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RESERVING FOR DEFERRED CAPITAL GAINS TAX
(AN APPLICATION OF OPTION PRICING THEORY)

By M. Suerris, BA, M.BA,F.1LA,F1AA., AS.A.

ABSTRACT

This paper sets out a framework, based on option pricing theory, that can be used to assess the value
of deferred unrealised capital gains tax. In the U.K. and Australia, capital gains tax is paid on
realisation of assets and the basis for determining the tax allows for inflation indexation of the cost
base of the asset. Capital gains tax payments under these circumstances are shown to resemble those
of a complex option. A number of theoretical approaches to the valuation of this option are discussed
in the paper.
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1. INTRODUCTION

1.1 In most countries investors are taxed on capital gains (and losses) which
are determined and paid on the realisation of assets rather than on an accruals
basis. This is so for investors in the United Kingdom, United States of America,
Canada and Australia. In Australia, assets are subject to capital gains tax on such
a basis, including those held by pension and superannuation funds, as a result of
taxation changes in 1988. Differences in capital gains tax between different
countries arise from the income that capital losses can be offset against and, in the
U K. and Australian case, from the indexation of the cost of the asset to inflation
for the determination of the capital gain.

1.2 Institutional investors, such as life insurance companies, general insur-
ance companies, pension and superannuation funds, and unit trusts or mutual
funds, hold assets subject to capital gains tax. These institutions need to establish
reserves for tax on unrealised capital gains/losses prior to the realisation of these
assets. Because of the deferral of the capital gains tax in these situations a number
of issues arise:

(a) how to determine reserves for deferred capital gains tax liabilities and the
appropriate investment policy for the assets backing the reserve,

(b) how to determine the optimal investment strategy to minimise capital gains
tax payments, and

(©) how to determine theoretically the adjustment to be made for capital gains
tax for claims backed by assets where accrued gains/losses are not realised,
but effective ownership of the assets is transferred.

1.3 An approach to the determination of these reserves would be to estimate
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the capital gains tax by assuming an average holding period for the different
classes of assets, and then projecting the asset value to the end of the holding
period using a fixed rate of capital growth. This asset value would be used to
determine the tax, which would then be discounted to the current date to
determine the reserve. The problem with this approach is that it does not allow
for stochastic growth in the asset values, nor does it provide a theoretical
justification for the appropriate interest rate to use in discounting the future tax.

1.4 The aim of this paper is to set out a framework that can be used to consider
these issues using option pricing theory, basing the analysis on the Australian
taxation rules. In a sense the U.K. and Australian case is more general than for
other countries, since the capital gains tax rules in these countries provide for
indexation of the cost of assets. Other tax regimes typically have a zero or no-
indexation of the cost base for capital gains tax. The benefit of such an approach
is that it is based on a stochastic model, and the discount rate used to calculate the
present value of the deferred tax has a valid theoretical basis for its determina-
tion.

1.5 The paper begins with a brief outline of the capital gains tax rules in
Australia. The option features of the capital gains tax are then examined for the
case where the investor is assumed to buy and hold a single asset for a fixed
holding period. A number of techniques to determine the theoretical value of the
capital gains tax payoffs are considered.

1.6 The option pricing approach that allows for the tax effects is based on the
construction of a hedging portfolio which replicates the capital gains tax payofs.
The value of the assets in this hedging portfolio is the reserve for future capital
gains tax that would be established for the deferral of the accrued capital gain.
The hedging portfolio is, in theory, continuously rebalanced over time. The
resulting dynamic investment strategy, based on option pricing theory, provides
the appropriate investment composition for the assets backing the tax reserve.
The model for asset returns assumed in this paper is most suited for equity assets
such as ordinary shares. Alternative models can be used for fixed-interest assets.

1.7 The framework used to determine reserves for deferred capital gains tax
can be used to consider the optimum investment strategy to minimise capital
gains tax payments when investors are assumed to hold a portfolio of assets and
do not adopt a buy and hold investment strategy. This problem would be better
considered in terms of maximising the after tax returns of an investment porfolio,
with due allowance for the deferral of capital gains tax.

1.8 This paper also covers and uses developments in option pricing theory that
have wider applications in insurance and investment than the determination of
capital gains tax reserves. These techniques can be used to value insurance and
pension benefits, which are the maximum of two future values with a fixed
guaranteed minimum. Option pricing theory has been used in a wide variety of
insurance applications. The paper by Wilkie (1987) covers one such application,
and Appendix 4 of the paper by Daykin & Hey (1990) surveys insurance
applications of the option pricing model.
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2. CAPITAL GAINS TAX RULES

2.1 Capital gains tax (CGT) in Australia is calculated using a cost base for the
asset which is the purchase cost or deemed purchase cost. It is paid on realisation
of the asset, except in the case of deep discount or zero coupon securities, where
an accruals basis applies. Some investors, such as life insurance funds, are taxed
on realised gains and losses as income, the gain or loss being the difference
between the sale proceeds and the purchase cost.

2.2 For most other investors the capital gains tax aims to tax only ‘real’ gains
by adjusting for the inflationary increases in the asset value. To do this, an
inflation index is applied to the cost base to determine an indexed cost base.
Provided the indexed cost base is higher than the actual cost base, this is used for
determining capital gains tax. If the indexed cost base is lower than the actual
cost base, then the actual cost base is used to determine the tax. The value of the
cost base used to determine the tax is, therefore, the maximum of the actual cost
base and the indexed cost base.

2.3 1If the sale price exceeds the cost base, adjusted for indexation as outlined
above, then the investor is subject to capital gains tax on the difference. The tax
rate differs between investors taxed on a concessional basis, such as pension and
superannuation funds, and fully taxable investors.

2.4 A capital loss arises whenever the sale price is lower than the actual cost
base. Capital losses can be offset against capital gains. Net losses in any year are
carried forward.

2.5 For assets disposed of within 12 months of purchase the cost base is not
indexed. As mentioned above, this is also the case for life insurance funds where
capital gains and losses are taxed as income with no indexation allowed.

3. THE CAPITAL GAINS TAX OPTION PAYOFFS

3.1 Itis assumed that assets cannot be held for an infinite holding period, so
that a capital gain or loss will eventually arise on realisation of the asset. The
payments (or receipts) on the sale of the asset in respect of the capital gains tax are
shown to be equivalent to those of an option.

3.2 The capital gains tax can be considered for two distinct cases, depending
on whether or not the cost base is indexed for the purposes of determining the
amount of tax.,

The No-Indexation Case

3.3 Assume that the investor purchased, or is deemed to have purchased, a
single asset at time 0, which has an actual cost base of E for capital gains tax
purposes and is held for a fixed time period of T"years. The asset is assumed to pay
all of its return in the sale price, so that shares do not pay dividends. On
realisation of the asset a capital gain or loss will occur, equal to the difference
between the sale price and the cost base.
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3.4 Ifitis assumed that capital losses cannot be offset against taxable income
or capital gains, and hence have no tax benefit, then the tax on the capital gain
will be given by:

— 1t (S;y— E) if S;y>E
0 otherwise

where Sy is the asset price at time 7, 7 is the tax rate and the negative sign
indicates a payment to the government.

3.5 If losses can be offset against other income, so that they will reduce total
tax payable at time T, then the tax on the capital gain/loss will be given by:

—1(Sr—F) if Sr>FE
1 (E—Sy) if Sr< E.

3.6 To specify the nature of the option feature involved in the capital gains
tax, note that the buyer (owner) of a European call option with exercise price X’
receives the following payoffs on the exercise date:

S—-X if S>X
0 otherwise

which is equivalent to max{S— X, 0}. The buyer (owner) of a European put
option with exercise price X, receives the following payoffs on the exercise date:

X-S if X>S8
0 otherwise.

3.7 These options can also be considered as options to exchange an asset
(cash) of value X for an asset (share) with value S at the exercise date. For more
details of this equivalence sec Margrabe (1978).

3.8 The payoffs to the holder of the asset in respect of the capital gains tax are
equal to the tax rate times the payoffs arising if the investor has sold a call option
on the asset to the government with exercise price E. If the capital loss can be
offset against other income, then the capital gain/loss payoffs are equivalent to
the tax rate times the payofTs arising if the investor had sold a call option to the
government and bought a put option from the government, both with exercise
price E.

The Indexation Case

3.9 For theindexation case, denote the indexed cost base by C, the asset value
by S and the inflation index by F. The asset is purchased at time O for a cost base
of E and the current time is ¢ years. The indexed cost base at time ¢ is given by C,,
the asset price at time ¢ by S, and the index value at time ¢ by F,. For the time
being, assume that losses are not carried forward, so that at time 7, when the
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asset is assumed to be realised, any capital loss results in no tax benefit to the
holder of the asset. Only capital gains result in tax payments.

3.10 If the cost base for determining the capital gain is denoted by V7, then we
have that V7 is the maximum of Cr and E (written as max{Cr, E }) where:

3.11 The cost base F will equal S if there are no purchase costs allowed in
determining the cost base for tax purposes.

3.12 On realisation, the holder of the asset will receive the following proceeds
net of the capital gains tax:

{capital gain} Sr—1(Sy— Vy) if Sr>Vy
Sy otherwise

where 1 is the capital gains tax rate. The tax effect of the capital gain is:

— T (S] e VT) lf ST > VT
0 otherwise

where the minus sign indicates a payment to the government.

3.13 If the investor held other assets which generated capital profits at time 7,
against which any loss on this asset could be offset, the tax benefit on the loss
would then have a value. The loss would be given by an effective payment from
the government to the seller of:

T (E—87) if Sr< E
0 otherwise.

3.14 The payoffs to the holder of the asset in respect of the indexed capital
gains tax are equivalent to the tax rate times the payoffs under a complex option.
The gain payoffs are equivalent to those arising if the investor had sold a call
option to the government on the asset with an exercise price V7, where Vyis the
maximum of the indexed cost and the base cost E, or bought an option from the
government to exchange the maximum of C and E for the asset .S at time 7.
The value of C is not equivalent to the value of an indexed zero coupon bond
unless the real rate of return on such bonds is zero.

3.15 If the loss payoffs could be offset against capital gains on other assets,
then they would be equivalent to those arising if the investor had bought a put
option from the government on the asset S with an exercise price E.

3.16 Because the asset is assumed to be held for a fixed holding period, the
capital gain and loss options are European options with maturity at time 7, the
assumed realisation date.
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3.17 Having specified the payofls in the option pricing framework, it is
possible to determine a theoretical reserve for the deferred capital gains tax on
claims to assets with unrealised gains/losses. The option pricing valuation of the
tax option payoffs will also provide the investment strategy appropriate for the
assets backing any capital gains tax reserve. The investment strategy issue is
briefly discussed in a later section.

4. VALUING THE CAPITAL GAINS TAX OPTION

The No-Indexation Case

4,1 Where no indexation of the cost base applies in determining the capital
gain, the value of the capital gains tax payoff can be determined assuming that
the logarithm of the rate of return on the asset is normally distributed using the
Black-Scholes option pricing formula. Adjustments can also be made for
dividend payments. The formula for the capital gain is minus the tax rate times
G(S, E, T—1)=SN(d)) — Ee~""~9N(d,) and for the capital loss it is the tax rate
times L(S, E, T-- {)= Ee"""~9N(—d2) — SIN(—d)) where:

t is the current time in years from the original purchase date of the asset,

T s the assumed date of realisation of the asset in years from the date of
original purchase,

S, isthe current asset value at time 7, future values of which are assumed to be

log-normally distributed,

is the p.a. instantaneous variance of the continuously compounding return

on asset S,

r is the p.a. risk-free interest rate (continuously compounded),

So  is the current asset price,

di= (In(So/E)-(r+6*2)(T—1))/a /(T 1),

dry= d| — O'\/(T-—' t), and

N(+) is the standard normal cumulative distribution function.

The details of these formulae can be found in Jarrow & Rudd (1983).

o?

4.2 Whenever the capital loss can be offset against other taxable income
or gains, the value of the total capital tax effect is minus the tax rate times
G(S, E, T—1)—1(S, E, T—1) which, from the put-call parity relationship
(Jarrow & Rudd, Chapter 4), is equal to (S,— Ee~"" =) if there are no dividends
paid. To allow for dividends the current share price is replaced with a price net of
the value of dividends payable between the current date and the assumed
realisation date of the asset.

4.3 1t is worth noting that this value is not the current capital gain or loss,
(S;— E). The adjustment to the current gain/loss that arises as a result of the
deferral of its realisation is that the current asset price is reduced by the value of
the dividend payments to the actual realisation date, and the cost base is
discounted for interest to the actual realisation date. It should also be noted that
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this value is the value of the tax which accrues over the total holding period of the
asset. It concludes a component that has accrued and a component that is yet to
accrue over the remaining holding period. In establishing capital gains tax
reserves it is only the accrued component that is valued.,

The Indexation Case

4.4 Assuming that any capital loss cannot be absorbed and cannot be carried
forward, the value of the capital gains tax allowance is equal to minus the tax rate
times G(C, E, S, T—1), where G(C, E, S, T—1) is the value of a European call
option on S, with exercise price equal to the maximum of C and E and maturity
(T—1). This option can be valued as a European option to exchange an asset
whose value is given by the maximum of Crand E for the asset with value Sy at
time 7.

4.5 Options on the maximum of two assets have been analysed by Stulz (1982)
and also by Johnson (1987). A formula for their value can be derived in a number
of ways. The conventional approach is to construct the hedge portfolio for the
option, and use this to derive the partial differential equation governing the
option price. Solving this differential equation subject to the relevant boundary
conditions provides the option value, Stulz uses a risk-neutral valuation
approach, where the expected value of the option payoffs are discounted at the
risk free rate to determine the option value. The Johnson approach is based on
probabilistic arguments to determine the form of the option value. These
approaches are considered in turn.

Hedge Portfolio Valuation Approach

4.6 The hedge portfolio that will replicate the indexed capital gains tax option
payofls will contain the assct S, the risk-free asset, and an asset to hedge the
eflects of the indexation of the cost base on the option value. Denote the value of
the latter asset by H. This asset will be an inflation-indexed zero coupon bond
providing a real rate of return of ry. The risk free asset is a nominal default free
bond.

4.7 The derivation of the partial differential equation governing the option
value using the hedging portfolio approach is identical to that set out in Stulz
(1982, 163-164). Assume that the asset prices of S and H, and the indexed value
C, follow the stochastic differential equations given by:

as

5= udt + 0,dZ,

H

= wdt + 6.dZ,
d

—g = pdt + o.dZ,
dZdzZ, = p.dt
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where:

Us, i, and gy, are the expected rates of change (or drift terms) in the asset values S
and H and the index C, respectively,

gs and o, are the instantaneous variances of the continuously compounding
rate of change in the asset value S and the index value C,
respectively,

Z.,and Z, are standard Weiner or Brownian motion processes for the asset
value S and the index value C, respectively, and

Pes is the instantaneous correlation between these Brownian motion
processes.

4.8 Assume that these dynamics are adjusted for tax, and that capital gains on
the assets in the hedging portfolio are not deferred. This avoids the need to allow
for capital gains tax effects on the hedging portfolio. In effect, all assets in the
portfolio are assumed to be sold and repurchased continuously, so that the drift
terms in the differential equations are assumed to be adjusted for tax. If this is not
the case, then the formula will need to be modified to reflect the actual timing of
payment of the capital gains tax on the hedging portfolio.

4.9 Asset H is assumed to provide a perfect hedge against stochastic changes
in the index, so that the stochastic component of the return on H, given by 6.dZ,,
is the same as that for the change in the index. The instantaneous drift for dInH,
the rate of return on H, (u,—$6.2), is assumed to be equal to the instantaneous
drift for dinC, the rate of change in the index, (u.—362), plus the real rate of
return on H, ry, so that u, = u.+rs. The hedge security is assumed to be default
free so that u; contains no risk premium.

4.10 The value of the capital gains tax option will be a function of S, H and
time to maturity. 1t6’s Lemma is then used to determine the dynamics of the
option value, in terms of the value of the indexed hedge security H. Denote this
value by G=G(S, H, 1) so that:

dG = GdS + G,dH — Gdt + }G,(dS?) + G,,(dH?) + 2G,,dSdH }
= GdS + G, dH — Gdt + 3{G,S%* + G,H*6 2 + 2G,,SHp,.0,63dl

where subscripts on the option value G denote partial differentiation. For more
details on It8’s Lemma see the Appendix of Wilkie (1987) or Sherris (1989a).
4.11 Construct the hedge portfolio to replicate the option payoffs so that it is
self-financing, with fractions x of asset S, y of asset H and (1 —x—y) of the risk
free asset. If the risk frec rate of return is r then the return on the hedge portfolio
will be given by:
dG das dH

as dH
dG = x—§G+y—}-l—G+ (1 — x — y)Gdt.

so that:
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4.12 A comparison of the dynamics of the hedge portfolio, givenin§4.11, with
that of the option value dynamics, given in §4.10, gives the values for x and yas
x=G,S/G and y=G,H|G.

4.13 Now eliminate the stochastic terms in the differential of the option value
and, after dividing by d, obtain:

—Gi=rG—rGS —rGH+3{GS%0 2+ GuH?*0 2 4 2G4 SHp,0,0.}.

This partial differential equation is solved subject to the appropriate boundary
conditions to obtain the option value. The terminal boundary condition for the
option value is that the option value at time T is equal to:

max{(S7—max{Cy, E}), 0}.

4.14 The equation can also be expressed in terms of the dynamics of the index
Cto get G=G(S, C, 1). To do this we have:

C = Goexp{(p. — 30>t + 6.1Z)
and H, = Hyexp{(u, — $6.>)t + 0,1Z)
where Z is a standard normal random variable. Hence:
C\/Co=H,/Hoexp{ (st — pn)1t}.

This gives partial differentials for:

G, = G.C, = G.exp{(u. — u)t}

G = [Geexp{(u. — )8} = Gexp{2(u. — p,)t}

G, = [G(S, Hexp{(u. — 1)1}, 1)),
=G+ (it — u)GC

and Gy, = G,.C, = G,.exp{(u. - )1}

4.15 Substituting these expressions into the partial differential equation in
terms of H in §4.13 gives:

— (G~ (e~ )G C)=:rG — rG,S — rG.exp{(u.— un)1}H
+2{GesS?02 + Gecexp {2(pte— )} H26 2+ 2G,cexp{(pte— 15) }SHp:6,0.}
which simplifies to:
=G=rG—rGS—(y— p.+ NG.C+3{Gs,S%2 + G,.C26 2+ 2G,SCPs00.}.

Risk-Neutral Valuation Approach

4.16 The indexed capital gains tax option payoffs can be valued as the
expected value of the payoffs discounted at the risk free rate, on the assumption
that an appropriate hedging portfolio can be constructed.

4.17 The capital gain option payofls are max{(S—max{C, E}), 0} and the
value of the option is exp{— RT}JEV [max{(S— max{C, E}), 0}] where R is the risk
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free rate on a non-indexed bond and EV is the expected value operator with
respect to the appropriate risk-neutral probability distribution.

4.18 Appendix 1 derives the expected value of the option payofls on the
assumption that the rate of return on S and the rate of change in C are bivariate
normally distributed. The evaluation of the expected value requires the
substitution of the means or drift terms of the relevant bivariate distribution with
the risk-free rates of return. The details are provided in Appendix 1. The resulting
option value is:

SNofor1 + 6,/ T, (IN(S/C) + (ry—30°)T)/6/ T, (0:— pestc) o}
— Cexp{—r T IN{(I(S/C) + (ry— 369 T) 0/ T, Bi+0c/ T, (pess— 6.)/0}
— Eexp{— RTIN{o, ﬂh Pes}

where Na{a, B, r} is the bivariate cumulative standard normal distribution with
upper limits of integration &, and f and correlation coeflicient p,

a; ={In(S/E)+ (R—136)T}0,{T,
B ={In(C/IE}+ (R—r,—}6>)T}/6./T,
T = time to realisation in years,

r, = p.a. continuously compounding real rate of return on risk-free indexed
bond,

R = p.a. continuously compounding risk free rate, and

o® =062+02—2p,00..

Probability Based Valuation Approach

4.19 The probability approach to option pricing, as given by Johnson (1987),
involves transforming the option value into a different numeraire and recognis-
ing that the term multiplying the numeraire in any option price is the probability,
based on the transformed probability distribution, that the option will be
exercised. This technique is set out and used in Appendix 3 in the case of a
conventional European put option on a non-dividend paying stock. This
approach was developed for the case of options on the maximum or minimum of
several assets by Johnson.

4.20 In order to use the Johnson technique to value the capital gains tax
option, the option value is expressed using the values for § and C as numeraire,
This is necessary in order to determine the terms multiplying S and C in the
capital gains tax option pricing formula. These terms are the probabilities that
options based on the transformed dynamics are exercised.

4.21 The term multiplying the share price in the capital gains tax option value
is determined by expressing the option value with the share price as numeraire.
Doing this gives an option value of G(C, E, S, T')/S, where S is the current share
price, which equals the value G((C/S), (E/S), 1, T') with a risk free rate of zero.
The risk free rate is zero since, in units of the asset S, a loan that is repaid with the
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asset provides a zero return. The term required is the risk neutral probability that
this transformed option will be exercised.

4.22 Risk neutral probabilities are determined by setting the instantaneous
drift term for the transformed values to the relevant risk free rate. Appendix 4
sets out a non-rigorous derivation of the instantaneous drifts, variances and
correlations.

4.23 The term mulliplying the current share price in the capital gains tax
option value will be:

Pr{max{C/$, E/S}>1]=1—Pr{C/S<]1, E/S<]1]
=No{(In(S/E) +(R+30)T)/0./ T, (In(S/C)
+ (rf—%GZ)T)/O'\/T’ (05"‘ ﬂcsac)/a}‘

4.24 The term multiplying C in the capital gains tax option is determined by
expressing the option value with C as the numeraire. The option value divided by
C is a mix of options with payoffs given by max{(S/C—max{1, E/C}), 0}. These
payofls are the same as those from a call option on S/C with unit exercise price
provided E/C< 1, plus an option to exchange E/C for unity provided E/C> 1 and
E/C< S/C. The term multiplying (minus) the current value of C, discounted at
the real rate of return, in the capital gains tax option value will therefore be the
probability:

Pr{S/C=1, E/C<]]
=No{(In(S/C) + (ry—30)T)/a /T,
(In(C/E)+(R~— rf+%0'(2)T)/0'c\/ T, (p.05—0.)/0}.

4.25 The term multiplying the value of E, discounted at the risk free rate, in the
original option value can be determined by dividing the option value by E and
noting that the resulting option is a mixture of a call option on S/E with unit
exercise price, provided C/E<1, and an option to exchange C/E for unity if
C/E>1 and C/E<S/E. This term is:

Pr{S/E>1, C/E<]]
=No{(In(S/E)+ (R—302)T)/0s/ T, (IN(C/E)+ (R—rr—36HT)[0c\/ T, pes)

4.26 Theresulting option value agrees with that derived using the risk neutral
valuation approach.

4.27 The capital loss option value is not indexed, so that, in the case where it

can be assumed that there are profits against which the losses can be offset, the
value is the same whether or not indexation applies.

5. CAPITAL GAINS TAX OPTION VALUES

5.1 Values of the capital gain/loss options are readily obtained where no
indexation applies using the Black-Scholes formula. Dividends can be allowed
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for using an appropriate modification of this formula. The indexed capital gains
option is more difficult. A formula allowing for indexation has been derived in
this paper. The indexation case, as for the Australian tax rules, involves an
asymmetric treatment of capital gains and losses, since losses are not indexed
whereas gains are indexed. The non-indexation case is typically symmetric. This
symmetry means that, assuming capital losses are deductible for tax purposes,
that the value of the deferred capital gains tax is given by the put-call parity result
of §§4.2 and 4.3.

5.2 In order to determine values for the effect of the capital gains tax using a
bivariate log-normal distribution for S and C in the indexation case, it is
necessary to evaluate the bivariate cumulative standard normal distribution.
Generally this will require numerical techniques. Abramowitz & Stegun (1965)
and Cadwell (1951) provide details on the evaluation of the bivariate normal
integral. A technique to determine approximate values was given and used to
determine illustrative values for the indexed capital gain option in Sherris
(1989b).

5.3 The actual reserve required for the capital gains tax reserve is based on the
accrued component of the total value of the capital gain/loss value. This is
determined as the total value of the gain/loss to the current holder based on cost
base E and original date of purchase minus the current value of the gain/loss to a
new purchaser at the current asset value. Both of these values are determined
using the approach set out in this paper. More details of this can be found in Hall
et al. (1990).

6. CAPITAL GAINS TAX FOR A PORTFOLIO OF ASSETS

6.1 The above analysis considered only a single asset. It can be extended to a
portfolio of assets, assuming that the portfolio is held for a fixed holding period.
In this case capital losses will have value at the end of the fixed holding period,
since they will be offset against capital profits on other assets in the portfolio. To
determine the value of the capital gains tax option for the portfolio, denote the
price of asset i at time ¢ by Sj,. Capital gains for the total portfolio at the end of the
holding period (time 7) will amount to:

G = Z max{(S;r — Vir), 0}

where Vir=max{Cir, E}, and total losses will amount to:
14 = Z max{ (E, - SiT)’ 0}.
i
6.2 The capital gains tax payments at the end of the holding period will then be
determined as:

1(G— L) if G>1L
0 otherwise.
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6.3 The capital gains tax effects for the portfolio can be valued using the risk
neutral valuation approach for a complex European option whose payofls are
given above. Numerical techniques will be required to value this option. This
value will be lower than that derived in the previous section, since the offsetting of
capital losses on some assets against capital gains on other assets will reduce the
total tax liability,

6.4 Assuming multivariate log-normality for asset values, the capital gain/loss
option values for a portfolio containing a large number of assets will require the
evaluation of a multivariate normal integral which will be numerically complex.
Gupta (1963a) provides details on the evaluation of this integral, and Gupta
(1963b) gives further references on this problem. The value of the option could
also be approximated using simulation techniques as discussed by Boyle (1977).

6.5 Where netlosses are realised in any period, the analysis can be extended to
recognise that these can be carried forward and offset against future realised
gains.

7. INVESTMENT STRATEGY FOR TAX RESERVE

7.1 The valuation of the indexed capital gains tax effects using option pricing
theory provides the investment strategy to replicate the payoffs under the tax. If a
reserve is created for deferred capital gains tax payments, then the investment
composition of the assets backing the tax liability can be determined from the
option pricing hedge portfolio.

7.2 For the capital gains tax payofls, the proportions invested in the asset S,
the hedge asset H and the risk free asset (nominal risk frec bond) are given by
x=G,S/G, y=GH|G=G.C/G, and (1 —x—y).

7.3 In order to determine the partial differentials of the option value, note that
the option value is linear homogenous in both § and C and also in S and H
(Geske, 1979, 71, and Johnson, 1987, 281). The general form of the option value
can therefore be written as G=G,S+ G.C+G,E.

7.4 Hence G,is theterm multiplying the current asset pricein theindexed capital
gains tax option value and G. is the term multiplying the price of the indexed zero
coupon bond H (or the term multiplying the indexed cost C) in the option value.
From the formula for the option given in §4.18 the value of G, will be positive and
the value of G, will be negative. This means that the investment reserve for the
capital gain will contain the asset Sin positive amounts and the hedge security, an
inflation index linked bond, in negative amounts (short sold). The net funds
required to construct the investment reserve are financed using a nominal (risk
free) bond.

8. CONCLUSION

8.1 This paper has examined capital gains tax and provided a framework to
evaluate the reserve for its deferral for assets with unrealised gains/losses. The
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analysis has been based on option pricing theory, which allows the simultaneous
determination of the value of the deferred capital gains tax and the investment
strategy for deferred tax reserves. The assumptions used would most suit returns
on equity assets such as ordinary shares. Alternative return models for fixed-
interest assets could be used to develop similar formulae for these assets.

8.2 Some issues arising from the deferral of capital gains tax have not been
addressed in any detail. The portfolio effects arising from the offsetting of losses
against gains have not been examined, and will be an important factor in
practice. The problem of maximising expected after tax returns allowing for
capital gains tax has also not been addressed. This latter problem can be analysed
using stochastic programming techniques along the lines of that developed by
Merton (1969) and Samuelson (1969). Papers which address this problem based
on the United States tax rules are Constantinides (1983) and Stiglitz (1983).
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APPENDIX 1

EVALUATION OF EXPECTED VALUE OF THE
INDEXED CAPITAL GAINS TAX OPTION

The expected value of the option payoffs is given by:

c:[mjfomax{ (s — E — max{c — E, 0}), 0}f (c, s)dsdc

00

Ex
max{s — ¢, 0}f (¢, s)dsdc + | { max{s — E, 0} (c, s)dsdc

™

]
tem, R
Oty §

}Osf (c, s)dsdc -- oj?]?cf (¢, s)dsdc + fofsf (¢, s)dsdc — f?Ef (¢, s)dsdc
c Ec 0F OF

]
e §

where f(c, s) is the joint density function of C and S.

To evaluate the integrals, assume .S and C are bivariate log-normal (so that
rates of return on S'and C are bivariate normal). The assumed dynamics of S and
C are given in Appendix 4. Appendix 2 provides some useful normal and
bivariate normal distribution results used to evaluate the integrals.

Consider the integrals involving S. We have:

o0 o0

[ §5/(c, s)dsde + foj?‘sf (¢, s)deds
= OIOI sf (¢, s)deds + Tfsf(c, s)deds
EE EO

== oj?j sf (¢, s)deds.

Set S'=Spexp{X) and C= Coexp{Y}, so that X, ¥ are bivariate normal with
means (us—30.%, p.—10.%), variances (0,%, o.?) and correlation p,,. This gives:

o0 x4+ In(S/C)

§ Sexp{x}f(x, y)dydx

In(£E/S) —
where =8, and C= C, for ease of notation.
Use the first result in Appendix 2 to get:

o  x+In(S/C)
Sexp{u} | | 1@, ydyaz
A -0
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where A=In(E/S)—o,’ and Z=X—o0%
Apply the transformation U=Y—~Z and V=Z to get:

o In(S/C)

Sexp{p}| [ f(u, v)dude

where U, V are bivariate normal with:

means (He—362—ps+30?, p—30?)
variances (02402 —2p.0.05, 65)=(02, 65°)
and correlation (pes0.—05)]6.

We require the risk neutral probabilities, so that the drift terms for the
variables U and V (see Appendix 4 for details of the derivation of these
terms) are replaced with the relevant risk free rates to get u;=R and
Pe— HsH 02— pes= (e~} 62— ps+3 6) +30%= — 1y

Substituting and reducing the integral to the standard bivariate normal gives:

Sexp{RIN:[a, B, f]
where: v
= —{In(E/S)— 06~ (R—4a2)}/0, = (In(S/E) + (R~} 0,°) + 0,%)/0,
B ={In(S/C)+ (r,— 30%)}/o, and
p = (0, — po.)o.

A similar procedure is applied to evaluate the integral containing C. In this
case we have:

§§ cf(c,s)dsde= | §  Cexp{y}f(x,y)dxdy
E ¢ In(E/C)  y+In(C/S)

where S'= Spexp{X} and C= Coexp{Y } and S; and C are replaced with S and C
for notational convenience.
Use the first result in Appendix 2 to get:

>8]

Cexp{ut| { f(x,z)dxdz
A y+In(C/S)
where Z=Y -0, and A=In(E/C)—0c2.
Apply the transformation U=X~Y and V= Z to get:

Cexp {/40}]? } S(u, v)dudv

4  In(C/S)
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where U, V are bivariate normal with:

1
means (ﬂs"iasz“ﬂc+%acz9 ﬂc“%acz)
variances (03462 —2p,0.05, 62)=(62, 0,2
and correlation (pesOs—0)/0.

The risk neutral probabilities are needed so that the drift terms for the
variables U and V (see Appendix 4 for details of the derivation of these terms)
are replaced with the relevant risk free rates to get u.=R—r; and
Hs— 402 — pesOos=(t;— 302 — p+30 )+ 16%=r;

Substituting and reducing the integral to the standard bivariate normal gives
Cexp{R~—rs}Nja, B, p] where:

o= —{In(E/C) ~ 0 — (R —r,—}0)}/o.
= (n(C/IE) + (R—r;—}62) + 62)/0,
B = —AIn(C/S) — (7= }0*)}/o = {In(S/C) + (r;— }0?)}/a, and
p = (p0;—0.)o.
The integral containing E is evaluated in a similar fashion. We have:

Eoo In(E/C)y oo
{§ Ef(c,s)dsde =E | [ f(x, y)dxdy
0E ~ @ In(E/S)

which simplifies to ENyfa, 8, p] where:
a = {In(E/C) ~ (R — 1y~ 4o 2)}/o,
B = —{In(E/S) — (R —}0.)}/o, = {In(S/E) + (R + }0.2)}/0,
= = Pes
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APPENDIX 2

SOME USEFUL NORMAIL AND BIVARIATE NORMAL
DISTRIBUTION RESULTS

If Y is Normal (u, 62), N is the cumulative standard normal distribution
function, B=(b—(it+6?))/6, and A =(a— (1+¢?))/o, then:
b
fef (»)dy = exp(u + 30 }N(B) — N(4)}.

a

To show this, we have:

by d _b 1 1 ,V"ﬂzd
fe f(Y)J’—{e"p(J’)\/Qn)anPI: 2( o )]y

Now collect the exponential terms and complete the square to get:

1 . 2
ICXP(u+£az)\/(2 T p—5<z—%—tf‘—)>

Substitute Z=:(y—(u+062))/o, B=(b—(u+6))/o, and A= (a— (u+d?))/o, to
get:

£ 1
exp(u + %02)£ :/—(—in—)expl = $(Z*)dZ = exp(u + 36°){N(B) — N(4)}.

The following results are adapted from Abramowitz & Stegun (1965). The
standard bivariate normal density function is given by:

1 /x?—2pxy + y?
glx,y, p)=2n/ (1 — p*)]” ’eXP[ —3 <~———1—_p—2—)]
which can be expressed as:

g(xsys )_(]'—p) £n(-x)nli( 2)]

where n( ) is the standard normal density.
The cumulative standard bivariate normal density function is given by:

h k
Lthk,p)= [ [ g(x,p, p)dydx

f[ } n(x)n(w)dwdx

—~ 00 - oo

where: W= ((i‘ :/’:Zx) >
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We also have:

oD o0

L(—~h, —k,p)= {{g(x,y,p)dydx

oo k
L( - h,k, '_p)=£ j g(x,y,ﬂ)dydx

h oo
L, —k, —p)= | {g(x,y,p)dydx

L(h, k, p) = L(k, h, p).

If the random variables X, Y are said to be bivariate normal with means
(ux> 1), variances (6, a,,’) and correlation p, then the probability that X is less
than or equal to 4 and Y is less than or equal to k is given by:

L((h—pd]ox, (k-- )]0y, p)-
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APPENDIX 3
PROBABILITY BASED VALUATION OF EUROPEAN
PUT OPTION
The probability based approach recognises that the term multiplying the value
of the (certain) exercise price, for any option, is the probability that the
option is exercised in a risk-neutral framework. For a put option, assuming

that the rate of return on the asset is normally distributed, so that the asset
value is log-normal with instantaneous mean u and instantaneous variance a?

5

this is Pr[S7<X|So=S]=Pr[Z <{In(X/S)— uT}/a\/T] =N(—d,) where Z is
Normal (0, 1) and d>=(In(S/X)+(r--6*/2)T)/o /T, since p=r-—3 ¢* in a risk
neutral framework.

Note that if dS=uSdi+03dZ, then, using 1i6’s Lemma, we have
dIn(8) = (u—36)dt + 6dZ since, if £(s)=1In(S) then f;=1/S and f;;= —1/S%

Now, express all values using the asset price as numeraire. In this framework
the option value divided by S is the value of a call option on the exercise price,
expressed in units of the asset price S with unit exercise price and zero risk free
interest rate. The current value of the asset is x= Xe~"7/S.

I16’s Lemma gives the dynamics of x as:

dx = xdt + xdS + 3 x,,(dS) = — rxdt + — (x/S)(uSdt + 6SdZ)

+ 3(2x/8%)02S2d!t

dxjx = (r — u + ¢>)dr — odZ.

The rate of return dynamics for x are given by:

dIn(x) =((r — u+0?) —~4062)dt—odZ.

The drift term for x is set to zero in the risk neutral framework so that the mean
value for In(x) is (—302)7T and the variance is ¢>7.
The probability that the transformed call option will be exercised is:

Pr(x = 1llxo = Xe "7/8] = Prx/x, = 1/x,]
= Prlin{(x/x) 2 — In(xp)]
=Pr[Z > (—In(x) — (— }0%))/0]
= Pr[Z < (In(xo) — 30%)/0]

=N(4,")
where dy’ = (In(x,) — 36?)/0.

(Xe~'T/S)N(d')--1 N(dy') where, since r=0, dy’=(In(Xe '"/S)+40?T)/o\/T
and dy’ = (In(Xe "7/S)~362T) /o /T.
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The term multiplying the asset price in the original put option formula is the
term multiplying the exercise price for this call option (the transformed put
option). Hence it is minus the probability that this call option is exercised. This is
~N(—d)) since:

—di=— (In(S/X) + (r + 02)T/o /T
(In(Xe~""/S) — 0°/2)T)/6\/T
= dz’.

This gives the Black-Scholes put option formula, which is set out below for
completeness, and confirms the probability approach to deriving the option
formula.

Black-Scholes formula for European put option on asset S with exercise price
X and maturity 7.

P(S, X, T)=Xe ""N(—d,) - SoN(—d))

where S is the asset value which is assumed to be lognormally distributed with
dIn(S) = pdt+ 6dZ so that;

S

< =W+ s6%)dt + odZ

where:

is the instantancous variance of the logarithm of the return on asset S,
r is the risk-free interest rate (continuously compounded),

So is the current asset price,

di=(In(So/X)+(r+0%2)T)/o/T,

d2 = d| - 0. T,

N(+) is the standard normal cumulative distribution function.
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APPENDIX 4
DISTRIBUTION OF TRANSFORMED VARIABLES

In order to use the probability approach to determining the capital gains tax
option value, it is necessary to specify the joint distribution of C/S, E/S and of
S/C, E/C. These distributions are derived here in a non-rigorous manner using
1t6’s Lemma.

Assume that the dynamics of C and S are given by:

dcC

<= udt + o.dz,
das

—3: = pudt + 0, dZ,
dZ.dZ, = p_.dt

so that they are bivariate lognormally distributed.
Applying 1t6’s Lemma gives:

%%?=M“m+ﬁ—mﬁmm+wm—wm
%"S/g)) = (U — P + 0.7 — pe0.0,)dt + 0,dZ, — 0.dZ,
%%) = (62 — p)di — 0,dZ,
f’{gg)—) = (62 — pdl — 0.dZ.

We then have that:
log(Ci/co) is distributed as N((u.—3% o)1, 6.*1),
log(S,/so) is distributed as N((u,—$ 0,21, 621),
and hence:
E[Crleo) = coexp{u T} and
E[S7lso] = seexp{p,T}.

It follows that (Ci/co)/(Si/s0) is lognormal since log((Ci/co)/(S/s0))=
log (C,/co) —log(8:/so) is the difference between two normal random variables.
Hence log(Ci/co)/(S/so) is distributed as N((p.— ps+ 05> — ps056.— 30691, %)
where 62 =62+ 02 — 20005
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It also follows that E/S, is lognormal since log(E/(S,/so)) is distributed as
N6 —pu;— 101, 6,20).
If we denote H=1og(C,/S,) and V =1og(E/S)), then the instantaneous correla-
tion coefficient of H and ¥V is given by:
_ cov(H, V)
P = (ar(H yvar(V))}

where:
cov(H, V) = cov(log(C,/S,), log(E/S,))
= cov(log(C,) — log(S,), log(E) — log(S,))
= — cov(log(C,), log(S,)) + cov(log(S,), log(s,))
= 06 — p0.0,
so that:

2
05 — P00
2 2
O, (ac + o — zpmavas)i

Ph =

Os =~ PesOc
h (acz + asz - 2Pcsac0s)%.

In a similar fashion we have:
log(8./50)/(Ci/co) is distributed as N((it,— pt. + 62— pes6.0,— 1621, 621),
log(E/(Ci/cy)) is distributed as N((— u.+302)t, 6.21), and
_ Oc = PesOs
@2+ 02 2p,00)

where X =1og(S,/C,) and Y =log(E/C).
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