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The first article in Volume 2 of this Manual by B Zehnwirth has shown the close
connection between the intuitive Chain Ladder technique and the more formal two
way analysis of variance model based on the log-incremental payments.
Models initiated by this more formal definition of the basic chain ladder have recently
started to gain acceptance in loss reserving work and a number of papers on the
subject have now been published. These models differ from the traditional techniques
by a more formal definition of both the model assumptions and the parameter
estimation and testing. With the formal models statistical estimates of reserves, that is
both mean estimates and the associated model standard errors, can be calculated. The
basic chain ladder is deterministic and produces point estimates of reserves.
The purpose of this paper is to serve as a basic introduction to these methods for the
practitioner. To facilitate this a PC spreadsheet package is used to show how run-off
models of the log-incremental payments can be identified and fitted in practice using
multiple regression.
The approach adopted considers the basic chain ladder technique first and shows how
the intuitive chain ladder model can be made more formal. The parameters of this
model are then estimated and the implied underlying payment pattern compared with
the chain ladder derived pattern. Both models are used to "fill in the square" and the
results compared. In the case of the formal model it is also shown how the regression
results are used to derive estimates of the individual future payments and their
standard errors and how accident year and overall standard errors can be calculated.
The simple example makes it easier to follow the calculations and is intended to allow
the reader to focus on the more interesting modelling aspects of the later sections.
A more realistic example is then analysed. The data is first viewed graphically to
identify an appropriate run-off model to fit. The identified model is fitted and tested.
The model is then redefined with fewer parameters and refitted. The results, both
future payments and their standard errors, from these models are calculated and
compared.
The data is then adjusted for inflation and for claim volume and a series of models are
identified and tested. Three of these are used to obtain estimates which are then
compared.
A degree of theory is assumed. The model parameters are estimated using multiple
regression and matrix operations are used to calculate the variance-covariance
matrices. All the computations and graphs are done in a PC spreadsheet package,
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Supercalc 5 in this case although Lotus 123 could have been used equally effectively.
The wide availability, ease of use and power of these packages makes these methods
accessible to all. Alternatively any programming language with matrix manipulation
capabilities, such as APL or SAS, could be used for this work. Programs have also
been written in GLIM (see A Renshaw, 2).
A.

Introduction

Almost all actuarial methods for estimating claims reserves have an underlying
statistical model. Obtaining estimates of the parameters is not always carried out in a
formal statistical framework and this can lead to estimates which are not statistically
optimal. These traditional methods generally produce only point estimates.
The models, such as the basic chain ladder, are often overparameterised and adhere
too closely to the actual observed data. This process can lead to a high degree of
instability in values predicted from the model as the close adherence to the observed
values results in parameter estimates which are very sensitive to small changes in the
observed values. A small change in an observed value, particularly in the south-west
or north-east regions of the data triangle, can result in a large change in the predicted
values. In practice attempts may be made to achieve some stability in the results by
using benchmark patterns, by selection of development factors and a number of other
such techniques.
Formal statistical models are used extensively in data analysis elsewhere to obtain a
better understanding of the data, for smoothing and for prediction. Explicit
assumptions are made and the parameters estimated via rigorous mathematics.
Various tests can then be applied to test the goodness of fit of the model and, once a
satisfactory fit has been obtained, the results can be used for prediction purposes.
This process allows us to focus on the model being fitted and should also highlight
any inadequacies in the model. The estimates of the parameters, on the basis of the
model, can be made statistically optimal. Peculiarities in the data may be identified
and often investigation of these can yield useful additional information to the
modeller.
All modelling, whether based on the traditional actuarial techniques such as the chain
ladder or on more formal statistical models, requires a fair amount of skill and
experience on the part of the modeller. All these models are attempting to describe
the very complex claims process in relatively simple terms and often with very little
data. The advantage of the more formal approach is that the appropriateness of the
model can be tested and its shortcomings, if any, identified before any results are
obtained.
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B.

The basic chain ladder technique and the underlying stochastic model

The following simple example considers a 4 by 4 triangle of cumulative payments:
CUMULATIVE PAID CLAIMS

The usual (weighted) basic chain ladder development factors are (see Vol 1 Section
E8):

where 1.633781 = (17500 + 24156 + 26159)/(11073 + 14799 + 15636) etc.
Using these factors the square can be completed in the usual way:
CUMULATIVE PAID CLAIMS

The actual and fitted portions of the square have been separated for illustration. It is
assumed in this example that there are no payments beyond the 3rd development
period so that the first (zero'th) accident year is complete.
The chain ladder produces successive cumulative losses from which the future
incremental payments can be derived by subtraction. It is therefore possible to split
the overall chain ladder derived reserve estimate for an accident year into its
incremental or payment year values.
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The underlying model is better illustrated by these incremental payments which are
shown in the table below.
INCREMENTAL PAID CLAIMS

The accident year projected future payments and the overall estimate are shown in the
last column. The chain ladder estimate of future payments to development period 3
for all accident years is 19515.
Dividing each of these incremental amounts by the final, or ultimate, accident year
value gives the following:
PERCENTAGE PAID CLAIMS

The basic chain ladder has produced the following underlying incremental payment
pattern:
Development year

0

1

2

3

Incremental paid %

53.50

33.91

8.78

3.81

Note that this underlying pattern can be calculated directly from the development
factors.
The basic chain ladder assumptions can be restated as follows:
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a:

Each accident year has its own unique level.

b:

Development factors for each period are independent of accident year or,
equivalently, there is a constant payment pattern.

These assumptions can now be used to define the model more formally.
Let:
Ai be the ultimate (cumulative) payments for the i-th accident year.
Bj be the percentage of ultimate claims paid during the j-th development
period.
Pij be the incremental paid claims for accident year i paid during development
period j
The chain ladder model can thus be described by the following equations
for i j from 0 to 3
and the condition
where j is summed from 0 to 3
The next section considers how these equations may be solved and estimates of the
parameters obtained.
C.

Estimating the parameters of the formal chain ladder model

As the main set of relations involves products the usual approach is first to make these
linear by taking logarithms and then use multiple regression to obtain estimates of the
parameters in log-space. It will eventually be necessary to reverse this transformation
to get back to the original data space.
Dealing with the main set of equations is relatively easy. Taking logarithms (natural
logarithms will be assumed throughout and denoted by ln) gives

Unfortunately taking logarithms of the second condition does not produce a linear
equation as

It is possible to obtain estimates of these parameters using iterative procedures but this
is not pursued here. It is more convenient to drop the condition and concentrate
initially on obtaining the parameter estimates from the remaining, now linear, set of
equations.
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Dropping the condition gives rise to a singularity and so it is necessary to introduce a
new condition in order to obtain the parameter estimates. This does not affect the
eventual results but it does change the interpretation of the parameters.
For ease of reference the parameters are now redefined (ln Ai = ai etc) and an error
term introduced.

where eij is some error term.
As indicated above without some restriction these equations are singular. Note for
example that a3 appears only in one equation which involes b0 and an error term. An
infinite number of combinations of a3 and b0 are possible as long as they sum to the
same view.
For convenience in this example b0 is set to zero. Another approach is to set both a0
and b0 equal to zero and introduce a constant, k, into the model. The chain ladder
assumes each accident year has a unique level so the model to be fitted below will
follow the former description. The alternative definition is considered later in Section
H and the advantages of this choice outlined.
The predictions obtained by either approach will be the same so the restriction can be
chosen at the convenience of the modeller.
The model to be fitted is described by:

where i and j go from 0 to 3 and b0 = 0
The model has seven parameters to be estimated, the same number as the basic chain
ladder model.
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The following table is in the form most convenient for the regression facility of any of
the popular spreadsheet packages.

Each row corresponds to a data value and its representation by the model parameters.
The last but one row, for example, describes the accident year 2, development year 1,
value in log-space as the sum of the a2 and b1 parameters. The coefficients of the
other parameters are zero for this data value.
The resulting matrix of parameter coefficients, made up of ones and zeros in this case,
will be referred to as the model design matrix X. It is governed by the model chosen.
Within the class of log-linear models changing the model just involves changing
the design matrix.
The regression takes the ln(Pij) or Yij values as the dependent variable and each of the
columns of the matrix X as the independent variables.
The spreadsheet regression command, which requires a columm for the dependent
values and a range for the independent values (i.e. the design matrix) is then used to
carry out the regression and output the result. It is necessary to specify that the fit is
without a constant and to define a results or output range. This is quite
straightforward in practice and the results are produced almost instantly.
The spreadsheet output in this case will be:
Regression Output:
Constant
Std Err of Y Est
R Squared(Adj,Raw)
No. of Observations
Degrees of Freedom
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0
.0524
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3
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A brief description of this fairly standard spreadsheet regression output will be found
in Appendix 2.
The results can also be obtained by matrix manipulation. An indication of how this
can be done is given in Section D.
The coefficients are the parameter estimates and are in the same order as the columns
of the design matrix.
So the model estimate for a0 is 9.288, for a, it is 9.591 and so on until b3 which is
estimated as -2.647.
The payment pattern can be derived from this output. This is done by exponentiating
the development year parameters bj's, remembering to bring in the b0 which was set to
0, and scaling so that the exponentiated values add up to the required 100%.
A formal proof of this is beyond the scope of this paper and the interested reader is
referred to Verrall's paper (5) "Chain Ladder and Maximum Likelihood". The table
below, and the comparison with the basic chain ladder result, may be sufficient to
satisfy the majority of practitioners.
The following table shows these basic calculations

This is very close to the basic chain ladder derived pattern.

The slight differences arise from the way the parameter estimates are derived. The
same underlying model is assumed in both cases. Unfortunately however a fair
amount of further manipulation is necessary to obtain estimates of ultimate values for
each accident year. These cannot be derived simply from the accident year regression
coefficients.
In order to progress further it is now necessary to go back and consider what
assumptions were made by the spreadsheet in deriving the parameter estimates. This
requires a more detailed consideration of the formal model and in particular the
structure of the assumed error term.
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These aspects are considered in the following section.
D.

Fitting assumptions and error terms

The spreadsheet regression is fitted by least squares. That is by minimizing the sum
of the squares of the error terms eij.
It is usual and convenient to assume that the error values eij are identically and
independently distributed with a normal distribution whose mean is zero and variance
some fixed σ2.
i.e.
In matrix form it can be shown that, under these assumptions, the parameter estimates
are given by

T
where X is the design matrix and X its transpose and Y is the data vector. The
standard errors can also be calculated in matrix form.

These assumptions can be tested by analysis of the residual (error) terms, by plots and
other diagnostic tests. Residual plots are shown and discussed later.
Recalling that the original payments were transformed by taking logarithms the error
normality assumption in log-space implies that the data in the original space are lognormally distributed.
The IID assumption estimates are also the maximum likelihood estimates in this case
and it can be shown that the parameter estimates so obtained are unbiased. Since
maximum likelihood estimates are invariant under transformation Verrall (5) shows in
"Chain Ladder and Maximum Likelihood" how maximum likelihood estimates of
development factors can be obtained by direct substitution.
As the log-normal distribution is skewed with a tail to the right some extreme high
values are to be expected. This is sometimes a feature of incremental claims payment
triangles. The cause is usually a large claim payment in later development periods,
the settlement perhaps of a particularly large claim, when the overall level of
payments is low.
These assumptions are not claimed to be theoretically justified for log-incremental
claims payments. They have an intuitive appeal and are chosen primarily for
convenience. Alternative assumptions, which may well be more generally applicable
to claim payments, can be made and results obtained. These tend to require more
complex computations or iterative procedures which generally necessitate the use of
specially written software.
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Further comments on the error terms are to be found in the final section of this paper
which also includes some suggestions for dealing with negative incremental
payments.
£.

Predicting future payments and their standard errors

In order to derive estimates of the model parameters it was convenient to take
logarithms and work in log-space. To obtain results in the original space it is
necessary to reverse this transformation.
Obtaining the parameter estimates in log-space is relatively straightforward. To revert
back to the original space is not so simple and it is necessary to use the relationships
between the parameters of the log-normal distribution and the underlying normal
distribution.
Again for simplicity the easiest approach is adopted here. This approach is also used
by Zehnwirth and by Renshaw and again the justification can be found in their papers.
These estimates, in the original space, are not necessarily unbiased especially where a
small number of data points are being fitted. Verrall (6) shows how it is possible to
obtain unbiased estimates but the calculations are more complicated.
The estimates to be used here are given by the following
The future values Pij 's are calculated from the estimates obtained in the log-space Yij
as follows

Their standard errors are given by

So the first step is to derive the predicted values and their standard errors in log-space.
The predicted values in log-space are obtained from the estimates of the parameters
produced by the regression.
For example the first future value to be predicted is for accident year 1 development
year 3 and this is given by

To obtain the variance of this, and the other estimates, it is necessary to calculate the
variance-covariance matrix.
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This matrix is given by

where a2 is the model variance (scalar) and depends on the data
Xf is the design matrix of the future values and
XfT is its transpose and
T

-1

(X X) is the model information matrix
with X the design matrix and XT its transpose.
In a spreadsheet a small macro can be written to carry out this calculation. The results
of each stage of this calculation for the simple example above are to be found in
Appendix 1.
Note that changing data values in the original triangle only affects the scalar factor o 2
and so the lengthy matrix calculation only need be done once for a given size model.
The usual practice therefore is to calculate the matrix product

and multiply by the specific data σ2 as necessary.
A library of these matrices could be built up for the models to be used, to cater for
different sizes of triangles for instance, and stored for future use.
The design matrix of future values Xf, following the same format as the original
design matrix, is as follows:
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The matrix

in this case is (see Appendix 1)

The variance-covariance matrix of future values is calculated from the above by just
multiplying through by the model σ2 which in this case is

The variance-covariance matrix is then

Note that these matrices are square and symmetric with each side equal to the number
of future values to be projected. The diagonal elements contain the variances of each
of these values and are in the same order as the future design matrix elements.
To obtain the variances to be used for projecting future values we will follow common
practice and add the model variance (σ2) to the variances calculated above. These two
sources of error are the estimation and statistical errors. These variances recognise
that the parameter coefficients are estimates (and subject to error) as well as the
inherent noise in the process or data. We do not attempt to correct or estimate any
specification or selection errors which may well be equally significant contributors to
a total overall error term. Our final example gives some indications of how projected
values can be affected by the choice of model parameters. For a more detailed
explanation of these types of error the reader is referred to the paper by Taylor (3).
The variances for the future values in log-space are the sum of the variancecovariance matrix values obtained above and the model variance σ2.
So the variance for the first projected value which was estimated above, YI3, is
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The following table shows the various values and their variances and standard errors

We note here that the sum of the variances is 973595 which is a value that will be
used later.
F.

Accident year and overall standard errors

Calculating the variances or standard errors across accident years and in total requires
one further step involving the covariances. The information needed is in the last
matrix above together with the values calculated for Pij. 's and their variances.
The variance of the sum of two values A and B is given by

and this extends to sums of more than two values by including all pairs of
covariances. Note that Cov(A,B) = Cov(B,A).
A justification is given in Renshaw's paper that in the case of log-linear models the
covariances can be calculated in the original space by the following convenient
formula

In practice this can be set up fairly easily in the spreadsheet once the individual values
have been estimated and the variance-covariance matrix computed. It does
nevertheless involve a fair amount of computation. To illustrate the calculation
consider the standard error for the second accident year.
Two values are involved P22 and P 23 , which were estimated as 2681 and 1152.
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Their standard errors obtained above were 211 and 103 respectively. The covariance,
in log-space, for these estimates can be found in the variance-covariance matrix and is
0.00206. So the covariance in the original space is

The required variance of the sum is then given by

So the estimated standard error of the total assumed outstanding claims for this year is
261 or just under 7% of the estimated value of 3833 (2681 + 1152).
This process can be applied to obtain the standard errors for any combination of
values, for instance for each accident year or each payment year and more
interestingly for the overall total reserve estimate.
The total reserve estimate is the sum of all the projected values and so its variance
calculation will include all possible combinations of covariances (of pairs) of values
involved in the calculation. This, surprisingly, makes the spreadsheet calculation
easier as there is no need to exclude or select any values. One simply sums a range.
The calculations are as in the previous example and can be tabulated fairly easily to
produce the following matrix of covariances.

Note that the diagonal elements are left blank as the values here should be the
variances which were estimated previously. The matrix is symmetric, as is to be
expected, and so summing the range produces the sum of covariances of all possible
pairs of values. This sum of all pairs of covariances is 420452.
The sum of the variances of the projected values obtained earlier was 973595 and so
the overall variance, which is the sum of these two values, is 1394047.
The overall standard error, which is the square root of this value, is therefore
estimated as 1181 or just 6% of the overall reserve estimate of 19531. The overall
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error is relatively small in this simple example. In practice, with real data involving
more accident and development years, the percentage errors tend to be higher. The
table below summarizes the results.
Project values and their standard errors:

The chain ladder overall estimate was 19515. The individual values obtained by the
two methods are also close but the chain ladder estimates are point estimates whereas
the regression based estimates are statistical estimates with both a mean and a
standard error estimate.
All the usual information that can be produced from the traditional chain ladder can be
derived from the regression chain ladder including estimates of development factors.
The stochastic approach as shown above can produce additional information, based on
the model assumptions, such as standard errors of parameters and reserve estimates,
that the traditional approach does not. The statistical estimates obtained by the
regression approach also facilitate stability comparisons across companies and classes.
This completes our consideration of the regression chain ladder. The technique does
not require that we have a complete triangle of data and can work with almost any
shape data as long as there are sufficient points from which to obtain estimates of the
parameters.
In the next section a log-linear regression model is fitted which is motivated by the
run-off shape of the data. This model has fewer parameters as the development
parameters are subject to some curve fitting. This is used to project values outside the
original triangle shape, that is a tail is projected. The computation approach is
identical to the above. The only differences are that there are now more data points to
be fitted and the design, and future design matrices are different.
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G.

Identifying and fitting a regression model

1.

Preliminary analysis: Identifying the model.

We will now consider a new data set and attempt to identify and fit an appropriate
log-linear model to this data.
The first stage is a visual examination of the data. As a spreadsheet is being used it is
very easy to plot the values and look at the resulting line charts rather than attempt to
visualize these by looking at the data triangles.
The cumulative claims payments, which are from a UK Motor Non-Comprehensive
account, are as follows:

The graph below shows these figures as line charts.

This is a useful presentation but it is hard to identify from this alone an appropriate
model to use. Part of the problem arises from the fact that cumulative payments are
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clearly not independent. The incremental payments are expected to eventually decline
but it is not easy to see any pattern or trend from this cumulative plot alone.
For these reasons the incremental data are now considered.
The incremental payments are

Even before these values are plotted a more promising trend can be detected across
the development direction. Plotting these values we have:
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Finally taking logarithms (base e) of these values and plotting as before produces the
following line chart:

Looking at the accident year lines the first four or five look fairly bunched together
and the last two (the last one is only a single point) appear to be at a higher level.
From development year one the lines look reasonably straight and to have the same
slope. These observations indicate that incremental payments from development year
1 on are decaying exponentially, as their logarithms appear to lie approximately on a
straight line.
The first model to be fitted is based on these observations and will assume that each
accident year has its own parameter or level. Development year zero will be assumed
to have its own parameter and in line with the observation above the development
parameters from d1 on will be assumed to be linearly related or to lie along a straight
line with some slope to be determined.
This is a start to the modelling process for this data set. The model is not expected to
be the final or best for the data but is being used to illustrate various aspects of the
modelling process. Note in particular that the plotted log-incremental data has been
used to identify an appropriate model to start the process.
The techniques here can be applied in exactly the same way to more complex
situations. As an example a different decay rate can be assumed for each accident
year if the plot indicates that there is support for such a hypothesis. The model will
then be very similar to the one described by Ajne in the second article of this volume.
The only difference, apart from the decay rates, is that he fits the first two
development periods before curve fitting whereas the example here curve fits from
development one as this appears to be supported by the data.
The use of spreadsheets with their comprehensive graphics capabilities enables the
modeller to carry out the initial stages of the data analysis phase very quickly as the
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above charts illustrate. Graphical presentation can also enhance reserving reports to
management who may be less actuarially inclined than the writers of such reports.
H.

Defining the model

The first model as identified above will now be defined more formally. There is a
unique level for each accident year and a unique value for the zero development
period. The parameters for development periods 1 to 6 are assumed to follow some
linear relationship (straight line) with the same slope or parameter s.
Using the terminology developed earlier we have
for i, j from 0 to 6
where

for.

and eij is the error term assumed iid normal with zero mean.
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Following the previous example, the spreadsheet table and design matrix are as shown
below.
Table 1: Regression Table for the Full Parameter Model

The regression output for this model is given below. For ease of reference two extra
lines have been inserted in this output. Firstly the parameter labels are shown above
the parameter coefficient estimates and secondly the T-Ratios are shown.
Regression output:
Constant
Std Err of Y Est
R squared(Adj,Raw)
No. of Observations
Degrees of Freedom
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The development parameters, d and s are significantly different from zero as their TRatios (parameter estimate divided by its standard error estimate) are -4.2 and -23.5
respectively which are well outside the usual 95% confidence interval (critical) range
of -2 to 2.
The accident year parameters are also all significantly different from zero, as they
surely have to be with this model's assumptions (all accident year levels are
significantly above zero), but they do look close to one another. In order to test
whether these are distinct it is necessary to redefine the model by dropping the a0
parameter and replacing it with a constant. The only change to the design matrix is
that the first column is now made up of ones.
The regression output of the redefined model is almost identical:
Regression Output:
Constant
Std Err of Y Est
R Squared (Adj,Raw)
No. Of Observations
Degrees of Freedom

.9762

0
.1139
.9832
28
19

The output clearly shows a much better definition of the same model as it identifies
that the accident years 1,2,3 and 4 parameters are not significantly different from zero
or, in comparison to the previous definition, significantly different from the zero'th
accident year parameter which has now become the constant level value k. Based on
this definition the model parameters for accident years 0,1,2,3 and 4 can be set to zero
and be effectively estimated by a new common value k. This new constant of the
reduced parameter model should now be an average value for the five accident years
whose individual parameters have been dropped from the model.
A theoretically more appealing approach for inducing a partition in the accident year
parameters, based on the multicomparison t-criterion test, can be found in Renshaw
(2).
Setting a0 to a4 to zero reduces the model parameters to just the five parameters k, a5
a6, d and s which we expect to be significant.
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The design matrix is now simpler as can be seen from Table 2 below.
Table 2: Regression Table for the Reduced Parameter Model

The regression output for this reduced parameter model is
Regression Output:
Constant
Std Err of Y Est
R Squared(Ajd,Raw)
No. of Observations
Degrees of Freedom
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As expected the constant has now changed as it is an average value for the first five
accident years. The other parameters have also changed slightly.
All the parameters are now significantly different from zero, with t-ratios exceeding
absolute 2, as expected. The quality of fit is still good and the number of parameters
has been reduced from nine to five. The model looks reasonable enough to warrant
further investigation.
The next section considers some basic testing using residual analysis plots of the first
(all parameter) model and this reduced parameter model.
Projections from both these models will be calculated and compared after this
analysis.
I.

Testing the models by residual analysis plots

The parameter estimates from the regressions can now be used to calculate the model
estimates, in log-space, which can then be compared with the observed values in logspace. It is usual to use standardized residuals, defined as the difference between
observed and fitted values divided by the model standard error, and considering these
in graphical form. Under the IID assumptions used to derive the model estimates
these residuals should exhibit a fair degree of randomness.
Testing now turns to the analysis of these standardized residuals. In practice these are
plotted against development, accident and payment year and also against the fitted
values. Working in a spreadsheet makes this process very easy as each chart can be
defined as an X-Y chart with Y the standardized residuals and X the other variable in
turn.
Table 3 below shows the actual values, their logarithms and the model fitted values in
log-space for the full parameter model as defined in Table 1. The residuals are just
the differences between the observed and fitted values in log-space and the
standardized residuals are the residuals divided by the model standard error, which
was .1139 for this model.
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Table 3: Residuals Table for the Full Parameter Model.

To produce the residual plots in X-Y chart form the standardized residuals column is
defined as the Y-variate and the first three columns in turn as the X-variate for the
accident year, development year and payment year plots. For the final plot the fitted
values column is picked instead.
The various residual plots from this model are shown below in Charts 4 to 7.
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The residuals for the Reduced Parameter Model, which is defined in Table 2 (common
level value for the first five accident years), are shown in Table 4 below.
Table 4: Residuals Table for the Reduced Parameter Model.
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The various residual plots from this model are shown below in Charts 8 to 11.
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This reduced parameter model has a standardized residual for accident year 2,
development period 4, of 2.431 as the maximum (absolute) standardized residual
value. The full parameter model had a lowest standardized residual of -1.943 (i=2,
j=2). The second model has a slightly smaller standard error of .1119 compared to the
.1139 of the full parameter model. There is however little difference overall between
these models detectable from the above tables. Both seem to fit the data fairly well.
The next stage is to consider these residuals in graphic form to examine whether any
unmodelled trends are detectable.
In all these residual plots, according to the model error assumptions, we expect a set
of fairly random points bounded in about 95% of cases within the -2 to 2 range.
As Table 3 and Table 4 above indicate, all the standardized residuals for the full
parameter model are just in this range (Table 3) with just one value outside the range
in the case of the reduced parameter model (Table 4). Values outside this range will
sometimes occur and often identify outliers that may warrant further investigation.
The development year plots (Charts 4 and 8) will generally be the most interesting
and particularly where, as in these cases, it has been assumed that there is some
relationship connecting the development parameters. A particular feature worth
looking out for in these plots is any tendency for the residuals to spread or fan out
with development. This is not too noticeable in these examples. Note however that
the residuals for development periods 4 to 6 in both cases do not appear very random.
There are however only a few values involved and these may well be impacted by the
outlier identified earlier (i=2, j=4). We have used a very simple shape to describe the
run-off from development period 1 and these residual plots are quite reasonable in the
circumstances.
The accident year residual plots are shown in Chart 5 for the full parameter model and
in Chart 9 for the reduced model. Considering the former first, as each accident year
has its own parameter in this model, the plot should be boringly predictable with the
residuals balanced about the zero horizontal. Chart 5 shows this quite clearly.
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The reduced model accident year residuals, Chart 9, look very similar although here
the first five accident years have effectively been fitted by a single parameter. The
only visible differences are the accident 4 residuals which are all greater than zero. In
a fuller analysis this parameter should be added back to the reduced model and tested
for significance. It is possible that it may become more significant if measured
against the average for accident years 0 to 3 although this turns out not to be the case
in this instance.
In both cases the accident year residuals appear to get closer to the zero horizontal
line, with increasing accident year, resulting in the left half of both charts diverging
from this line. This is due, at least in part, to over-parameterisation. In the extreme
right, for example, as only one point is fitted and with its own parameter a perfect fit
is obtained and the residual has to be zero. For accident year 5 two points are fitted
and so the accident year parameter is again effective in ensuring a close fit. The
values in these late accident years are also relatively large, as they are from earlier
development periods when payments tend to be higher, and they may be relatively
more stable. This is considered later.
The payment year residuals (Charts 6 and 10) can be interesting but more difficult to
interpret. Inflationary forces are expected to operate along this direction but as
accident year levels have been assumed independent this may mask any such
influences. The plots for both models look very similar, which is not very surprising,
as neither model considers this direction in its definition. Both these charts appear to
show a definite non-random shape for the early payment years and this would warrant
further investigation. Changes in claims inflation rates during the period concerned,
which are not incorporated in the model, may well be the cause. This is not pursued
here. The regression analysis at least identifies areas that would warrant further
investigation in practice.
It was indicated earlier that higher values, generally in earlier development periods,
may be relatively more stable than later, generally lower, values. This can be tested
by plotting residuals against fitted values as is shown in Charts 7 and 11. In both
these charts the last few residuals on the extreme right look close to the horizontal
zero line but these points are the same points identified earlier as the last two or three
accident year values. The residuals show a tendency to increase (in absolute terms) as
values decrease. This effect, generally known as heteroscedasticity, is also detectable
from the development year plots as incremental payments eventually decrease with
development. No attempt is made here to overcome any heteroscedasticity.
The error term normality assumption can also be tested more formally within the
spreadsheet if required. It is possible for instance to use the Data Distribution
command to calculate and tabulate a frequency distribution of the residuals and
compare values in this table with preset values calculated from the standard normal
distribution.
The residual analysis indicates that these models have some weakness along the
payment year direction and there are sufficient reasons to doubt some of the model
assumptions. A full analysis would follow these up. In particular some inflation
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adjustment should be made to the data and the modelling process repeated to see
whether this adjustment removes the non-random look of these residuals along the
payment year direction. However for the time being it will be assumed that both these
models are satisfactory and the regression results will be used in the next section to
project the future payments and their standard errors from these two models.
A later section will consider a model with inflation and claim volume adjustment to
see if a better model can be found.
J.

Using the models to project future payments and standard errors

When the basic chain ladder model with independent development parameters is fitted
it is not possible to extend the projections beyond the latest development contained in
the triangle without resorting to some form of external curve fitting of development
factors such as the Sherman inverse power curve for example.
In these examples as a curve (straight line) has been fitted to the development
parameters it is possible to extend the model projections to development periods
beyond those contained in the data triangle.
The model has a natural stop as the payments are decaying exponentially and so
become small relatively quickly. So we could simply sum the implied geometric
series or take the values to some development period beyond which we would expect
no more payments in practice.
In what follows it is assumed that there are no payments beyond development 12, as
this is sufficient for purposes of illustration and cuts down the values to be projected.
In practice this will need to be decided on the merits of each case and knowledge of
the likely run-off period of the particular class being investigated.
The data triangle contained 28 values and our completed rectangle has a total of 91
data points (7×13). There are therefore 63 individual payments and their standard
errors to calculate.
The design and future design matrices are first produced and these are used to produce
the variance-covariance matrix of the future values. This is now a 63 × 63 matrix and
should be within the capability of a reasonable spreadsheet. Both Lotus 123 Version
2.2 and SuperCalc5 Version 5.0 can handle square matrices of around 89 × 89.
For producing the future values and their associated (individual) standard errors only
the diagonal elements of this matrix are needed. The calculations from here are fairly
simple and are shown in the Tables 5 and 7 below. These tables are set in the way one
would normally produce them in a spreadsheet. The values are arranged by accident
year first, as this is how the future design matrix was set out. The accident year order
was adopted here as this order facilitates the computation of the accident year standard
errors.
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The second table in each set (Tables 6 and 8) show the projected values and standard
errors in a more traditional format and also include accident year and overall totals for
both values and standard errors. These calculations are also set out in the spreadsheet
as explained in Section F. In view of the size of the matrices involved they have not
been shown here.
The various matrix products needed to calculate the variance-covariance matrix (as set
out in Appendix 1 for the earlier chain ladder example) took under two minutes on a
12MHz PC fitted with a maths co-processor.
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Table 5: Projection for the Full Parameter Model: Part a
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Table 5: Projection for the Full Parameter Model: Part b

Table 6: Projected values and Standard Errors.
Full Parameter Model.
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Table 7: Projection for the Reduced Parameter Model: Part a
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Table 7: Projection for the Reduced Parameter Model: Part b

Table 8: Projected values and Standard Errors
Reduced Parameter Model.
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K.

Overall standard error and accident year standard errors

The calculations necessary to produce the accident year and overall standard errors
shown in Tables 6 and 8 above are a repeat of those shown in Section G. The only
complication is that in the above cases there are more values to project (63 rather than
6) so there is a lot more to calculate.
The results are very close. The full model produces estimated future payments of
34377 with a standard error of 2742 or 7.98%. The reduced parameter model
produces estimated future payments of 33847 with a standard error of 2545 or 7.52%.
The two estimated values are not significantly different but the second model has a
proportionately smaller standard error. This is purely due to the smaller number of
parameters used in defining this model. The second model may therefore be
considered to have the slight advantage over the first.
The closeness of these results is not particularly surprising as the two models are very
similar. Most of the future payments relate to the last two accident years and here
both models have assumed these years to have independent levels (just like the chain
ladder model) and so any smoothing from the reduced parameter model affects only
the earliest accident years where the projected future payment values are not so large.
In fact assumptions about the most recent accident years are crucial to any reserve
analysis. The base data used in this example is unadjusted for inflation and claim
volume and the levels for the various accident years are not normally expected to be
as close as those of the first five accident years above.
The next section will consider modelling the inflation and volume adjusted data.
L.

Adjusting for inflation and claim volumes

It is possible to reduce the model parameters further by using an inflation index to
bring all payments to current value and a claims volume adjustment or weight for each
accident year so as to normalize these payments.
The claim volume values to be used in this example are based on the number of
claims reported by the end of the first development period. They are scaled for
convenience.

An earnings index for the relavant period will be used in this case to bring payment
values to payment year 6 (the latest payment year) values. In practice case is needed
to ensure that the index used is the most appropriate index for the class of claims
under investigation.
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The inflation adjusted, volume normalized incremental payments (shown in integer
format but calculated and used to many decimal places) are now as follows:

Even before any further analysis is carried out it is clear from this triangle that there is
a fair amount of consistency and stability in the adjusted data.
Plotting the log-incremental adjusted data, as can be seen from Chart 12 below,
appears to confirm this observation. The various lines, each representing an accident
year, look closely grouped together for at least the first couple of development
periods.

The chart indicates that accident year effects may have been reduced or eliminated
and the first test will be to confirm whether this is the case. As the shape of these
lines is as before the same assumptions will be made in modelling the shape.
The design matrix is initially exactly as in the previous example which assumed
accident years 1 to 6 as independent variates and had an independent first
development level (d) and then a linear trend with common slope s.
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The regression output using the adjusted values and including the extra two lines as
before is:
Regression Output: Full Parameter Model.
Constant
0
Std Err of Y Est
.1153
R Squared(Adj,Raw) 0.9788 .9851
No. of Observations
28
Degrees of Freedom
19

Accident year 3 turns out to be the only one whose parameter has a T-ratio whose
absolute value exceeds 2 and may be considered significant.
So the next stage is to eliminate all the accident years with T-Ratios less than absolute
2 and refit. There are now four parameters namely
k

a3

d and s

The regression output of this model is:
Regression Output:
Constant
StdErrofYEst
R Squared(Adj,Raw)
No. Of Observations
Degrees of Freedom

.9787
28
24

0
.1157
.9810

The parameters of this model can still be reduced as the accident year three parameter
is now not significant. What has happened is that it is now being measured against
the "average" of all the other accident year levels rather than just the first accident
year level and this has been sufficient to make this last accident year parameter close
enough to the average value. Care needs to be taken to ensure that none of the other
parameters have become significant in the new model.
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So this remaining accident year parameter will be dropped, leaving only three
parameters, one for the common level k, and the two shape parameters d and s.
The regression output of this three parameter model is:
Regression Output:
Constant
Std Err of Y Est
R Squared(Adj,Raw)
No. Of Observations
Degrees of Freedom

.9779

0
.1179
.9795
28
25

This is an interesting stage. There are now only three parameters and all are
significant. The model has a high R-squared value and appears to describe the data
reasonably well. It is now tempting to use this model to project future payments.
The process is as before with the minor irritation of scaling the estimated values for
claim volumes and using some future inflation index to take the projected payments to
final values. The inflation rate to be used here is 7.5% p.a. which is chosen as it is
close to the average annual historic rate implied by the index used to adjust the
historic payments and will facilitate the comparison of the results. In practice a more
appropriate prospective rate or rates will normally be utilized and a number of these
used to obtain estimates.
Table 10 below shows the results derived from the full parameter model and inflation
at 7.5% p.a.
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Table 10: Projected values and Standard Errors.
Full Parameter Model with inflation at 7.5%

The results are very close to those obtained earlier (Table 6) from the almost identical
model without explicit inflation assumptions.
Increasing the inflation rate to 8.5% p.a. increases the overall estimate to 35210 with a
standard error of 2858. So the one percentage change in the assumed future inflation
rate impacts the estimated future payments by 2.6%.
Turning now to the reduced parameter model, that is the three parameter model with
no accident year effects apart from the common level we obtain the following results
assuming future inflation at 7.5% p.a.
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Table 11: Projected values and Standard Errors.
Reduced Parameter Model with inflation at 7.5%.

The results now look, and are, different. The overall estimate is significantly up on
the previous estimates and the standard error is much reduced. The reduction in the
overall standard error is due to the smaller number of parameters left in the reduced
model and reflects the increased degree of smoothing that this parameter reduction has
produced.
The increase in the overall projection, at just under 11%, is however too high to be
explained by the derived standard errors. The main contributor can be clearly
identified from the tables as the last accident year. This is not too surprising with
hindsight. There is only a single data point from which to project. If it is assumed, as
in the first case, that each year has an independent level then this point alone
determines the level of the last accident year. The accident year residual plot for the
latter model (Chart 14) shows the standardized residual for accident year 6 at around
- 1 . Although this will not generally be considered statistically significant its impact,
in a reserving context, has become significant.
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Assuming a common level (in the adjusted figures) substantially reduces the influence
of this last data point on its accident year estimate of future payments. As the
adjusted triangle figures show, the one and only value for this last accident year is
substantially below the corresponding values of the prior years. Using the same
average value for all accident years gives the last accident year an average value
which is now just under 16% higher than the value estimated from its own single data
point.
Putting the last accident year back into the model will produce results which will
broadly match the full model overall estimate but with a reduced standard error.
These are shown below.
Table 12: Projected values and Standard Errors.
Reduced Parameter Model with Acc Yr 6, inflation at 7.5%.
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(NOTE HERE THE RESIDUAL FOR ACC YR 6)
(IT RESULTS IN A 7.3% INCREASE IN THE OVERALL ESTIMATE)
Both these models are reasonable. They fit the data well and the standard errors are
quite small. The results are quite different and these differences are clearly not
explained by the standard errors, and are primarily due to the choice of parameters.
As we know little about the underlying account it will be very difficult to choose
between these models. In practice additional information, and informed views, will
need to be sought to assist in this choice. This can then be used directly in deciding
which parameters are to be left in the model.
A theoretically more appealing approach is to use some form of external or prior
distribution and estimate in a Bayesian framework. This is explained in more detail
by Verrall (6). It is possible to carry out the necessary calculations in the spreadsheet
but more computation is necessary. The Bayesian approach combines formal
statistical theory and informed prior estimates (knowledge and expertise!) and would
appear to represent almost an ideal combination of theory and practice for reserving
work. In practice more work is necessary in order to understand how sensitive the
results are to these prior estimates, especially as these are made in log-space which,
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while convenient, are nevertheless somewhat alien from the immediate everyday
experience of practitioners.
M.

Final comments

This section will briefly consider some other aspects of these models which were
deliberately avoided in earlier sections as the main emphasis has been a practical
rather than a theoretical one.
a.

Standard errors of reserve estimates

In practice, and as an approximation, as long as a sufficiently large number of future
values are being projected it may be assumed that the distribution of the overall
estimate obtained is normal with mean and standard error as calculated above.
That is we can use normal probability tables to establish approximate confidence
intervals around the model reserve estimate. In the last example shown in Table 12
above for instance and under the conditions of the model, we have (approximately) a
95% probability that the required reserve will be less than 40194 ( 35902 + 1.645 x
2609). Recall however that the error estimate may be incomplete and future inflation
is assumed fixed reducing the possible error further.
In practice the specific variability of a particular class reserve estimate may be less
important to management than the variability of the overall company claims reserve
Balance Sheet figure.
The individual class standard errors may be used to obtain estimates of this overall
variability. For example if mutual independence of reserve estimates by class is
assumed the overall variance may be obtained as the sum of the individual variances.
Under these circumstances the percentage error in the overall reserves can drop to low
figures.
Much work remains to be done in this area. At least these methods provide a start
point to such considerations.
There will clearly be other factors, not incorporated into the model, that in practice
will add to the error terms. There was no attempt to explicitly adjust for inflation in
the first examples although the models incorporated an implicit assumption which is
then implicitly projected into the future.
In the later examples values were adjusted for past inflation, using an index that may
or may not have been the most appropriate, and projected values calculated using an
assumed future rate of inflation, or more correctly claims cost escalation. The
examples assumed a future rate which was based on the average past inflation used in
adjusting the data.
Relatively small changes in these assumed future rates can lead to relatively large
changes to the overall projected values. These models can be used to produce a series
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of results, with varying future claims escalation assumptions, from which it may be
possible to derive a measure of the additional variability that may arise from this
source.
These models do not attempt to allow for changes in the speed of settlement of claims.
Payment developments may appear stable due to a combination of accelerating costs
counteracted by a slowdown in settlements. Clearly under such circumstances
estimates from a regression model on log-incremental payments, or a chain ladder
projection based on cumulative payments, are likely to produce estimates which may
be seriously biased.
Finally there will generally be a lot more information available to management than
that used in fitting any statistical model. It is just possible that a combination of
statistical derived estimates with informed estimates based on specific and detailed
knowledge of the particular business, its environment and claims, may produce final
estimates that have reduced variability. This will be however difficult to prove.
b.

Negative values in incremental data sets

One particular problem with log-linear models is the occasional negative value in the
original space.
Negative values occur in practice especially in net of reinsurance incremental
payments and in classes of business subject to large subrogation or salvage recoveries.
Various alternative approaches are available to the modeller to deal with negative
values in practice. One approach, adopted in a commercial package (ICRFS), is to
add a sufficiently large constant to all the incremental values, so that they all become
positive, before the logarithmic transformation and an adjustment made in the
projected values.
An alternative approach, that may be acceptable in practice, is to shift payments from
one period to an adjacent one so as to eliminate a negative value. This may be
justified if it is known, or suspected, that the negative value is the result of some serial
correlation, for example when preceded by a relatively large value. Another
possibility, which may be tried where the negative value is small is to ignore the value
totally or to set it to some small positive value such as 1 (loge 1=0).
No particular approach is recommended here as ideal for dealing with negative values.
In practice the reason for such negative values has to be investigated and this process
often helps identify an appropriate approach to deal with the problem. Clearly one
should not ignore a genuine feature of the data for the sake of convenience.
c.

Parsimony

The chain ladder model is sometimes considered overparameterised as it involves a
parameter for each accident year and each development period. Too many parameters
can lead to model instability. Increasing the number of explanatory variables
improves the quality of the fitted data but such slavish adherence to the data often
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results in unstable projections. At the extreme one can always obtain a perfect fit by
including enough parameters in the model. Such a model fails to achieve any
smoothing of the data and will be very poor for prediction purposes. Parsimonious
models, that is with fewer parameters are to be preferred for this reason. This is
explained in more detail in the first article in this Volume of the Manual.
d.

Serial Correlation and Heteroscedasticity

The triangular shaped incremental payments data tend to decrease as the development
years increase and there is usually some serial correlation present in these payments
for a particular accident year. Such correlation may occur when a low payment
period, due to administrative problems for example, is followed by a catching up high
payment period or vice versa. On net paid claims data this may happen when a gross
payment is made in one period with the incoming associated reinsurance processed
during the following period.
The decline in values in the development direction tends to result in the residuals
increasing with development period. This characteristic is an example of
heteroscedasticity. In effect the IID assumption implies that the error terms in the
original space are subject to the same percentage variation irrespective of their
absolute values. Experience with payments triangles indicates that as payments
diminish in the tail the percentage variation of these payments tends to be much
higher than that seen in the first few development periods when a greater volume of
payments is usually being made. This may be more pronounced in net rather than
gross payments.
Methods to overcome this are being developed. One approach followed by Zehnwirth
in the ICRFS package (Interactive Claims Reserving and Forecasting System) is to
use weights. Alternative error assumptions, which may well turn out to be more
appropriate, are being investigated by others. The main disadvantage of these
approaches is the difficulty of obtaining the parameter estimates compared to the
comparatively easy spreadsheet regression approach.
e.

The Hoerl run-off curves

A particularly useful family of curves for run-off patterns is the Gamma family
defined by

Each curve has a level parameter Kj and two shape parameters b and a the latter being
an exponential. They have the immediate advantage of becoming linear in log-space
and can be fitted simply by multiple regression using the techniques of this article.
These curves form the start point in the ICRFS package.
As the example above illustrated these curves do not always produce good fits for all
development periods. They can be particularly poor in fitting the first few
development periods which clearly have a significant influence on the reserves

09/97

D5.46

REGRESSION MODELS BASED ON LOG-INCREMENTAL PAYMENTS

projected for the most recent accident years where a substantial amount of the overall
reserve is generally to be found.
It is possible to use the simple techniques outlined in this article to fit "mixed" models
where some shape is fitted for later development periods and independent parameters
fitted for the earlier periods. The example above fitted an independent first
development parameter and an exponential decay curve thereafter. Any shape that
can be expressed linearly (in log-space) can be tried even if in practice restrictions in
"allowable" shapes will inevitably be necessary to keep any package to reasonable
size.
f.

Conclusion

Regression techniques are now beginning to dominate developments in claims
reserving methodology. The formal approach adopted, whether utilizing maximum
likelihood and IID normal errors or any other error model, at least enables the
modeller to test the reasonableness of the assumptions. The model testing phase itself
can often reveal interesting aspects of the data which may not be immediately obvious
from looking at the cumulative payments.
These models can be very useful for inter-company comparisons and for comparing
the stability of run-off triangles. Some results along these lines are to be found in
Section E of the Claims Run-Off Patterns Working Party report presented to the 1989
GISG (General Insurance Study Group) Conference in Brighton.
This article is intended to give a practical introduction to these techniques and does
not claim any original theoretical developments. The writer is particularly grateful to
Arthur Renshaw and Richard Verrall of City University for their invaluable and
patient explanations on this subject. The hope is that other practitioners can now
begin to benefit by experimenting with these techniques.
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Appendix 1
Matrix calculations for the formal chain ladder example
Design matrix X

Design matrix X transposed XT

Product of XTX
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Inverse of

i.e.

Future design

Transpose of Future Design Matrix

Product of Future Design Xf and Inverse of
i.e
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Final product

and

i.e.

And finally the data specific Var-Cov matrix is derived from the above values by
multiplying by σ2.
So the first entry is 1.66667 × .05242 = .00457 etc.
The Variance-Covariance matrix in this case is then

Appendix 2
Spreadsheet Regression Output tables
The raw spreadsheet regression output table for the first example (4×4 chain
ladder) was
Regression Output:
Constant
Std Err of Y Est
R Squared(Ajd,Raw)
No. of Observations
Degrees of Freedom

0
.05238
.99758 .99919
10
3

This is very typical of all the spreadsheet regression output.

09/97

D5.51

PAPERS OF MORE ADVANCED METHODS
A brief description of this output is given below:
a)

Constant (=0)

The spreadsheet regression command usually has an option of either fitting
through the origin or calculating a constant. In the case above the model was
fitted through the origin so the constant calculated is zero. In the models
described in the article a parameter is used in place of this constant as this
makes the analysis more convenient. The calculated values will be the same
but in the latter case the regression shows the standard error associated with this
constant.
b)

Std Err of Y Est (0.0524)

This is the estimated standard error of the residuals. It is the square root of the
estimated model variance σ2.
It is in other words the estimate of the standard deviation of the assumed
underlying normal error term.
This value plays a very significant role in the estimates of future values and
their standard errors.
c)

R Squared (Adj, Raw) (0.9976 0.9992)

This is a statistic ranging from 0 to 1 which indicates how much variation in the
data is explained by the model. The closer to 1, the more variation explained
by the model. The difference in the two values is from a correction for the
degrees of freedom.
In crude terms it indicates that the model explains 99.76% of the values, in the
log-space.
d) No of Observations (10)
The 4 by 4 triangle contained ten values all of which were used in the fitting
process.
e)

Degrees of Freedom (3)

The model assumed 7 independent parameters (including the constant) and
used 10 observations to estimate these. The difference, ( 10-7), is the number
of degrees of freedom.
Note that in this case there are a lot of parameters in relation to the number of
data values in the triangle. This tends to produce a high quality of fit, i.e. a
high R2 but forced adherence to the actual data by incorporating many
parameters in the model can lead to a model with poor predictive qualities.
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f)

Coefficient(s) (9.288 9.591 etc.)

These values are the estimates of the model parameter values. They appear in
the order defined by the Design Matrix one for each independent variable.
Least squares are being used to calculate these values and the solution is given
by
where Y is the vector of data values.
g) Std. Err of Coef. (0.0400 0.0400 etc..)
These are the estimated standard errors of the coefficient estimates. They are
the square roots of the diagonal elements of the variance-co variance matrix of
the coefficients

Changing values in the data triangle does not affect the design matrix X and
only changes the scalar element or a2.
So different data sets result in standard errors of the model coefficients which
differ only by a constant factor which is equal to the ratio of the data specific
model standard errors or a's.
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