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Coherent mortality forecasting: the weighted multilevel 

functional principal component approach 

ÅTraditional independent mortality forecasting methods (Lee-Miller model, 

FDA model) tend to result in divergent forecasts for subpopulations 

 

ÅUnder closely related social, economic and biological backgrounds, 

mortality patterns of subpopulations within one large population are 

expected to be non-divergent in long run 

 

ÅDesirable to model their mortality rates simultaneously while taking into 

account the heterogeneity among them 
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Multilevel FPCA 

 
ÅIn practice, sometimes a set of functional data comprise a number of 

subsets with strong correlations 

ÅA two-way functional ANOVA model:  

ὣȟὼ ‘ὼ – ὼ ὤ ὼ ὡȟὼ 

ÅUsing the Karhunen-Loève (KL) expansion: 

ὤὼ В ‍ȟ‰ ὼ, ὡȟὼ В‎ȟȟ‰ ὼ 

ÅModel expressed as: 

ὣȟὼ ‘ὼ – ὼ ‍ȟ‰ ὼ ‎ȟȟ‰ ὼ 

Å ‰ ὼȡὯ ρȟςȟȣ , ‰ ὼȡὰ ρȟςȟȣ  orthonormal bases, ‍ȟȡὯ

ρȟςȟȣ  uncorrelated with ‎ȟȟȡὰ ρȟςȟȣ  
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Estimate the principal components 

Ɇὑ ὼȟὼ Вȟ ὣȟὼ ‘Ƕὼ – ὼ ὣȟὼ ‘Ƕὼ – ὼ  

Ɇὑ ὼȟὼ ВВ ὣȟ ὼ ‘Ƕὼ – ὼ ὣȟ ὼ ‘Ƕὼ – ὼ  

Ɇὑ ὼȟὼ  ὑ ὼȟὼ  ὑ ὼȟὼ  

 

ÅDecompose ὑ ὼȟὼ  to obtain ‗ ȟ‰ ὼ 

ÅDecompose ὑ ὼȟὼ  to obtain ‗ ȟ‰ ὼ 
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Weighted MFPCA for coherent mortality forecasting 

ÅObserved ὼȟώȟὼ , assume a underlying function Ὢȟὼ with error: 

ώȟὼ Ὢȟὼ „ȟὼὩȟȟ 

ÅIncorporate weight into MFPCA, ύ ‖ρ ‖ , a geometrically decaying 

weight with π  ‖ ρ 

ÅThe entire weighted MFPCA model: 

ώȟὼ ‘ ὼ ‍ȟ‰ ὼ ‎ȟȟ‰ ὼ „ȟὼὩȟȟ 

ÅIndependent possibly non-stationary ARIMA models to extrapolate each of 

‍ȟȟȣȟ‍ȟ ; a univariate ARMA model with stationary restriction to 

extrapolate each of ‎ȟȟȟȣȟ‎ȟȟ ȟὮ ρȟȣά 
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Weighted MFPCA for coherent mortality forecasting 

Ɇ‍ ȟ denote the h-step ahead forecast of ‍ ȟ and ‎ ȟȟ denote the h-

step ahead forecast of ‎ ȟȟ 

ÅThe h-step ahead forecast of ώȟὼ is obtained as: 

ώ ȟὼ  ‘Ƕὼ  ‍ ȟ‰ ὼ ‎ ȟȟ‰ ὼ 

ÅThe forecasting variance can be obtained by adding up the variance of each 

component: 

ὺὥὶώ ȟὼ „ ὼ ό ȟ ‰ ὼ ὺ ȟȟ‰ ὼ „ ȟὼ  
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Coherent forecasting for the male and female mortality in 

the UK 

 

ÅThe smoothed log death rates for male and female in the UK from 1950 to 

2010, viewed as functional data series 
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Coherent forecasting for the male and female mortality in 

the UK 

ÅLevel-one decomposition: 
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Coherent forecasting for the male and female mortality in 

the UK 
ÅLevel-two decomposition: 
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