115 036 ‘018 71
72 -101 029 ‘014 ‘105 *030 -014 72
73 082 024 011 096 -025 011 73
74 083 -020 ‘009 086 021 009 74
75 075 016 007 078 017 007 75
76 -068 013 *005 071 014 ‘005 76
7 -061 011 -004 064 -011 004 77
78 <055 ‘009 003 058 009 008 78
79 050 007 ‘003 052 007 008 79
80 045 006 -002 047 006 002 80
81 -040 005 -002 042 005 002 81
82 035 004 001 086 <004 001 82
83 030 -003 -001 -031 003 001 83
84 025 -002 026 002 84
85 020 001 . 021 001 . 85
86 016 . . 017 . 86
87 012 e . -013 .- 87
88 009 . 009 . 88
89 006 . . 006 . . 89
91 002 -002 v 91
92 s . . e . 92
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On the Valuation of

for Widows and Orphans.
TasrE 49.
Value, on the death of a Married man, of continuwous Annuities of

1 20 each of the children until they respectively attain the age
of 21, 16, or 14.

Hypothetical Experience of Staff Pension Fund

[Ocs.

4 PER-CENT 3 PER-CENT
Age of Age of
Married Married
n;::‘n Orphans’ Annuities till age of Orphans’ Annuities till age of nﬁn
Death Death
21 16 14 21 16 14

3 Oa(21) Oua(16) Oaf14) Qua(21) Qa(16) Oua(14) x
20 o O 43 o 3 3 20
21 520 4-33 3:92 567 463 416 21
22 810 670 605 880 15 640 22
23 1022 864 7-60 11-10 921 804 23
24 1208 10 882 1310 1071 930 24
25 1874 11-12 987 14-88 1181 1040 25
26 1537 1217 1083 1668 1291 11-42 26
27 16'85 13-22 1167 1820 1401 12-30 27
28 1836 14-27 12:50 1980 1511 1312 28
29 19-86 1533 1331 21-40 16-21 1396 29
30 21-37 16-38 1417 23-00 17-31 14-84 30
31 2289 1744 14:94 24:60 1841 1564 31
32 24041 1842 15656 26-20 19-41 1638 32
33 25-92 19-32 1643 27-80 2037 1716 33
34 27-45 2012 17-01 29-38 21-16 1774 34
35 28'64 2085 1735 3062 2187 1810 35
36 2973 21-21 17-14 3170 22-24 1788 36
37 3053 21-17 16-80 3250 22-20 17:52 37
38 31-15 2086 1627 3310 21-80 16-96 38
39 3120 2031 1567 3315 2125 1636 39
40 30-87 19'66 1506 3275 2054 1578 40
41 30-87 18-96 14-45 3222 1980 1509 41
42 2977 1825 1384 31-60 1905 14745 42
43 2915 1753 1328 3090 18-29 1380 43
44 2852 1681 12-62 30-18 1754 1315 44
45 2789 16-09 1201 2945 1678 12:50 45
46 2718 1537 11-39 2870 1603 11-86 46
47 26-46 14-65 1077 2790 1527 11-21 47
48 2578 1393 1015 2710 1452 10°56 48
49 24-95 1321 953 26-26 1376 992 49
50 24:06 12:49 892 25-30 13-01 927 50
51 22-93 1177 831 2410 12-25 862 51
52 21-60 11-04 770 22770 11°60 7-98 52
53 2027 1032 709 21-30 1074 7-83 53
54 1894 960 647 1990 999 668 54
55 1761 888 585 1850 923 604 55
56 16-29 816 523 1710 848 540 56
57 1497 T-44 470 1570 772 4-85 87
58 1865 672 4-21 1430 697 434 58
59 12-33 6-00 376 1290 621 386 59
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Value, on the death of a Married man, of continuous Annuities of
1 to each of the children until they respectively attain the age
of 21, 16, or 14.

4 PER-CENT 3 PER-CENT
Age of Age of
Married Married
min Orphans’ Annuities till age of Orphans’ Annuities till age of m%n
a
Death Dgath
21 16 14 21 16 14

x Ou(21) Oua(16) Oa(14) Oa(21) 0a(16) Oa(14) x
60 1101 528 327 11-50 5-46 334 60
61 969 4-56 276 1010 470 2-82 61
62 837 384 2:26 870 395 232 62
63 705 311 1-80 7:30 3:20 186 63
64 576 2:39 1-37 590 2:45 1-42 64
65 4:52 171 106 465 175 109 65
66 378 129 ‘86 388 132 ‘88 66
67 322 103 ‘70 330 1-05 72 67
68 274 ‘85 58 281 87 59 68
69 2:32 72 48 2-38 73 49 69
70 194 60 -39 199 62 41 70
71 160 51 32 1-64 52 -33 71
72 1-30 43 26 1-33 44 27 72
73 110 37 21 113 -38 22 73
74 04 31 17 ‘96 32 17 74
75 79 26 ‘14 81 27 ‘14 75
76 66 22 ‘11 68 22 -11 76
ik 56 ‘18 09 57 ‘18 ‘09 kil
78 46 15 08 48 ‘15 ‘08 78
79 -39 12 -06 40 -12 06 79
80 -32 10 -05 -33 ‘11 05 80
81 27 ‘09 04 -28 09 -04: 81
82 23 07 03 23 07 -03 82
83 ‘19 06 02 <20 06 02 83
84 16 04 01 16 ‘05 01 B4
85 ‘13 03 -13 ‘03 85
86 ‘11 02 vee ‘11 02 86
87 09 01 . 09 ‘01 87
88 07 . 07 - 88
89 ‘05 . 05 - 89
g1 -02 e 02 . . 91
92 01 [ ‘01 s . 92
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

Tasre 50.

Commutation Columns jfor finding the Present Value per Member
(whether Backelor, Husband, or Widower) of an Annuity of 1
to o Widow to commence at the moment of death of a Husband.

Age 4 PER-CENT 8 PER-CENT Age
z wao ¥ WAL way waMx 2
20 ‘82 468613 118 8731°16 20
21 2:36 468531 342 8729-98 21
22 604 468295 8:82 872656 22
23 11-59 467691 1709 871774 23
24 17-38 4665-32 2586 8700°65 24
25 2469 4647-94 3707 867479 25
26 3132 462325 4741 8637-72 26
27 3734 4591-93 5700 859031 27
28 43-37 455459 6677 853331 28
29 54-98 4511-22 8536 846654 29
30 63-37 445624 99-21 8381-18 30
31 7251 4392-87 11449 8281-97 31
32 7878 432036 12544 8167-48 32
33 8390 4241-58 13474 8042-04 33
34 91-13 4157-68 147-60 7907-30 34
35 9757 406655 15938 775970 35
36 10005 3968-98 164-83 7600-32 36
37 10567 386893 17559 743549 37
38 107-60 876326 18034 7259-90 38
39 10771 3655666 18207 T079-56 39
40 109-32 3547-95 18638 689749 40
41 107-52 343863 18484 6711-11 41
42 11039 333111 191-38 652627 42
43 10884 822072 19027 633489 43
44 11096 311188 195°58 614462 44
45 112-37 300092 199-78 594904 45
46 11303 288855 20253 5749-31 46
47 111-35 277552 201-12 554678 47
48 11243 266417 204-71 534566 48
49 113'36 255174 20807 514095 49
50 11262 243838 208-38 4932-88 50
51 111-53 232576 207-96 4724:50 51
52 111-62 2214-23 20074 451654 52
53 111-18 210261 21055 4306-80 53
54 111-36 1991-43 21250 4096-25 54
55 11118 188007 21380 388375 556
56 11147 176889 21600 3669-95 56
57 11047 165742 21568 345395 57
58 11049 1546'95 217-38 323827 58
59 10891 1436-46 215°90 302089 59

* Y00, — st HHd (g, +1).
U wMz= ngacxv
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,
TABLE 50— (continued).
Commutation Columns for finding the Present Value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of 1
to a Widow to commence at the moment of death of o Husband.

Age 4 PER-CENT 3 PER-CENT Age
z wacx* Wqu + wacx waMx -
60 108-02 1327-55 21577 280499 60
61 10599 121953 213-31 2589-22 61
62 10357 1113854 21002 237591 62
63 99-94 1009-97 204°18 2165°89 63
64 94-16 91003 193-83 196171 64
65 8691 81587 180-23 176788 65
66 80-30 72896 16773 158765 66
67 7582 64866 159563 1419-92 67
68 71-03 57284 15062 1260-39 68
69 66-07 501-81 141-04 1109-87 69
70 6087 43574 13088 96883 70
71 5565 374°87 12049 83795 71
72 5033 319-22 10975 71746 72
73 4503 268-89 98-92 607-71 78
74 3988 223'86 88-23 50879 74
75 3476 183-98 7745 420°56 75
76 29-82 149-22 6693 34311 76
77 2521 11940 5698 276°18 77
78 2091 94-19 47-61 21920 78
79 17°16 7328 3935 171-59 79
80 1386 5612 32-03 13224, 80
81 1087 42-26 2531 16021 81
82 857 31-39 2011 7490 82
83 659 22-82 1556 5479 83
84 4-95 1623 1178 39-23 84
85 364 1128 872 2745 85
86 260 764 627 1873 86
87 1-83 504 4-46 12-46 87
88 123 321 301 8:00 88
89 ‘80 198 198 4-99 89
20 -50 118 125 301 90
91 31 68 78 176 91
92 17 37 44 ‘98 92
93 10 20 26 54 93
94 ‘05 10 14 28 94
95 ‘03 -05 08 ‘14 95
96 01 -02 -04 06 96
97 01 ‘01 02 02 97

* WO, — patiHd,(ay + 4).

T YO =33"C,.
VOL. XXXVIIL M
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.
TaBLE 51.
Commutation Columns for finding the present wvalue per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 Zo commence at the death of a Widow and continue until
the youngest surviving child reaches the age of 21, 16, or 14.

—

4 PER-CENT 3 PER-CENT
Age Annuity till Age of Annuity till Age of Age
21 16 14 21 16 14

z E(21)Mx* E(IG)MO: E(14)Mx E{21) Mz E(16) Mx E(M)M:c z

20 22904 | 11896 84-32 398:95 | 19791 | 187'50 20
21 22899 | 11893 8430 398-88 | 19787 | 18747 21
22 22885 | 118'84 8423 39868 | 19775 | 137-38 22
23 22849 | 11861 84-05 39817 | 19744 | 13713 23
24 22779 | 11817 8370 397-18 | 19683 | 13665 24

25 22674 | 11750 8317 39568 | 19500 | 13593 25
26 22525 | 11655 82-42 39353 | 19457 | 13489 26
27 22335 | 11534 8147 39077 192-86 | 133'56 27
28 221-08 | 11390 8034 38744 | 19081 | 13197 28
29 21843 | 112-23 7903 383562 | 18841 | 13011 29

30 21507 | 110111 77-38 37849 | 18534 | 12773 30
31 211°18 | 10768 7548 87262 | 18177 | 124-98 31
32 20672 | 10490 7332 865-83 | 17766 | 12182 32
33 201-87 | 101-89 7099 35837 | 17316 | 11837 33
34 19670 9870 68-52 350:35 | 16834 | 11469 34

35 191-09 95-25 6586 341-56 | 16308 | 11069 35
36 185-08 91-57 63°04 33206 | 15742 | 10640 36
37 17893 8782 6018 32224 | 156161 | 10201 37
38 17244 83-89 57-20 311778 | 14547 97-37 38
39 16584 7992 5420 30105 | 13921 92-66 ag

40 15924 7599 51-23 280-23 | 13295 87-98 40
41 15255 7204 4826 27917 | 12659 8326 41
42 14598 6815 45-37 26821 | 12034 7862 42
43 13924 64:27 42-45 25687 | 113-92 7389 43
44 13261 6044 3961 24562 | 10760 6926 44

45 12586 5658 3675 23408 | 10118 6457 45
46 11904 5271 3391 222-32 94:70 59-86 46
4 112-19 48-86 3111 21040 88:20 5517 47
48 10545 45°11 28-40 198-57 81-83 5061 48
49 9866 41-39 2572 18654 7544 4608 49

50 91-83 3770 2310 174:32 69-06 41-60 50
51 8506 3411 2058 162-13 62-81 37-25 51
52 78:38 30-65 1819 15000 5673 3308 52
53 7178 27-31 1591 137-84 50-80 29-08 53
54 65-17 2411 1377 12575 4509 25-29 54

55 5869 21-06 1177 11371 3958 21773 55
56 52-34. 1817 994 10183 84-33 1845 56
57 4613 15-48 830 90-12 29-41 1548 57
58 4016 13-05 687 7878 24-95 12-89 58
59 84-40 1086 565 6779 2092 10-67 59

* E(me= zvi-}'}de- E(@)x-
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,

TaBre 51—(continued).

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence at the death of a Widow and continuwe unitil
the youngest surviving child reaches the age of 21, 16, or 14.

4 PER-CENT 3 PER-CENT
Age Annuity till Age of Annuity till Age of Age
21 16 14 21 16 14
z Em'Mz* E(lB)Mx E(I4)Mx 1:(21)Mz E(IE)M,; EMMx e
60 2898 895 4:64 5740 17-39 8:83 60
61 23-93 7-30 379 47°66 14:33 7-28 61
62 19-48 559 3:09 3903 11-68 598 62
63 1565 470 250 3155 943 487 63
64 1246 373 200 2531 757 392 64
65 991 296 159 2031 6-08 314 65
66 7-99 2-36 126 1651 4-90 2'50 66
67 6:51 1-87 ‘99 13-56 3:92 197 67
68 532 1-47 7 1117 311 1-58 68
69 436 115 59 923 2-45 116 69
70 857 ‘89 44 761 192 86 70
71 291 67 -33 625 1-47 63 71
72 2-35 50 24 509 111 45 72
73 187 -36 17 4:09 82 32 73
74 1497 26 ‘12 324 60 22 74
75 114 ‘18 -08 2-54 43 ‘15 75
76 87 12 ‘05 196 -30 ‘10 76
i 65 08 -03 148 21 07 77
78 *48 05 02 110 ‘14 -05 78
79 35 03 01 80 09 03 79
80 25 02 00 57 ‘06 02 80
81 17 01 ves -39 04 01 81
82 11 00 e 26 02 00 82
83 07 . e 17 -01 - 83
84 04 . e ‘10 ‘00 e 84
85 02 06 85
86 01 ‘03 o . 86
87 00 01 .. 87

* RN, = 30" H A, E(0),.
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.
TasLE 52.
Commutation Columms for finding the present value per Member
(whether Bachkelor, Husband, or Widower) of an Annuity of
1 to commence on the death of o« Widower and continue until
the youngest surviving child reaches the age of 21, 16 or 14,

NN =307 +EK . YCa(n).

4 PER-CENT 3 PER-CENT
Age Annuity till age of Annuity till age of Age
21 16 14 21 16 14

K.YCa(Ql)Mx K.YCa(lS)Mx K.YCa(IAI)Mx K.YCu(m)Mx K,Yca(wny K.YCa(M}Mx

25 25900 156-10 121-33 476-46 276:03 21096 25
26 25900 15610 121-33 47646 276-03 21096 26
27 25859 15576 121-03 47588 275°56 21055 27
28 25819 15544 12074 47532 27511 21015 28
29 25781 15513 12046 47477 27467 20976 29

30 257-08 154-54 119-93 47371 27383 209-01 30
31 256-38 15397 119-42 47269 27302 20829 31
32 25587 153°16 11869 471-21 271-84 207-25 32
33 25408 15212 11776 469°30 27032 20591 33
34 252-54 15088 11666 466-99 26849 204-30 34

35 250777 14946 11589 464-31 26637 202-43 35
36 24879 147-87 11398 461-29 26399 200-33 36
37 246-63 14614 112-44 45795 261-37 198-02 37
38 244-30 144-28 11079 454:33 25853 195'53 38
39 241-58 142°11 10887 45005 25519 19260 39

40 23874, 13985 106-88 44555 251-68 18954 40
41 23558 137-34 104-67 44049 24775 186:11 41
42 282:13 13462 102-28 434-92 24344 182-36 42
43 22842 13171 9973 428-88 23879 17832 43
44 224:69 12879 9718 42275 234-08 17424 44
45 22057 12558 94-39 41592 228-86 16973 45
46 21611 122:12 91-39 40846 22319 164:85 46
47 211-35 11845 88-22 400-42 21711 15964 47
48 206-33 11460 84-90 891-87 21068 154°16 48

49 20078 110637 81-27 88233 20355 14811 49

50 19477 10581 77-39 87191 19581 14157 50
51 18836 10099 7330 36070 187-56 13462 51
52 181-61 95-96 69-06 348-80 178-88 127-36 52
53 174:47 90-69 64:64 336-09 16970 11975 53
54 166-89 8516 60-04 32250 160-00 11177 54

55 15876 7937 5528 307'98 14976 10343 55
56 15015 7327 5032 292-30 138-87 94:67 56
57 14061 6683 4519 27531 127-30 85:52 57
58 131-28 6033 4010 257-48 11542 76:37 58
59 121-24 53-69 3509 23876 103-32 67-28 59
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,
Tasre 52— (continued).
Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 to commence on the death of a Widower and continue until
the youngest surviving child reaches the age of 21,16 or 14,

K YCaNg = Sev+iKd,. YCa (n).

4 PER-CENT 3 PER-CENT
Age Annuity till age of Annuity till age of Age
21 16 14 21 16 14
z K'Ycam)Mx K'Yca(m)Mx K'Yca(wa K.vca(m)Mx K.vca(m)Mx K. YCa(M)lw-x "
60 11098 47-18 3031 21948 91-36 5857 60
61 10035 4078 2577 199-44 79°52 50-24 61
62 89-92 34-67 21-64 17954 6813 42-59 62
63 79-68 2903 17-98 159-86 57-52 3571 63
64 6980 24-04 14'85 14077 4804 2978 64
65 6064 1993 12:36 12305 4018 24092 65
66 52-36 16-80 1037 10704 34-17 21-07 66
67 44-98 14-28 869 92-64 29-27 17-80 67
68 3829 1214 724 7949 2509 1494 68
69 32-28 1027 598 6754 21-38 1243 69
70 2695 862 488 5683 1808 1022 70
71 2231 718 394 47°42 1517 8-30 71
72 18-35 592 314 39-32 1259 666 72
73 1505 4-82 247 32-52 1032 528 73
74 1221 387 192 2659 834 414 74
75 977 3-05 147 21-45 663 321 75
76 72 2-37 112 1707 520 247 76
ki 603 1-81 84 1344 4-01 188 77
78 464 1-37 62 10°43 306 140 78
79 863 102 44 7-98 2-29 100 79
80 265 T4 30 6-04 1-68 68 80
81 196 52 ‘19 451 119 44 81
82 1-43 356 ‘11 332 81 26 82
83 102 22 06 239 52 ‘13 83
84 71 ‘13 ‘03 187 31 05 84
85 48 07 01 113 ‘16 -01 85
86 31 ‘03 s T4 07 s 86
87 -19 01 . 46 2 . 87
88 11 27 88
89 ‘06 .. .. ‘15 89
90 ‘03 07 90
91 ‘01 . ‘03 . 91
‘01 .. | - 92
|
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

Tasrz 53.

Commutation Columns jfor finding the present value per Member
(whether Bachelor, Husband, or Widower) of an Annuity of
1 2o each of the children until age 16 on the death of a married
man (whether Husband or Widower).

0N =, . 0¥ +Md,. Oa (16)z-

4 PER-CENT 3 PER-CENT
)

A;g:e oa(ls)Mx Aﬁe oa(ls)Mz Awge oa(IG)Mx Age oa(m)Mx
20 34115 60 24642 20 55060 60 470-89
21 34115 61 19809 21 55060 61 381-21
22 34109 62 155-94 22 55053 62 302-52
23 34087 63 120°17 23 55024 63 23521
24 3403-2 64 91-25 24 54950 64 180-24
25 33936 65 6958 25 54820 65 13881
26 33785 66 5471 26 54614 66 11015
27 3357°0 67 43'89 27 54319 67 89-09
28 33291 68 3535 28 53934 68 72-37
29 3294-1 69 2838 29 53446 69 5858
30 32459 70 22:63 30 527768 70 4712
31 31865 71 17-94 31 5192-5 71 3765
32 381135 72 1409 32 50880 72 2980
33 3029-1 73 1094 33 4966-2 73 23-81
34 29341 74 837 34 48277 74 1798
35 28259 75 631 35 46689 75 13'66
36 27052 76 469 36 44904 76 10-24
37 25785 77 344 87 4301-4 Vi 757
38 24442 78 249 38 40991 78 552
39 23083 79 178 39 88930 79 3-98
40 21750 80 125 40 36887 80 281
41 20429 81 85 41 34846 81 1-92
42 191838 82 56 42 32871 82 127
43 17901 83 -35 43 30886 83 80
44 1669-8 84 20 44 28975 84 46
45 15509 85 10 45 2706'8 85 24
46 14345 86 04 46 25183 86 ‘10
47 1321-3 87 01 47 23334 87 03
48 12137 48 21560
49 11089 49 19815
50 1007-3 50 18107
51 91040 51 16464
52 81857 52 14892
53 73095 53 13376
54 647-91 54 11927
55 569:10 55 10538
56 494-76 56 9217
57 42473 57 7961
58 360°06 58 6791
59 300-28 59 56995
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans.

TasLe 54.

Commutation Columns for finding the present value per Member
(whether Bachelor, Husband, or Widower) of 1 payable
immediately on the death of a Bachelor.

M ,=3.07+%, Bdy.

4 PER-CENT 3 PER-CENT
Age Bd Age Bd Age B Age Bd-
& Mx Frd Mx ; M:c Fi Mx

15 467-00 60 4004 15 682-62 60 7951
16 427-80 61 8754 16 587-09 61 7603
17 39220 62 35°13 17 54534 62 70-66
18 359-98 63 3281 18 507-18 63 66-42
19 331-42 64 30-59 19 47303 64 6232

20 305°82 65 2850 20 442-13 65 5843
21 282-5 66 2655 21 41381 66 5475
22 261-63 67 2470 22 388-02 67 51-23
23 242:52 68 22-90 23 364:26 68 4778
24 22525 69 2114 24 34259 69 44-36

25 20975 70 19-41 25 32296 70 4098
26 19566 7 1772 26 304-93 71 37-64
27 18257 72 1608 27 288-03 72 34-37
28 17073 73 1450 28 27259 73 31'18
29 16010 74 12:98 29 25859 74 28-09

30 15067 75 11-54 30 246-05 75 2513
81 14220 76 1017 31 234-68 76 22-30
32 134-47 77 888 32 224-20 77 19-60
33 127-59 78 766 33 21479 78 1703
34 121-49 79 652 34 206-36 79 14-59

35 11601 80 547 35 19871 80 1233
36 11111 81 458 36 191-81 81 1027
37 10681 82 365 37 18569 52 835
38 10281 83 291 38 179-95 83 671
39 99-16 84 228 39 174-66 84 532
40 9574 85 177 40 169-65 85 415
41 92-45 86 135 41 16479 86 819
42 89-31 87 101 42 160°10 87 241

43 86-21 88 76 43 15543 88 1-82
44 83-27 89 56 44 15085 89 135
45 80-39 90 40 45 14652 90 08
46 7755 91 28 46 14212 91 ‘70
E74 7474 92 ‘19 47 13772 92 49
48 71-99 93 18 48 13337 93 33
49 69-21 94 ‘08 49 12893 94 22
50 6643 95 ‘05 50 124-44 95 14
51 6370 96 ‘03 51 11999 96 08
52 61-02 97 02 52 11558 97 06
53 5837 98 01 53 11117 98 ‘04
54 5575 54 106-77 99 02
55 8311 55 102-30 100 01
56 50048 56 9780

57 47-83 57 93-23

58 4520 58 88-64

59 4260 59 84-06
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Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,

TABLE 55.

Multipliers for use in o Valuation.

INTEREST 4 PER-CENT.

20
21
22
23
24

waMx E@1 )Mz E(M)Mm E( 4)Mx X.YCa(21) Mx K. YCa,(lS)Mx X, YCa(l4)Mx o (16)Mz Bde

D@ | DP e 2 2 2 DY D& N

809 040 021 ‘015 045 027 021 589 053 20

908 044 ‘023 016 ‘050 ‘030 024 ‘661 ‘055 21
1-012 ‘049 026 018 056 ‘034 ‘026 737 057 22
1-120 055 028 020 <062 ‘037 ‘029 816 ‘058 23
1-231 ‘060 -031 022 ‘068 041 ‘032 898 ‘059 24
1-345 ‘066 ‘034 024 075 ‘045 -035 982 ‘061 25
1-461 ‘071 037 ‘026 ‘082 ‘049 ‘038 1-068 ‘062 26
1579 077 ‘040 028 089 ‘054 ‘042 1-154 ‘063 27
1699 ‘082 042 030 -096 058 045 1-242 ‘064 28
1-820 ‘088 ‘045 ‘032 104 ‘063 ‘049 1-329 065 29
1-940 094 ‘048 ‘034 ‘112 067 052 1-413 066 30
2058 ‘099 050 035 <120 072 056 1-493 ‘067 31
2:175 ‘104 ‘053 ‘037 129 077 060 1-568 068 32
2-290 ‘109 ‘055 ‘038 137 -082 ‘064 1-635 069 33
2403 ‘114 057 040 146 ‘087 067 1-696 ‘070 34
2513 118 ‘059 ‘041 ‘155 ‘092 071 1747 | 072 | 385
2620 122 ‘060 042 ‘164 -098 075 1785 ‘073 36
2724 126 062 042 174 -103 079 1-815 075 37
2-823 -129 063 043 ‘183 108 ‘083 1833 077 38
2919 | -132 ‘064 043 193 113 087 1843 | 079 |39
3013 -185 065 044 203 *119 091 1-847 081 40
3105 ‘138 085 044 213 ‘124 094 1-845 ‘083 41
3:195 140 065 044 223 ‘129 ‘098 1-838 ‘086 42
3281 142 ‘065 ‘043 233 134 102 1-824 088 43
3-365 143 ‘065 ‘043 243 *139 -105 1-806 ‘090 44
3444 -144 065 042 2653 ‘144 <108 1780 ‘092 45
3517 145 ‘064 041 -263 ‘149 -111 1747 ‘094 46
3'585 ‘145 063 -040 273 153 *114 1707 097 a7
3:650 144 062 ‘039 283 157 ‘116 1-663 ‘099 48
3708 | ‘143 ‘060 037 292 160 -118 1612 | 101 | 49
3760 ‘142 ‘058 ‘036 300 ‘163 *119 1-563 ‘102 50
3:805 *139 <056 034 -308 165 -120 1-489 ‘104 51
3:843 *136 053 032 315 167 120 1-421 106 52
3-873 ‘132 -050 ‘030 =321 167 ‘119 1-346 ‘108 53
3-895 127 047 027 326 ‘167 117 1-267 ‘109 54
3909 ‘122 ‘044 024 330 165 118 1-183 110 55
3:916 116 040 022 382 162 111 1095 112 56
3-918 -109 037 020 333 158 107 1-004 ‘113 57
3-907 ‘101 033 ‘017 332 ‘152 101 ‘909 ‘114 58
3-888 ‘093 -029 015 328 ‘145 ‘095 ‘813 ‘115 59
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Staff Pension Funds.

Hyvpothetical Experience of Staff Pension Fund
for Widows and Orphans,

TaBLE 55— (continued).

Multipliers for use in a Valuation.

157

INTEREST 4 PER-CENT.

waMz E(me E(IG)Mx E(M)M:c K.Yca(m)Mx K.'ycu(w)l\[[ﬂc X. Yca(M)Mx Oaus)Mx Bsz
z Df) Dgi) Df" :{3) D S)) g) ;3) Df) D f)
60 | 3860 | -084 ‘026 ‘013 *323 137 088 ‘716 | 116
61 | 3:820 075 -023 ‘012 -314 ‘128 ‘081 620 ‘118
62 | 3767 -066 020 016 304 ‘117 073 528 ‘119
63 | 3703 057 017 009 1292 106 ‘066 441 120
64 | 3626 | 050 ‘015 008 278 096 059 ‘364 | 122
65 | 3541 ‘043 *013 007 263 ‘086 ‘054 302 ‘124
66 | 3:453 ‘038 ‘011 -006 248 ‘080 049 259 | 126
67 | 3:362 -034 010 -005 233 074 045 1228 | 128
68 | 3262 ‘030 008 004 218 ‘069 ‘041 +201 130
69 | 3153 027 007 *004: 203 065 ‘038 ‘178 | -133
70 | 3037 ‘025 +006 ‘003 ‘188 -060 034 ‘158 | ‘135
71 | 2:913 -023 005 003 173 ‘056 031 ‘139 ‘138
72 | 2782 -020 004 -002 *160 ‘052 027 ‘123 ‘140
73 | 2-645 -018 ‘004 002 ‘148 ‘047 ‘024 *108 ‘143
74 | 2602 016 003 001 -136 ‘043 021 094 145
75| 2355 | ‘015 ‘002 001 ‘1256 039 019 081 | ‘148
76 | 2204 | -013 -002 001 -114 ‘035 017 -069 150
77 | 2:052 011 001 ‘001 ‘104 ‘031 014 059 153
78 | 1901 010 001 N <094 ‘028 ‘013 ‘050 | *155
79 | 1754 | ‘008 001 ‘085 024 011 043 | ‘156
80 | 1-610 007 -001 076 021 -009 ‘036 157
81 | 1-470 ‘006 . 068 018 007 030 | -158
82 | 1-339 | -005 ‘061 ‘015 005 ‘024 | *156
83 | 1-209 004 ‘054 012 ‘003 019 *164
84 | 1082 003 047 ‘009 002 ‘013 ‘153
85 ‘957 002 041 006 001 ‘009 ‘151
86 ‘842 ‘001 ‘034 -003 - 004 149
87 731 . 028 001 -001 ‘146
88 | -623 021 147
89 523 ‘016 ‘148
90 | 432 011 ‘146
91 362 ‘005 145
92 | -281 . 142

85

87
88
89

91
92
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[Ocr.

Hypothetical Experience of Staff Pension Fund
for Widows and Orphans,

TasLE 56.
Multipliers for use in a Valuation.

INTEREST 8 PER-CENT.

20
21
22
23
24

25
26

28
29

30
31
32
33
34

35
36

38
39

41
42
43

45

47
48
49

50
51
52
53
54

55
56
57
58
59

waMx Elm)Mx E‘M}Mx B(M}Mx X.vcCa(2l) M, K. Yc:aus)Mx X, yca(m)Mx Oa(ls)Mz Bde

D géi) D f) ;3) D ;3) ;(f) S) ;3) D! f) g) x
1-242 057 ‘028 ‘020 ‘068 ‘039 030 783 | 063 | 20
1-381 063 031 022 075 044 033 871 ‘065 21
1-525 070 ‘035 024 ‘083 048 037 ‘962 ‘068 22
1672 ‘076 -038 ‘026 ‘091 053 040 1-055 ‘070 23
1-821 083 ‘041 029 100 058 ‘044 1150 | -072 | 24
1972 | -090 045 ‘031 108 ‘063 1048 1246 | 073 | 25
2123 ‘097 ‘048 033 117 *068 ‘052 1-342 075 26
2-276 104 ‘051 035 126 ‘078 056 1-439 076 27
2429 ‘110 ‘054 -038 ‘135 ‘078 060 1585 078 28
2581 117 057 ‘040 145 ‘084 ‘064 1629 |-079 | 29
2730 ‘123 060 042 ‘154 ‘089 068 1719 *080 30
2-876 ‘129 ‘063 -043 *164 095 072 1-803 -082 31
3:018 ‘135 066 ‘045 174 100 077 1-880 ‘083 32
3:156 141 ‘068 ‘046 184 106 ‘081 1-949 084 33
3291 ‘146 070 048 ‘194 ‘112 ‘085 2009 ‘086 34
3420 | 151 072 049 205 117 ‘089 2058 | -088 | 35
3543 -155 073 050 *215 ‘123 -093 2:098 089 36
3:661 ‘159 075 050 226 ‘129 097 2118 091 37
3772 -162 076 051 236 *134 ‘102 2:130 093 38
3878 | -165 ‘076 ‘051 247 ‘140 *106 2132 | 096 | 39
3-980 -168 077 051 257 *145 ‘109 2129 ‘098 40
4078 170 077 051 268 *151 ‘113 2-117 100 41
4172 171 077 050 278 156 <117 2101 102 42
4-260 ‘178 077 650 288 -161 120 2-077 ‘105 43
4343 | 174 076 ‘049 299 ‘165 ‘123 2048 | -107 | 44
4-420 | 174 075 ‘048 309 170 ‘126 2011 | -109 | 45
4489 | 174 074 047 319 174 129 1967 | 111 | 46
4-550 ‘178 ‘072 0456 328 ‘178 ‘181 1914 ‘113 47
4606 | ‘171 ‘071 044 338 ‘182 133 1858 | 115 | 48
4:654 | -169 068 ‘042 346 *184 ‘134 1794 | -117 | 49
4,692 166 ‘066 040 354 "186 ‘135 1722 | -118 | 50
4722 ‘162 ‘063 037 361 187 135 1646 ‘120 51
4743 ‘158 -060 035 366 -188 ‘134 1564 ‘121 52
4754 | 152 ‘056 -032 371 187 132 1476 | -123 | 53
4755 ‘146 052 -029 374 -186 ‘130 1°384 ‘124 54
4746 139 ‘048 027 876 -183 ‘126 1288 125 | 55
4729 | -131 ‘044 024, 877 179 *122 1188 | 126 | 56
4707 *123 040 021 -375 174 ‘117 1-085 127 57
4-670 114 ‘036 019 371 166 ‘110 979 -128 58
4-624 ‘104 032 ‘016 -366 ‘1568 -103 872 -129 59
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Hyvpothetical Experience of Sfaff Pension Fund
for Widows and Orphans.

TaBLE 56—(continued).

Multipliers for use in a Valuation.
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INTEREST 8 PER-CENT.

way " E(21)Mz Eﬂﬁ)Ma: E(]A)Mx K.Yca(-ll)Mx K.YCa(lG)Mx K.Yca(m)Mz Oa(IG)Mx Bde
Dg;") D:(c3) DS" Dg) D(:) Df) Df) Df) Dg*)
4568 | 094 ‘028 014 357 ‘149 ‘095 767 | 129
4498 | -083 025 ‘013 346 *138 -087 662 | *130
4416 1 -078 ‘022 ‘011 334 127 079 562 | <131
4-320 063 ‘019 010 319 ‘115 ‘071 469 | 132
4-211 ‘054 ‘016 ‘008 302 ‘103 ‘064 ‘387 | 134
4-095 ‘047 014 007 285 093 ‘058 *321 135
3975 | -041 ‘012 006 ‘268 ‘086 ‘053 276 | -137
3'852 037 011 005 251 ‘079 048 ‘242 139
3720 ‘033 ‘010 -005 235 074 044 214 | 141
3°581 030 *009 004 218 ‘069 ‘040 ‘189 ‘143
3433 027 007 *003 201 ‘064 036 167 ‘145
3-279 ‘024 006 *002 186 059 ‘032 147 147
3119 | -022 005 002 171 ‘055 ‘029 *130 | -149
2:953 020 ‘004 ‘002 158 050 ‘026 '113 ‘152
2782 { -018 003 001 ‘145 ‘046 ‘023 098 | "154
2608 { -016 *003 001 133 ‘041 020 ‘085 | ‘156
2:431 ‘014 002 001 ‘121 037 <018 073 158
2-256 012 -002 ‘001 ‘110 <033 ‘015 ‘062 160
2-083 010 001 ‘099 029 *013 052 ‘162
1915 | -009 001 ‘089 026 011 ‘044 | 163
1752 ‘008 -001 -080 022 -009 ‘037 | '163
1-593 006 001 ‘072 019 007 ‘081 ‘163
1446 | -005 064 ‘016 005 ‘026 | ‘161
1-301 *004 0567 012 -003 019 | 1569
1161 003 ‘049 -009 -001 ‘014 | -157
1027 | -002 ‘042 ‘006 009 | *155

899 -001 035 -003 ‘005 ‘153
779 | -001 ‘029 *001 002 | 151
663 . 022 151

557 . ‘017 151
462 - - 011 -150

*378 - 006 150

*300 . 003 150
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DiscussIon.

Mr. Manty said that the Paper was not yet finished, and he
hoped to be able to show how to ascertain the different benefits, not
for individuals—bachelors, husbands, and widowers all put together—
but for bachelors, husbands, and widowers separately ; and to include
the risks of second marriages. Such figures had not been produced
before; and he never saw a way of arriving at them himself until he
had made the very interesting table, which was marked No.57%,
tracing the husbands to their death or widowerhood. Table 58%,
which had cost an enormous amount of labour, would also, he hoped,
be considered an extremely interesting one, showing out of a given
number of bachelors who started at the age of 15, namely, 200,000,
how many died as bachelors, how many as husbands after the first
marriage, and how many as widowers of the first marriage, husbands
of the second marriage, widowers of the second marriage, and
husbands of the third marriage, and widowers of the fourth marriage,
and so on until, as would be noticed, they had really disappeared
after the fourth marriage, for very few of them entered into that
state. For this table he was indebted to Mr. Workman, who
had shown the most exemplary patience in working the tables out
for him. He thought that some very excellent results would be
produced afterwards.

Mr. E. C. THOMAS said that Mr. Manly had set himself wany
distinet problems, the number of which seemed to be only limited by
the possible combinations of widows, children, and other relations on
the one hand, with husbands, widowers, and bachelors on the other.
Some of these problems had been already investigated by previous
writers, but Mr. Manly had introduced two fresh complications,
namely, the elements of withdrawal and average salary. One of the
greatest difficulties with which Mr. Manly, in common with every
other investigator, had had to contend, was to find suitable material
on which to base his necessary tables, and one was abt once struck
with the great variety of the sources to which he had been obliged to
resort for this purpose. Those sources comprised his own tables,
based on the experience of certain railway pension Funds, Mr. Hewat’s
tables based on the experience of Scottish banks, the census returns
of New Zealand, and the HF Mortality Table. There might,
therefore, be a possible objection raised o Mr. Manly’s tables on account
of the composite nature of their bases. Possibly a consideration of the
various ibems involved might help to remove that objection. He
thought that although the present paper was a continuation of
Mr. Manly’s previous paper, the kind of experience now in
Mr. Manly’s mind was more that of a bank than of a railway. He
imagined that there would be no objection raised against the use of
Mr. Hewat’s tables drawn from the experience of banks. With
regard to Mr. Manly’s own tables, previously published, they had
been criticized as comprising a very low mortality rate and a very
high lapse rate. They might naturally expect that a low mortality
rate would usually be experienced in these Funds, for not only were
members generally selected at the outset, but selection operated ab

* Tables 57 and 58 will be published later.
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the other end by the retirement, compulsory or otherwise, of the
weakly members. With regard to the withdrawal rate, experience
had accumulated to show that for a hypothetical table, unaffected by
any exceptional circumstances, Mr. Manly’s table would probably be
as suitable a basis as any other that could be devised. In one case—
that of a bank’s Fund—it had been possible to use Mr. Manly’s
withdrawal rate in its entireby. "With regard to the figures based on
the New Zealand census returns, it might be objected that New
Zealand was a very much younger country than England, and
subject to very different economic conditions; but this could be met
by the unanswerable argument that the figures were apparently the
only ones obtfainable. One would naturally expect the number of
children per marriage to be greater in New Zealand than in England,
but in the discussion on Mr. King’s paper on ¢ Family Annuities ”,
Mr. Morris Fox had stated that he considered that both the marriage
rate and the birth rate were lower in New Zealand than in England.
He took this to mean the birth rate per thousand of the population
living, and this might follow upon a lower marriage rate, though not
necessarily so. But what was required in fthe present instance was
the number of children left per married man dying, and the New
Zealand figures would probably err in this respect, if at all, on the
side of safety. It was in accordance with reasonable expectation
that the later figures obtainable by Mr. Manly showed a falling-off
in this respect compared with the earlier statistics used by Mr. King.
On the whole, he thought that they might conclude that Mr. Manly
had been able to keep on the safe side in these figures as in the
others. For lack of reliable information Mr. Manly had been forced
in many cases to make assumptions. Mr. Manly seemed to have a
remarkable gift for placing his hand upon the key of the situation,
and this was exempliied in the short table on page 111. By
caleculating the extra liability involved in the continuance of the
annuity to the youngest child after the death of the widow, the
succeeding ealculations for this benefit were greatly simplified. There
were two assumptions made by Mr. Manly, both on the safe side,
which would probably command general approval. The first was
that the # youngest ehildren tabulated for each age of the father at
death, would represent the youngest children of the # fathers who
died. This would certainly over-estimate the liability, particularly
in respect of the fathers dying in middle life. The second assumption
was that the annuity to the youngest child would be equivalent to
the value of the annuity-certain for the same term, and would
commend itself as an easy, effective, and sound solution of the
difficulty. It was far less stringent than the assumpbion made by
Mr. Huie that each husband dying would leave a child who would
certainly live twenty-one years. It might be considered severe in
the case of very young children, and it might be possible to obtain a
little relief from the following consideration. 'The children that
would take the place in the benefit of those who died, must
necessarily be older than the originals, and the term would
consequently be shortened. They might take it that on the
average the difference would be about two years. They might,
therefore, use the annuity-certain for two years less than the full
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term, and add the value of the last two payments discounted
with mortality as well as inferest. Where the rate of child
mortality was as low as in the present case, the difference would
not be very large; but as they had so many assumptions on the safe
side, he thought it would be desirable that they should obtain what
relief was available. One of the greatest services which Mr. Manly
had done was to provide them with a comprehensive system of
notation, and it was a remarkable instance of his skill that he had
been able to keep so successfully each distinet element apart, and
provide them with a well-defined symbol for each, at the same time
maintaining consistency with the scheme already propounded in his
earlier paper. Although it might look complicated, it would be found
to be in reality simple and straightforward. The paper was a further
illustration, if such were needed, of the immense power of the
commutation column. Mr. Manly extended into a much wider sphere
than before the principle he developed so ably in his previous paper
of providing a special commutation column for each kind of benefit,
from which the value could be at once obtained. 'With reference to
the benefit investigated in Problem VIIc,a payment on the death of a
widower without children under a certain age, it was a little difficult
to follow Mr. Manly’s assumptions as fo the number of widowers
which would come on to the Fund for that particular benefit. From
ages 25 to 40 it appeared to be merely a question of the number
dying childless; and the proportion of these among married men was
stated as 83 per-cent. at 25, decreasing to 15 per-cent. affer age 30.
Unless, therefore, there were fewer widowers than husbands dying
childless, they might expect the series to begin at 833 per-cent. at 25,
and run down to 15 per-cent. at, say, age 40, and thence steadily rise
to 100 per-cent. The series actually adopted by Mr. Manly started
with 20 per-cent. and increased steadily up to 100 per-cent. at age 70.
Perhaps the most interesting part of the paper was the short valuation
schedule given on pages 128-130. It would be seen that all
unnecessary labour had been avoided, but the essential features were
set out with such clearness that they could be readily grasped and
understood.

Mr. G. J. LipstoNE said that affer a diligent study of
Mr. Manly’s formulas, he could not help thinking that if Mr. Manly
had worked throughout on the numbers existing in the middle of the
year of age, his formulas would have been considerably simplified, and
he would have got rid of the complicated adjustments referred to,
more especially in the earlier paper. Then Mr. Manly’s notation was
distinetly awe-inspiring, and one was tempted to ask whether a
pictorial notation could not be purchased at almost too great a price—
one, in fact, almost sighed for a more arbitrary notation, which would
be a little more easily written. Mr. Manly bad given, with
extraordinary completeness, theoretically exact solutions of a number
of problems which arose in connection with these Funds. It was
probable that in practice they would, if they could, use slightly
rougher methods with a view of minimizing labour ; but it was quite
evident that a full study of these theoretically exact solutions must be
the necessary preliminary to the consideration of what those rougher
methods might be. The kernel of the paper was Mr. Manly’s
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adoption of what had been called the “ Collective ” method, suggested
first, he believed, by Mr. Ralph P. Hardy to Mr. Meikle, and used by
the latter with great suceess in 1875 in connection with the Ministers’
‘Widows' Fund.  The same method and principle was also used very
successfully by Mr. King in his classic paper on ¢ Family Annuities.”
According to that method, instead of investigating and seeking to
combine various component forces, the statistics of which were quite
insufficient for proper treatment, they dealt with the resultant etfect of
those causes as focussed and exhibited in those cases, whether of
members living or of members dying, which they were able to bring
under observation. As Mr. G. F. Hardy had said (J.1.4. xxxi., 469) :
“ Qiven certain rates of mortality, marriage, &ec., operating fairly
constantly, it should follow that among the numbers surviving to
successive ages the proportion of married, the average age of their
wives ”—one might add, also, the number and average age of their
children—*and the average liability that would be created by fhe
death of each member would be practically a function of the age.”
Having brought the calculations into that form, the benefits were
treated as varying assurances payable at the death of the members,
the amount of the assurance being the average value of the benefits
at the moment of death of the member. It was important to
observe that that average value could be determined equally well by
examining the cases of members living, as it could by examining
the cases of members who had actually died, for there was no
reason to think that the members dying were anything else than
an average sample of those existing. For example, Mr. Manly had
applied the proportions of husbands, widowers, and married men
existing to obtain the relative numbers of each dying in the year.
‘When he came to deal with the values of orphans’ annuities at the
date of the death of the parents, he found it more convenient
to derive his information from stabistics of persons dying, because
those statisties happened to be ready at his hand. But it was obvious
that equally good results could have been obtained by examining the
same number of persons living and taken at random from the
population. This was a very important point when they had to
consider how far the statistics could be derived from the records of the
Funds with which they were dealing. The numbers dying in these
Funds during a reasonable period of observation would doubfless
generally be foo small for statistical treatment. But if the figures
were taken from the numbers living over a period of years, they
might frequently get quite sufficient material for their purpose. For
example, Mr. King based his valuation of orphan annuities on about
1,500 observations; the same number, he thought, might be easily
obtained by an examination of the numbers living in an average
widows’ Fund. This point was of great importance, because it was
obviously desirable to get as much information as they could from the
Fund itself, if only for purposes of test. However much they might
admire the way in which Mr. Manly had pieced together statistics
drawn from various sources, they could not but have a slight feeling
of anxiety as to how far such a delicate mosaic formed a solid and
substantial basis for the erection of tables of valuation. It was
desirable to get back to bed-rock whenever they could, and to examine
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the statistics of the Funds with which they were dealing. There were
one or two practical problems with which he had met, and to which it
might be worth while to refer. As Mr. Thomas had pointed out,
Mr. Manly had assumed that the widows’ Fund was to be worked in
conjunction with a pension Fund, and therefore he naturally treated
the contribution as being a percentage of the salary. Where, however,
the widows’ Fund existed independently, they sometimes found that
instead of the contribution being a percentage of the salary, the
contribution varied, not continuously, but by steps according as the
salary passed a cerfain limib. For instance: In a Fund with which he
(Mr. Lidstone) had had to deal, the annual contribution was £1 for
salaries under £100, £2 for salaries between £100 and £200, and £3
where the salary was £200 or upwards. There were two
ways in which they could deal with a case of that kind.
The first, and perbaps the best way, was to form a
table of the average contributions payable at each age in
the same way as Mr. Manly had formed a table of average salary.
Another way was to determine the average age at which the increase
of salary, and the consequent increase of contribution, took place, and
to value the contribution as being unchanged between those points,
treating the increment of contribution as taking place at those
average ages. Another point which had to be borne in mind when a
widows’ Fund existed independently of a pension Fund, was that there
was usually a certain option exercisable against the Fund at the
pension age. IHe believed that it was usual to give pensioners the
option of continuing in the Fund (subject to their paying the
maximum contribution) or of retiring—indeed, it was difficult to
prevent their having the option of retiring if there were no pension
from which the contribufions could be deducted. The probability
was that those who were bachelors or widowers with no likelihood of
marrying would drop their contribubion to the Fund, because the
benefit was worth practically nothing, whereas married men and men
with families would probably maintain their membership in force.
This, of course, had to be allowed for, as the benefits which were
dropped at the same time as the contributions were practically worth
very little, if anything, at the date of the pension age, so that there
was practically a loss, In such cases, of the value of the future
contributions. Of course, the easy way to get over this was to
assume that a certain proportion of members would cease membership
at the pension age, and to reduce the value of the contribution after
that age by the same proportion.

Mr. Grorer Kine said that the paper was an exceedingly heavy
one, and he felt that he must repeat Mr. Manly’s expression, and say
that he rose to speak with an unprejudiced mind. The first thing
that struck him was the immense magnitude and completeness of
Mr. Manly’s labours. When he (Mr. King) wrote the paper on
“ Family Annuities ” he was quite unaware that anyone had done
anything of the kind before, although he afterwards heard of what
had been done by Mr. R. P. Hardy and Mr. Meikle, which had been
mentioned by Mr. Lidstone. However, the work which he did on
the subject had, he thought, put things in an entirely different
light, and had shown how the benefits could best be valued.
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When he (Mr. King) wrote the paper, he had specially in his
mind what he called Family Annuities, and what Mr. Manly
had now called Orphans’ Annuities ; but at the close of the paper
he gave a formula for similar benefits for widows put in the same
form, and just as he had transformed the integral for orphansg’
annuities into commutation columns, so he had had in bis mind to
transform the integral for widows’ annuities also into commutation
columns,  But this Mr. Manly had now done. Ever since he
(Mr. King) wrote the paper, he had been thinking of continuing
it whenever opporfunity offered, and whenever the right statistics
came along, but so far his intenftion had not been fulfilled.
However, only about six months ago he was collaborating in a
Fund with Mr. H. J. Nahmer, a Fellow of the Faculty of
Actuaries who resided in Dublin, and Mr. Nahmer and he made
up their minds, from the statistics which they then had, to
continue the paper. Mr. Manly had now relieved them of that
labour, and he was sure that they were very much obliged to
him. He thought, however, that some of the figures that were
derived from their work might be useful, and he should refer to
that subject later on. The difficulty which Mr. Manly had had, and
the difficulty which stopped him (Mr. King) from continuing his
paper, was the absence of suitable statistics. Mr. Manly had to a large
extent overcome that difficulty by a most skilful use of the statistics
of the Scottish banks, obtaining, however, facts from elsewhere to
supplement them. He was not sure, however, that in preparing the
tables the ideas had been fully carried out, although in using the
tables they had been carried out. Those tables enabled them
theoretically, as Mr. Lidstone had said, to solve exactly the most
intricate problems which came before the actuary in this very special
branch of consulting practice. Inhis paper on “Family Annuities’”, he
said that they must not take the statistics from those living, but
that, if they wanted to be exact, they must take them at the date of
death. He did not remember exactly what was in his mind when he
wrote that, but he would not now put the statement in the same
form, because he entirely agreed that they might safely take the
condition as to marriage and as to family, either at any point in life,
or at the date of death, and if they used those statistics properly they
got correct results. In fact, in the Fund which he had already
referred to, he had, because of the very meagre number of deaths,
made use of the statistics at a particular date of those living, and he
believed that he got quite as good results that way as he would have
had if he had had a large body of deaths. However, in the paper
on “Family Annuities ”’, in the same paragraph that he had been
commenting upon, he found another statement: *“To take the
average difference between the ages of bridegrooms and brides would
understate the values of annuifies to widows, because the average
difference between the ages of husbands who died and the ages of
their wives is greater than in the case of bridegrooms and brides.”
He now found Mr. Manly, after having given the average difference
of age of bridegrooms and brides, saying that there would not, of
course, be so much difference of age between the wife and the
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husband at the death of the husband, especially as the majority of
marriages took place between the ages of 27 and 40. So here
Mr. Manly apparently made a statement the exact opposite to his
(Mr. King’s), and one might think at the first blush that one or other
statement or both of them must be wrong. But notwithstanding the
extraordinary contradiction between their statements, he ventured to
submit that they were both right. They could well imagine that of
two people who had looked through a telescope, one might maintain
that the telescope enlarged distant objects and brought them nearer,
and that the other person might maintain that the telescope made
distant objects smaller and sent them fartheraway. These statements
would seem contradictory, but they were reconciled when it was
found that the two persons had looked through different ends of the
telescope. That was exactly what Mr. Manly and he had done. He
took the average difference of age between bridegrooms and brides,
and then he looked ahead, and he remembered fhat those who had
wives older than themselves,or not much younger, were more likely to
be left widowers than those who married young wives, and that,
speaking of the death of husbands later on, they would be the
survivors therefore of those who had comparatively young wives,
because the others would be in the category of widowers and would
not eome under observation as husbands; so that from that point of
view his statement was absolutely correct. Mr. Manly, however,
went to the other end of the telescope, and looked ab the ages of
bridegrooms and brides, and then he took the deaths of husbhands at
that particular moment of age, and he remembered that those who
were husbands then and dying, were the survivors of those who
married earlier in life when the difference between the ages of
bridegrooms and brides was not so great; and therefore Mr. Manly
maintained, and perfectly correctly from that point of view, that the
difference of age between husband and wife at the moment of the
husband’s death was not so great as the difference of age between
brides and bridegrooms, the bridegroom being of the age of the
husband of whom fhey were speaking. This reconciled the apparently
absolutely contradictory statements; and it showed how statisties
might bear various meanings, and give various lessons, according to
the way in which they were regarded. There was one point in
which he did not quite agree with Mr. Manly. Having got the
average difference of age between husband and wife, he proceeded, in
making his caleulations, to take an annuity on the wife at that
average age. A liftle investigation would show that, when the
wives were young, that overstated the value of the annuity,
and that when the wives were old it understated it. And they
could not be sure which way the average error would go. In
the case of the table that Mr. Manly had used, the turn he
thought began somewhere about 70, but he believed that in
the British Offices Annuity Tables it would be found fo begin
younger, somewhere about 60. He was not prepared to say exactly
how much error there would be in this. In fact, the error
would depend on the amount of the differences in the ages of the
wives. There was a better plan, and a plan which he had himself
followed. He multiplied the value of the annuity at each one of the
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individual ages of the wives by the number of wives at that
particular age, and then took the sum of all the annuities so found
and divided by the total number of wives. That gave the average
valne of the annuity, as distinguished from the annuity at the
average age. He thought that that gave more correct results, and it
occasioned very little more trouble. He therefore would suggest
that it was the betber course to follow. He had spoken of the Fund
which Mr. Nahmer and he had been dealing with. It was a Fund
relating to the Irish clergy, and it was of rather a special kind. It
was compulsory on all bachelor clergymen who entered the ministry
of the church of Ireland, and it was voluntary on the part of all
married clergymen who entered that ministry, so that every bachelor
was compelled on entering the ministry to join the Fund, and if he
remained a bachelor he never got any benefit from it at all. The
Fund provided annuities to widows, and it provided annuities to
children at the death of the father, whether the mother was alive or
not, until those children reached the age of twenty-one. They did
not value the Fund by means of its own experience by the new
methods, but by means of adjustment of Mr. Hewat’s tables on the
old methods of Huie and Hewat. He had, however, worked out the
statistics roughly, not with the same exactness as if he had had a
larger body of facts, on the new method. He prepared the values of
what Mr. Manly called the Orphans’ Annuibies, and he also got the
value of Widows’ Annuities. Unfortunately, on account of the
smallness of the Fund, and it having been established barely more
than thirty years, he could not earry the annuities for widows up to
the necessary point. He could not carry them beyond age sixty-five,
and, of course, they were wanted right on to the end of life. For the
children he was able o get tables which were sufficiently complete
for practical purposes. The fewness of the children per marriage
was very remarkable. His table did not inelude the whole members
of the Fund, whether husbands, or widowers, or bachelors, but only
the husbands. That fable he had the pleasure fo submit. It showed
the number of husbands, and the number of children of each age up
to age twenby-one for each age of the husbands, and from that he
had prepared a table of family annuities, and he might give a
comparison with Mr. Manly’s table. His were 8} per-cent., and he
had taken the mean between Mr. Manly’s 8 per-cent. and 4 per-cent.
values. His figures did not extend below age thirty. He might
remind the meeting that a man could not become a clergyman until
he was twenty-four, and he probably would not enter the ministry of
the church of Ireland until later than that, and in almost every case
when he entered he was a bachelor.

As to the average ages of the wives compared with the husbands, he
found that Mr. Manly gave a much greater difference in his fables
than the Irish clergy showed. At age 30 the average difference
aceording to the Imsh clergy was 1'8, the wife being that much
younger. Mr. Manly gave 2'5. So, at age 50, the Irish clergy
showed 57, while Mr. Manly gave 8:5. Mr. Manly’s tables would
certainly err on the safe side, both as regarded the values of the
children’s benefits and the values of the widows’ benefits ; but he
thought that that would be so seriously on the safe side as fo upset
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Number of Children living at each Age, grouped according to
Central Ages of Husbands, also value of Family Annuity and

Average Age of Wife.
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altogether such a Fund as that of the Irish clergy. This led him to
say that he thought that Mr. Manly’s industry and thoroughness
might perhaps be a source of danger, becanse they would tempt those
persons who were not so industrious, and who had Funds of this kind
to value, to use Mr. Manly’s tables. His own experience was mosb
emphatically that, although for mortality purposes it might be safe
to use one experience for another Fund, yet for pension purposes, and
for widows’ and orphans’ annuities purposes, the Funds were so very
different that he did nob think that they could find two sufficiently
near for them to apply the same experience to both. He had
submitted one example in the case of the Irish clergy. They could
not possibly use Mr. Manly’s tables for them. To do so would give
results which would be out of the question. He had had another
case not long ago. He had had a great deal to do with certain large
railway superannuafion Funds, and a very large and a very old-
established industrial corporation came to him not long ago for him
to advise them as to the establishment of a Fund for themselves.
They thought that he could fake the railway statistics and apply
them. He said, * No; I must have the statistics of your own Service
before I can do anything at all.” The result was that he found them
so totally different that the railway statistics could not possibly be
applied to the commercial undertaking. The rate of withdrawal in
the commereial undertaking was very much lower than in the railway.
The rate of early superannuation was very much higher. The rate of
mortality was not so different as to be impossible of adjustment.
But the rate of mortaliby after pension age in the industrial
undertaking was lower, and the rate of salary in the industrial
undertaking was much higher and rose much more rapidly from the
minimum to the maximuam, so that the two sets of statistics were not
in any way comparable, and to establish a Fund for an industrial
undertaking on railway experience would be to launch oubt inte
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inevitable ruin. He had a case in which an industrial undertaking
some ten or eleven years ago adopted the exaet ratios and rates of
pension of a railway Fund without any actuarial advice and applied it
to their staff, and they had come to him to value it. He was sure
it would prove to be in a bad way.

The PresipENT (Mr. Hughes) said that he was very sorry that
the paper bad not attracted a larger number of speakers, but it was
not altogether surprising that it had not done so. The subject had
been described by Mr. King as a very heavy one, and he could quite
understand that members would feel hesitation in speaking on a paper
like this without giving it a great deal more consideration than they
had had the opportunity of doing. They must thank Mr. Manly,
not only for the paper and for the information that it contained, but
for having put into the hands of the profession an exceedingly useful
tool. He had supplied them from fime to time with useful tools,
and this last was not the least useful of them. The paper might,
moreover, be put to a use which was not contemplated by the author.
The mere exhibition of it, with its formidable looking formulas,
might serve to impress with some sense of the seriousness of the
subject those amateur philanthropists and benevolent employers who
were apt to call upon actuaries in an airy sort of way to devise some
little scheme for their work-people, comprising impossible benefits ab
merely nominal contributions, and, of course, at an equally nominal
fee for settling the scheme.

Mr. MANLY, in reply, said that he had puf in one or two kinds of
benefits which had not come into actual use as yet, so far as he knew;
but from observations which he had heard dropped from various sources
he was inclined to think that they were soon coming to the front. It
was marvellous how benefits of that sort were introduced from time to
time, and how old Funds which had been conducted upon quite cautious
and conservative principles, and which simply provided for widows’
annuities, were asked to give more benefits. They wanted to know
whether they could not give some benefit for the children, and then
it was said, “ Well, you know, bachelors are very discontented, they
do not see why they should go on subseribing for ofher people’s
widows and families, when they get nothing out of it themselves.”
So an additional benefit providing some consolation to the persistent
bachelors was now being introduced in the form of the return of their
subseriptions at death. But widowers with no children also wanted
some consolation ; and so it was coming now to be quite fashionable
to give something on the death of a widower leaving no children;
and all these new benefits were supposed to be so small that
the Funds could easily bear them. If this paper had no other
objeet it would do a great service in showing really what the
costs of these benefits would be to such a Fund; and they
totalled up pretty costly. They meant, of course, that the widow
must go with less annuity, or that the contributions must be
increased, neither of which changes would be received with any great
amount of delight. He had listened with very great interest to
Mr. King’s experience of the different Funds he had valued. He
(Mr. Manly) was not putting forward these tables as standard tables
for use. They were intended more to show the way in which the
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experience must be worked up in order to arrive at the values of the
different benefits. He quite agreed with Mr. King that the
experienee of one Fund with regard to its withdrawals, its mortality,
its rate of refirement, and its marriage rate, would not necessarily
apply to another Fund. One would never expect that the rate of
withdrawal in a service like, for instance, the Government Civil
Service of the higher class, would be the same as in a poorly paid
staff like that of a railway company. Then with regard to the
question of the effect of these pension Funds on the rate of
withdrawal. There was a general idea—though, curiously, he had
not found the idea really confirmed by statistics—that the establish-
ment of such Funds induced the men to remain in the services. It
might do so when they received such a scale of salary and pension as
they got in the Government service, but he thought that present
income had much more to do with the movement of the members of
a staff than future benefits. There was a very common feeling on
the part of young men of from twenty to thirty years of age that they
would never reach the far-off pension age of sixty or sixty-five, and
they would consequently very much rather have an increase of their
salary at the present time, when, they considered, the money would
be much more valuable to them, than take the deferred pension inte
account. Moreover, the rule that the eontributions shall be returned
on withdrawal removes any feeling of loss when they leave. As to
taking the average age of widows: If they had the material—that is
to say, if they could ascertain from all the husbands living af each
age the ages of their wives, and if they could make their average
pension depend on the sum of the pensions to each of the wives, it
would be perfection; but he did not think that they often got it.
At any rate, he had no material of the kind on which to base his
annuities, so he had to be content to assume an average age, as he had
explained. He understood that Mr. Lidstone rather objected to his
notation. He was very sorry for that. The notation which had been
used before seemed to be very confusing, and he wanted something
that would be very distinet, and that could not be mistaken for any
other values or functions. He tried several methods before he could
reduce the notation to anything like a system. If Mr. Lidstone, or
anybody else, could make an improvement upon that notation, he
should be quite glad to adopt it. He did not think that Old English
type would have helped him. He had taken the clearest and most
distinetive type which the printer had. As to the option to withdraw,
to which Mr. Lidstone had referred, he took it that it was one of
those Funds in which the contribution was a fixed contribution to the
end of life, or something of that kind.

Mr. Lipsrore said that his case was a widows’ Fund without a
pension Fund ab all.

Mr. Maxnny said that the option allowed to the bachelor or
widower to withdraw introduced another element which would have to
be taken into consideration. It had been suggested by Mr. Lidstone
that he (Mr. Manly) could have made his tables simpler and his work
very much lighter by assuming that the payments took place in the
middle of the year, and so avoiding the introduction of adjustments.
In this paper it was assumed that they all took place in the middle
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of the year, but he did not think that Mr. Lidstone had tried
the problem of ascertaining the return of contributions based on
salary, on withdrawal, or retirement. If they tried to value those
benefits in the middle of a year they got mixed up with half-year’s
salaries, and it became a very awkward problem indeed. He found it
work very much better to assume that the members went out exactly
at the end of the year, and to make the adjustment afterwards.
‘When they had simple benefits, such as in this paper, he agreed that
it was easier to assume the payments to be made in the middle of the
year. He would like to refer to his table number 45, that which he
had called his working table, because he was not altogether satisfied
with it. It did not altogether represent what it was intended to
represent. He bad said that it had been assumed that only first
marriages had been allowed for; that no second marriages were
allowed for, and that there were no marriages after sixty-five. But,
bhaving distributed the married men into husbands and widowers,
according to the census returns, he felt that there verfainly must be
second marriages in them, but how many he could not tell. Further,
he was unable to tell exactly whether the method he had adopted of
extending the table from age sixty-five to the end of life had given
him exactly what he wanted, namely, the numbers dying out of first
marriages only. The supplementary tables had settled those points.
The husbands dying in table 45 were more numerous than the
husbands dying from first marriagesin table 58, and took in, roughly,
half the second marriages, and that applied up to the age of seventy-
five. After seventy-five the husbands dying in table 45 were less
than the deaths of husbands of the first marriage in table 58, which
was calculated scientifically. He fancied that the increase in the
husbands dying in the firsb part of the table and the decrease in the
latter part arose entirely from their having taken the census returns.
Taking the whole population, the marriages were earlier than in the
class with which they were likely to deal, and were less in the later
part of life. They knew that the working classes really attained to
their maximum wage-earning power when they had reached maturity.
From 22 to 24 or 25 was the time at which they eamed best
wages and the time when they married; bub after 55 or 60
they were not able to earn wages enough to keep a wife. If they
had children, the children generally kept them, but the children
would not keep another mother if they could help it. He thought
this explanation accounted for the difference in the two tables,
coupled with the fact that the census returns included second
and subsequent marriages.






