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On the Valuation of Staff Pension Funds. By HENRY WILLIAM

MANLY., Actuary of The Equitable Life Assurance Society,
and Ex-President of the Institute of Actuaries. With
Tables by ERNEST CHARLES THOMAS, of The Gresham Life
Assurance Company, Fellow of the Institute of Actuaries,
and JOHN NORMAN LEWIS, of The London Assurance
Corporation, Fellow of the Institute of Actuaries.

(Continued from vol. xxxvi, page 276.)

ADDITIONS AND ALTERATIONS.

ON reading over my paper after it was published, I did not feel
quite satisfied as to the accuracy of my approximate formula,
given on page 235, for the adjustment of in respect of the
excess of contributions included in the Table as constructed, so I
have had the values of and calculated. The
constant summation of these columns, namely,
and will give the columnar values to be used for making-
accurate adjustments. These latter values, divided by are
the present values of a full year's salary at the end of the year of
death, withdrawal, or resignation, equated to a salary of 1 at x;
and the columns and will therefore be
appropriately represented by the symbols and
respectively. These may, on some occasion, be found useful for
other purposes; such as when one year's salary is given on death
or retirement in lieu of other compensation.

When the correct values are substituted for those used in
Section XI of the Valuation Schedule on page 248 (see page 196),
it will be seen that a closer approximation would have been

which does not differ much from my estimate on page 235.
Another alteration which I have seen reason to make is more

important, and affects Problems I I I A , XB and X I B . In those
problems (pages 221, 238 and 239), I have assumed that the
annuity commences at the end of the year of retirement, that the
full year's salary in the year of retirement is received, and that
the annuity-value is then but if we assume that retirement
on the average takes place in the middle of the year, the basis on
which the pension is calculated is too large by half the last year's
salary. Further, on the assumption that retirement on the
average occurs in the middle of the year, the value of the annuity
will be instead of and the continuous annuity will
be, approximately.
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194 On the Valuation of [JULY

I have recalculated the Tables for valuing the benefits
described in the above-mentioned three Problems by substituting

for and these Tables will be found on pages

207 and 208. The values and will now be too great

by the present value of an annuity of based on half
the full salary receivable in the year of retirement, that is. by

and the adjusted values

will be too small by half a year's interest.

FURTHER COMMENTS ON ADJUSTMENTS.

It may be useful to give here the results of my more mature
judgment respecting adjustments.

I think, as regards the question of discount, a distinction
should be made between the accumulation of capital and the
reserve for liabilities. As I have already explained (page 235),
the periodical contributions and interest on investments are not
invested directly they are received, and consequently, on the
assumption that the investments are made, on the average, at the
end of every quarter, my values of the future contributions (which
assume that the investments are made at the end of the year),
are over-discounted by 7ths of a year, and have therefore to be
multiplied by  In those Funds where the master
contributes half the contributions, the more common rule is for
him to pay his share at the end of the year, and my values in
that case are consequently over-discounted to the extent of only
one-fifth of a year, and have therefore to be multiplied by
(1 + ·2i). On the other hand, the liabilities have to be met
immediately the events provided for happen. Now my values
assume that the events happen at the end of the year in which
they occur, and that the last year's salary will be received in
full—conditions which only apply to the value of the pension on
the attainment of the pension age. With that exception, all my
values of liabilities, on the assumption that the events will happen
in the middle of the year, are too great by the value of half the
last year's salary, and are over-discounted by exactly half a year.
The correction for half the last year's salary must therefore be
first made, and the result multiplied by (1 + ½i).

The proper multiplier for finding the value of the future
contributions will therefore be
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multiplied by (1 + 3/8i) or (1 + ·2i) according as the full contribu-
tions are received equally over the year and invested quarterly, or
half received over the year and half paid in a lump sum at the
end of the year.

The multiplier for finding the value of the return of contribu-
tions without interest on death will be

and, for return with interest,
Similarly for the return on other modes of exit.

The multipliers for the value of a pension on early retirement
will be

for pension based on average salary,

for pension based on last salary.

In Problem IIIA, the formula for the correct value is
evidently

It may be thought that I am now aiming at too much refine-
ment; but on consideration it will be seen that my proposals are
all on the side of safety.

VALUATION SCHEDULE.

Sections VI, X and XI of the Valuation Schedule, pages 245
and 248, will now be altered as follows:—

REVISED VALUATION SCHEDULE— (see page 245).

o 2



196 On the Valuation of [JULY

REVISED VALUATION SCHEDULE—(see page 248).

REVISED VALUATION SCHEDULE—(see page 248).

As an example of the effect of the alterations I will re-value
Fund VII I on page 254.
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A CORRECTION.

Mr. W. A. Robertson, of the Scottish Union and National
Office, Edinburgh, points out an error which I am very pleased
to acknowledge.

In Problem X I I I A , page 227,

is given as the value to be used in the formula to provide for the
return of the premiums paid with compound interest on retirement
from invalidity before 15 years' service. The correct value is

or

This follows from Problem I I A (page 220), where it is shown
that the deferred value for the return on death after 5 years is

which is the same as

that is,

or

and the value of the temporary benefit, for the return on death
within 5 years, would therefore be the difference between the
immediate benefit and the deferred benefit, namely,

or

By substituting r for d, the same formula will apply for the
return on retirement within 5 years.

A similar error crept into Problem X I I B (page 241), where

should read

or
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Mr. Robertson obtained the same results by the direct method
of summing the values on pages 219 and 237 for 15 years.

NEW TABLES AT 3 AND 4 PER-CENT.

In a postscript which I added to my paper when it was
published, I had the satisfaction of stating that, in response to
my invitation, a gentleman had kindly volunteered to assist me
by undertaking to calculate additional Tables. I have great
pleasure in stating now that the gentleman is Mr. John
Norman Lewis, at that time in the Scottish Widows' Fund,
but now of the London Assurance; and I desire to express
the indebtedness, not only of myself, but of the Institute
and the profession, to him for his conscientious labours and
for the skilful manner in which he has performed the work.
Mr. Lewis has calculated the whole of the Tables at 3 per-cent,
and Mr. Thomas has completed the Tables at 4 per-cent. It has
given me great pleasure to have had these two gentlemen
associated with me, and I feel sure that both will, in due time,
receive their reward.

In view of the claims on the Editor of the Journal, I have
reduced the Tables to the smallest number for efficient use. I
had to decide between giving simply the Tables of multipliers, or
publishing such of the Tables as would be useful for other
investigations than those I have made; and after consulting
many of my friends engaged in this class of work, who all
wished to have the full Tables, I decided to publish those now
given.

When we come to construct Tables for Pensions commencing
at age 60, it will be found that all the figures in Table 4,
after age 59, are altered. As all remaining in the service at age
60 are pensioned, it follows that all the r's after 59 disappear;
the d's after 59 are increased by the deaths that occur
amongst those who would otherwise retire between 60 and 65;
and, of course, the l's are also changed. In these circumstances,
I have assumed that Table 4 holds good up to age 60, and that
from that age to age 65 the mortality follows my Table 2, after
which it merges into the English Life Table No. 3. As a
consequence, the N's, M's and R's, in Table 7, no longer apply,
and have to be recalculated.

My Table 2 gives a slightly smaller annuity for age 60 than
the English Life Table, the reason being that the heavy mortality
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assumed to prevail amongst those who retire early, in Table 8,
col. brings the total mortality, from age 57 to 64, slightly
above the English Life rate. If I were to recalculate all the
Tables, I should modify after age 50 so as to make the
total mortality, after age 56, the same as the English Life rate.
As it is, the difference is very small and is not likely to affect a
valuation, and certainly would not justify the trouble and labour
of recalculating all the Tables.

All the D's, C's and (a')'s, remain the same for the same rate
of interest, so these have not been repeated in the Tables for
Pension age 60.

VALUATION OF FUNDS FOR PENSION AGE 60.

One question arises here for consideration, namely, the
annuity-value which is to be used for calculating the pensions at
age 60. I have used the value according to my Table No. 2, in
order that my valuations shall be consistent throughout, but I
should not be disposed to recommend it in all cases; for, although
the after-life of persons who retire at age 65 may be fairly
represented by the English Life Table, I do not think it is a
good measure of the vitality of persons who retire at age 60. A
man at 60 can adapt himself more readily to new conditions of
life than a man at 65 can, so that in most cases I should be
inclined to use a Table giving higher annuity-values for valuing
the Pensions at 60 and over; but the selection of the Table must
be left to individual judgment. On the other hand it must not
be forgotten that there will always be a set-off by reason of
many of the members remaining in the service after 60 years
of age.

VALUATION OF FUNDS AT 3 PER-CENT.

On the assumption that the Fund is only making 3 per-cent
interest on its investments, and that in those benefits where the
contributions are to be returned with compound interest, the
same rate is to be allowed, col. (6) in my imaginary particulars
will be changed, and the amount of the invested capital will be
different.

The following figures must, therefore, be substituted for those
in col. (6), page 242 :
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And I shall assume that the Fund has an invested capital of
£10,500.

Strictly speaking, the capital would not be the same in each
of the Funds if the respective benefits had been in operation in
past years; because the payment out in each case would have
been different, so that to be quite accurate it should be understood
that my valuations apply to a single existing Fund now possessing
a capital of .£12,000 or £10,500, according as the interest assumed
is 4 per-cent or 3 per-cent; and the results produced show the
changes which would have to be made in the scale of pension
caused by a change in the benefits.

In order to avoid repetition, I propose in future to refer to
the benefits by numbers.

TABLE OF BENEFITS.

I. Pension on attainment of fixed age 60 or 65.
11. Ditto with return of excess of contributions, without

interest, over annuity payments.
I I I . Return of half the contributions, without interest, on

withdrawal.
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IV. Return of total contributions, without interest, on
withdrawal.

V. Return of total contributions, without interest, on
death before pension age.

VI. Return of total contributions, with interest, on death
before pension age.

VII. Return of total contributions, without interest, on
retirement before pension age.

VIII. Return of total contributions, with interest, on retire-
ment before pension age.

IX. Pension according to scale on retirement before
pension age.

TABLE G.

Showing the alterations in the Pension Benefit as the result of
changing existing or introducing other Benefits in an established
Fund: Contributions being 5 per-cent of Salary. The Funds
referred to in the Table are those on pages 251-4.
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STANDARD SCALE OF BENEFITS WHICH CAN BE GIVEN FOR

5 PER-CENT OF SALARY.

The above Funds, however, do not give us all the information
we require. What we frequently want to know is:—Assuming
certain benefits to be agreed upon, what is the pension which
ought to be given for a certain fixed contribution of salary? For
this purpose I think we might take 20 as a fair average age at
entry on which to base a standard pension, and the following
Table will give the desired information :—

TABLE H.

Showing the Standard Pension Benefit for 5 per-cent of Salary
after allowing for various other Benefits.

To ascertain the Pension when the excess of the accumulated
contributions without interest over the annuity payments is
returned, the formula in Problem V I I B must be applied to the
above figures as explained on page 255.
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I will conclude with the investigation of three problems about
which inquiry is sometimes made.

Problem XII IB.—What proportion of salary, commencing at
age 20, is required to provide a pension of two-thirds of the last
salary, to those only who reach the age of 65 ?

Equating contributions to liability, we have

If interest is guaranteed at 4 per-cent, free of income tax,
and there are no expenses, then P =·026505: say 2·65 per-
cent.

If interest is guaranteed at 3 per-cent, with the same
conditions, then P = ·03683 : say 3·683 per-cent.

Problem XIVB.—What proportion of salary, commencing at
age 20, is required to provide a pension of th of last salary for
every year of service not exceeding 40, on retirement from ill-
health before the age of 65, and on compulsory retirement at 65 ?
This is practically the Government scale.

This is the same as Problem X I I I B with an addition to the
numerator of a provision for early retirement.

As no more than 40 years' service is to be reckoned, we shall
have to divide the provision for early retirement into two parts,
namely, before and after 40 years' service.

The provision for early retirement during the first 40 years is

For the last 5 years it is the insurance of an annuity of

ths of the last salary
And these, being added together, will give
The correction, beyond the allowance for over-discount, will

be — because the above formula provides, whenever
retirement takes place before 65, whether before or after 40 years'
service, an excess of an annuity of half the last year's salary.

The complete formula, therefore, is
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If 4 per-cent interest, free of income tax, is guaranteed, and
there are no expenses, then P = ·054616: say 5·462 per-cent.

If 3 per-cent is guaranteed, then P = ·073944: say 7·394
per-cent.

Problem XVB.—The same as Problem X I V B , only substituting
" average salary for 40 years or for term of service if less than
40 years" for " last salary."

If the number of years' service exceeds 40, the employee will
certainly select the last 40 years on which to base his average,
and consequently the portion of the formula on the liability side
representing the value of retirement at age 65 will be

When we come to consider the terms in the formula for
retirement before 65, we have to divide it, as before, into two
parts, and consider retirement before and after 40 years
separately.

For the first 40 years' service we have—

and for service after 40 years,

Now we have—

Summing the values on the right-hand side, we have—
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so that those terms of the formula which represent the pension on
early retirement will be—

which, on consideration, will be found to be self-evident; for it
is th of—

The present value of an annuity based on the total salary
from age 20 to 65;

Less the present value of an annuity of the salary at
age 20 to all those whose service will exceed
40 years; the present value of an annuity of the
salary at age 21 to all those whose service will
exceed 41 years; and so on :

thus cutting off the first year's salary for those who retire in the
41st year of service, the first two years' salary for those who
retire in the 42nd year of service, &c.; so that each of those
whose service exceeds 40 years will receive a pension based on

th of his total salary dating back for 40 years from the end
of the year of his retirement.

The complete formula, therefore, is—

If interest is guaranteed at 4 per-cent, free of income tax, and
there are no expenses, then P =·035347, say 3·535 per-cent. If
interest is guaranteed at 3 per-cent with the same conditions,
then P = ·04773, say 4·773 per-cent.

I should like to direct attention to the " Actuarial Note " by
Mr. H. T. Adlard, in vol. xxxvi, page 389, as affording the means
of solving the very difficult problem of a return of contributions
on death, withdrawal, or retirement, with compound interest at a
different rate to that used in the valuation.
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Hypothetical Experience of Staff Pension Fund.
TABLE 18.

Commutation Columns for finding the Value of one Year's Salary on
Death, Withdrawal, and Retirement; the Value of a Tension of
1 for each Year of Service on Early Retirement; and the Value
of a Tension on Early Retirement based on Average Salary or
Last Salary and Number of Years' Service.

PENSION AGE 65. INTEREST 4 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 19—(continuation of Table 17).

Multipliers for use in a Valuation.
PENSION AGE 65. INTEREST 4 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 20.

Simple Commutation Columns (according to Table 4), and Commu-
tation Columns for valuing Benefits on Death and Early
Retirement.

PENSION AGE 60. 

INTEREST 4 PER-CENT.

NOTE. — and are the same as in Table 7 and
are the same as in Table 9.

VOL. XXXVII. 
P
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Hypothetical Experience of Staff Pension Fund.
TABLE 21.

Commutation Tables for finding the Values of the Return of
Contributions of 1 per annum, with Compound Interest at
4 per-cent, on Death or Early Retirement, and for finding the
Value of a Tension of 1 for each Year of Service on Early
Retirement.

PENSION AGE 60. 

INTEREST 4 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.

TABLE 22.

Table of Average Salaries and various combinations thereof.

PENSION AGE 60. INTEREST 4 PER-CENT.

P 2
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Hypothetical Experience of Staff Pension Fund.
TABLE 23.

Commutation Columns for finding the Present Values of Future
Salary, and Return of Contributions on Death and Early
Retirement, without Interest.

PENSION AGE 60. INTEREST 4 PER-CENT.

NOTE.—The values of will be found in Table 13, and the values of
and are the same as in Table 14.



1902.J Staff Pension Funds. 213

Hypothetical Experience of Staff Pension Fund.

TABLE 24.

Commutation Columns for finding the Values of Return of Contribu-
tions, with Compound Interest, on Death or Early Retirement.

PENSION A&B 60. INTEKEST 4 EBB-CENT.
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Hypothetical Experience of Staff Pension Fund.

TABLE 25.
Commutation Columns for finding the Present Value of the Last

Year's Salary on Death or Retirement ; and the Present Value
of a Pension based on Average Salary and Last Salary.

PENSION AGE 60. INTEREST 4 PER-CENT.

NOTE.—The values of will be found in Table 18.
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Hypothetical Experience of Staff Pension Fund.

TABLE 26.

Multipliers for use in a Valuation.
PENSION AGE 60. INTEREST 4 PER-CENT.

NOTE.—  (No. 2 Table),
as in Table 17.

Dx 
are the same
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Hypothetical Experience of Staff Pension Fund.

TABLE 26—(continued).

Multipliers for use in a Valuation.
PENSION AGE 60. INTEREST 4 PER-CENT.

NOTE.— will be found in Table 19.
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Hypothetical Experience of Staff Pension Fund.
TABLE 27.

Simple Commutation Columns (according to Table 2).
INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 28.

Simple Commutation Columns (according to Table 3).
INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 29.

Simple Commutation Columns (according to Table 4).
INTEREST 3 PER-CENT.



220 On the Valuation of [JULY

Hypothetical Experience of Staff Pension Fund.
TABLE 30.

Commutation Columns for Valuing the Return of Contributions
of 1 per annum on Death, Withdrawal, or Early Retirement.

PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 31.

Table for Valuing Return of Contributions of 1 per annum with
Compound Interest at 3 per-cent on Death or Early Retire-
ment ; the Values of Annuities of 1 per annum on Early Retire-
ment from Ill-health; and for finding the Value of a Pension of

1 for each Year of Service on Early Retirement.
PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 32.

Table for finding the Accumulation of Average Salary at 3 per-
cent Compound Interest, and for finding the Value of the last
year's Full Salary on Death, Withdrawal, or Early Retirement.

PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 33.

Commutation Columns for finding the Present Value of Future
Salary, and Return of Contributions at Death, without Interest.

PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 34.

Commutation Columns for finding the Present Values of Return
of Contributions on Withdrawal and Early Retirement.

PENSION" AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 35.

Commutation Columns for finding the Values of Return of
Contributions, with Compound Interest at 3 per-cent on
Death or Early Retirement.

PENSION AGE 65. INTEREST 3 P E R - C E N T .

VOL. XXXVII. Q
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Hypothetical Experience of Staff Pension Fund.
TABLE 36.

Commutation Columns for finding the Values of Pensions on
Early Retirement, based on number of Years' Service and

(a) Average Salary.
(b) Last Salary.PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 37.

Multipliers for use in a Valuation.
PENSION AGE 65. INTEREST 3 PER-CENT.

Q 2
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Hypothetical Experience of Staff Pension Fund.

TABLE 37—continued.
Multipliers for use in a Valuation.

PENSION AGE 65. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 38.

Simple Commutation Columns (according to Table 4), and Commu-
tation Columns for valuing Benefits on Death and Early
Retirement.

PENSION AGE 60. INTEREST 3 PER-CENT.

NOTE.— and are the same as in Table 29. and
are the same as in Table 30.
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Hypothetical Experience of Staff Pension Fund.
TABLE 39.

Commutation Tables for finding the Values of the Return of
Contributions of 1 per annum, with Compound Interest at
3 per-cent, on Death or Early Retirement, and for finding
the Value of a Pension of 1 for each year of service on
Early Retirement.

PENSION AGE 60. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.

TABLE 40.

Table for finding Accumulation of Salary at Compound Interest;
and Commutation Columns for finding the Present Value of
the Return of Contributions on Death and Early Retirement
Without Interest.

PENSION AGE 60. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.

TABLE 41.

Commutation Columns for finding the Present Values of Future
Salary, and of Return of Contributions, with Compound
Interest, on Death or Early Retirement.

PENSION AGE 60. INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.
TABLE 42.

Commutation Columns for finding the Present Value of the Last
Year's Salary on Death or Early Retirement; and the Present
Value of a Pension based on -Average Salary and Last Salary.

PENSION AGE 60. INTEREST 3 PER-CENT.

N O T E . — will be found in Table 32.
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Hypothetical Experience of Staff Pension Fund.

TABLE 43.

Multipliers for use in a Valuation.

PENSION AGE 60. 
INTEREST 3 PER-CENT.
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Hypothetical Experience of Staff Pension Fund.

TABLE 43—(continued).
Multipliers for use in a Valuation.

PENSION AGE 60. INTEREST 3 PER-CENT.

NOTE.—The values of will be found in Table 37.
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APPENDIX I.
EXPLANATION OF THE NOTATION USED IN THE PAPER.

In all the simple investigations throughout the paper I have
used the Institute notation with one exception, namely, the
symbol to represent the amount of an annuity-certain of 1 per
annum for n years. That symbol in the Institute notation
is but as I wished to use s to represent salary, and the
similarity might lead to confusion, I decided to substitute
a(n) for

The new elementary symbols are :—
wx

rx

sx

ls

(as)(n)

a'x

= the number of persons withdrawing (by resignation
or dismissal) between the ages of x and x+1.

= the number of persons retiring before the pension age
(on pension or with compensation) from ill-health
between the ages of x and x+1.

= the salary receivable between the ages x and x+1.
= last salary; that is, the full year's salary receivable

in the year of death, withdrawal, or retirement.
This is only used in combination with commutation
symbols.

= the amount of annual salary for n years accumulated
at compound interest.

= the present value of an annuity of 1 on the life of an
invalid of the age x who has retired from ill-health.

ra = annuity on early retirement (before the pension age
is reached). This is only used in combination
with commutation symbols.

An index consisting of a figure or letter in a bracket indicates
the Experience Table from which the values are taken, or on
which they are based. These tables are called 2, 3, 4, and (r).
Nos. 2, 3, and 4 are different arrangements of the same
experience, and (r) is the experience representing the mortality
prevailing amongst those who retire from ill-health before the
pension age, and is to be found in Table No. 8. Thus—

are the values of by Experience Table
No. 2.
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are the values of by the Invalid Mortality
Table No. 8.

Where no index is used the values are based on Experience Table
No. 4, which is the basis of all the working formulas.

The only successful way of producing tables for solving the
problems which are dealt with in this paper is by the use of the
columnar method, and I therefore looked to the columnar symbols
to represent the several values to be tabulated.

To the student the columnar symbols should be essentially
pictorial, and this will be so if the origin of the symbols is kept
in mind. I think there is little doubt that when Griffith Davies
adopted D and N as the titles of his columns he selected the
initial letters of the words denominator and numerator, so that

Numerator
Denominator

= a. The column for finding the value of an

increasing annuity is formed by the constant summation of the
N column, hence the use of the letter S to represent the sum
of N. Subsequently, when corresponding columns were formed
for finding the assurance values, the preceding letters in the
alphabet were used, namely, C, M, R. The open N has since
been added to represent the numerator for an annuity-due, so
t h a t N x ÷ D x = 1 + ax.

The notation in the paper will appear simple if the mental
retina receives the fixed impression that—

is the present value of an annuity-due, and the

present value of the amount of an annuity-due
accumulated at compound interest when interest and
discount are at the same rate.

is the present value of the assurance of 1 payable at

the end of the year of death.

is the present value of the assurance of 1 increasing

by 1 every year up to the year of death.
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As the pension age is the limiting age in the working tables,
it will be necessary sometimes to have a distinguishing symbol to
represent the pension age. For this I propose that the pension
age shall be placed in a half square as a left-hand suffix. Thus—

are the values of when the pension
age is 60.

Throughout this work the tables are calculated on the
assumption that all events occur at the end of the year of
assurance; that is to say, that deaths, withdrawals, and retire-
ments happen at the end of the year in which they occur, and
that the yearly contributions, although due at the beginning of
the year, are payable at the end of the year. A full year's
contribution is therefore supposed to be received in the year of
death, withdrawal, or retirement.

COMMUTATION SYMBOLS NOT INVOLVING SALARY.

Contributions.

This is the common denominator
for all columnar values not involving salary.

A separate
column has not been calculated for this value.
This symbol is not used in the paper except in
combination with salary.

= the present value, at age x, of contributions of

1 per annum, ceasing at the end of the year of
death, withdrawal, early retirement, or retirement
at the pension age, 65.

Columns are required for each of the various modes of exit,
and these are distinguished by placing the letter representing the
elementary function as a top prefix to the columnar symbol.

Return of Contributions with Interest.
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so that
The present value of an

annuity-due of 1 per
annum deferred one year;
which is the same as

to the end of
the year of
death.

The present value of the accu-
mulation of an annuity-
due of 1 per annum,
deferred one year, at com-
pound interest at the same
rate as used in the valua-
tion,

to the end of
the year of
early retire-
ment.

Return of Contributions without Interest.

so that

the present value at age x of
the assurance of 1 at the
end of the year of

death.

withdrawal.

early retirement.

and
the present value at age x of

the assurance of 1 increasing
by 1 per annum; in other
words, the present value of
the assurance of the return
of contributions of 1 per
annum without interest

on death.

on withdrawal.

on early retire-
ment.
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Annuity on Early Retirement,

so that

= the present value at age x of an annuity of 1 per

annum on retirement before age x+1.

= the present value at age x of the assurance of an

annuity of 1 per annum on retirement before the
pension age.

= the present value at age x of the assurance of an

annuity on retirement before the pension age of 1
increasing by 1 per annum; in other words, the
present value of the assurance on early retirement
of an annuity of the contributions of 1 per annum.

COMMUTATION SYMBOLS INVOLVING SALARY.

In all cases where salary is introduced into the values, the
letter s is used as an index to the columnar symbol.

Contributions.

This is the common denominator for all
columnar values involving salary, when such values
have to be equated to a salary of 1 at x.

so that

= the present value at age x of total salary receivable
until death, withdrawal, early retirement, or attain-
ment of pension age.

= the present value at age x of total salary receivable
until death, withdrawal, early retirement, or attain-
ment of pension age, equated to 1 of salary at
age x.
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(1) BENEFITS BASED ON AVERAGE SALARY.

Return of Contributions with Interest.

so that
The present value of the accu-

mulations of future salary
compounded at the same rate
of interest as used in the valu-
ation, equated to a salary of 1
at age x

to the end of the
year of death.

to the end of the
year of early
retirement.

Return of Contributions without Interest.

so that

The present value, at age x, of
1 year's salary at age x,
payable at the end of the
year of

death.

withdrawal.

early retirement.

The present value, at
age x,of 1 year's salary
at age x equated to 1
of salary at age x; in
other words, the pre-
sentvalue of the assur-
ance of 1 at the end
of the year of

death.

withdrawal.

early retirement.

VOL. XXXVII. R
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The present value, at age x, of
the assurance of the total
salary to the end of the
year of

death.

withdrawal.

early retirement.

The present value, at age x, of
the return of total salary,
equated to salary of 1 at age
x, to the end of the year of

death.

withdrawal.

early retirement.

Pension on Early Retirement.

so that

= the present value at age x of the assurance of an
annuity of one year's salary at age x on retirement
before the pension age.

= the above equated to a salary of 1 at age x;
which is the assurance of an annuity of
1 per annum on retirement before the
pension age.

= the present value at age x of the assurance of an
annuity, on retirement before the pension age,
equivalent to the total salary received from age x
until retirement equated to 1 of salary at age x.

(II) BENEFITS BASED ON LAST SALARY.

Return of Last Premiums.
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so that

The present value, at age x, of
the assurance of the return
of the last year's full salary,
equated to a salary of 1 at
age x, receivable in the
year of

death.

withdrawal.

early retirement.

Pension on Early Retirement.

so that

= the present value, at age x, of the assurance of an
annuity at the end of the year of early retirement,
of the amount of the full last year's salary
receivable in the year of retirement.

= the same as above equated to 1 of salary at age as.

= the present value, at age x, of the assurance of an
annuity at the end of the year of early retirement,
of the amount of the full last year's salary
receivable in the year of retirement, multiplied by
the number of years between age x and the age at
the end of the year of retirement; that is, a
pension of the last salary for every year of service.

= the same, equated to salary of 1 at age x.
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APPENDIX II.

LIST OF CORRECTIONS AND ALTERATIONS.

Vol. xxxvi.

Page 220.—In the foot-note, for read

Page 221.—In all the formulas in Problem I I I A , for read

Page 223.—In the first formula in Problem VIA, for

read

Page 224.—In the second line in Problem IXA, for " benefits in
Problem V I I A " read "benefits in Problem V I I I A . "

Page 227.—In Problem X I I I A , 11th line, for read and

in all the formulas for
read

Page 233.—In the denominator of the two formulas at the bottom
of the page, for read

Page 235.—In the formula at bottom of page, for—

read
and refer to vol. xxxvii, page 193.

Pages 238-240.—In Problems XB and XIB, for read

throughout.

Page 241.—In 4 places; for read

Page 245.—Cancel " Section V I " and refer to vol. xxxvii,
page 195.

Page 248.—Cancel whole page and refer to vol. xxxvii, page 196.

Page 269.—Cancel whole page and refer to vol. xxxvii, page 207.

Page 274.—Cancel whole page and refer to vol. xxxvii, page 207.

Page 275.—Heading to column 7, for read

Page 276.—Cancel columns 6, 7, and 8, and refer to vol. xxxvii,
page 208.




