
Modelling non-proportional hazards: 

time-dependent coefficients,   

parametric ñdouble Coxò regression 

and Landmark analysis

The óUse of Big Health and Actuarial Data for understanding 

Longevity and Morbidity Risksô research programme is being 

funded by the Actuarial Research Centre.

www.actuaries.org.uk/arc30/10/2019

Elena Kulinskaya
School of Computing Sciences, 

University of East Anglia

‎‎



www.actuaries.org.uk/arc



What if the proportional hazards assumption 

is not met?

ÅFor a Cox model ‘ὸ‍ȟὤ ‘ ὸÅØÐὤɬ‍ we discussed two 

ways to cope with non-proportionality:

ÅStratify the analysis on violating variable: ‘ ὸȿ‍ȟὤ ‘ ὸὩ

- baseline hazards vary by strata s;

- Here we add an option of modelling shape of baseline hazards

ÅInclude time-varying effects: ‘ὸȟȿ‍ȟὤ ‘ ὸὩ

- Coefficients ‍ὸ are continuous functions of time

ÅUse landmark analysis
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Parametric ñDouble-Coxò regression

Components:

Å A baseline hazard function 
(which changes over time).

Å The risk factors Z have a log-
linear contribution to the 
force of mortality which does 
not depend on time t. 

The Cox parametric regression model 

Weibull or Gompertz baseline hazard function 
with scale ʇÁÎÄshape k.  Shape k is modelled 
as k=k(Z). 

‘ὸȿὤ ‘ ὸȿὤ ÅØÐὤɬ‍

Baseline hazard 
function

‍ is a vector of unknown 
parameters for scale and 
Z is a vector of covariates 

‘ ὸȿὤ
Ὧὤ

ʇ

ὸ

ʇ
‘ ὸȿὤ ʇÅØÐὯὤὸ

Additional regression 
model to allow varying 
shape  depending on  
covariates
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Cox model with shared frailty

Proportional hazards model with frailty:

ὸȿὟȟὤ πὸὟὩ ,

For mathematical convenience, it is frequently assumed that frailty U

is gamma-distributed with mean 1 and unknown variance ůȡ

Ὗ~ Gamma(ů ,ů ).

The frailty variance ů characterizes heterogeneity in the population.

Shared frailty assumption:

All patients from the same unit /clients from the same company are in the 

same cluster Ὦ, Ὦ=1,é,ὐand share the same frailty Ὗj.  
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ñDouble-Coxò model with shared frailty

ÅStandard shared frailty Cox model : ὸȿὟȟὤ πὸὟὩ ;

ÅBaseline hazard πὸ= πὸȠ‗,Ὧ;

ÅCox-like  parameterization for the shape of the baseline hazard function:                

k(Z)=ὯπὩ ;

ÅFrailty U ~ Gamma with mean 1 and variance ů.

ÅIf needed, competing risks can be introduced through correlated shared frailty 

components.

Find MLE of the vector of unknown parameters ɗ=(‗, Ὧπ, ů,ɼ,ɼk).

This model was introduced in [1] for analysis of time to revision/

time to death after hip replacement.
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Different shapes of cumulative hazards for  

revision surgery after hip replacement
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