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Fair value = market value (price)

or

Fair value =

best estimate future cash flow adjusted for time value of money

plus

Market Value Margin
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Fair value as part of the subjective theory of value
(Austrian school of economics)

Imagine two parties in a virtual exchange situation:
I The insurer who bears the risk taking
I A reinsurer who might take over that risk taking.
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Fair value as part of the subjective theory of value
(Austrian school of economics)

The insurer will consider the amount rationally being paid to be
relieved of the total risk bearing (including the risk that the
ultimate cash flows exceed those expected).
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Fair value as part of the subjective theory of value
(Austrian school of economics)

The reinsurer who is willing to take over that total risk within the
regulated world of Solvency II.
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Fair value as part of the subjective theory of value
(Austrian school of economics)

For the reinsurer a minimum value is calculated taking into
account:

I the objective prerequisites of Solvency II, usually meaning
a minimal reserve the reinsurer has to keep (VaR 99.5 %)

I the subjective earning goal expressed in its Cost of Capital
rate

I using Integral Financial Modelling on two loss triangles
(paid and incurred) for estimates of future payments
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What is Integral Financial Modelling (IFM)

A combined stochastic model for paid and incurred run-off
tables that provides an excellent tool for modern risk and
capital management.
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The remainder of this presentation consists of two parts:

I We will first discuss how this Fair Value of liability might be
determined

I Next, we will discuss how IFM estimates the probability
distribution of future payments.



Introduction Fair Value of Liability Liability Estimation An example

Fair Value of Liability
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Let B(t1, t2) denote the future payments in [t1, t2] and suppose
we have

I a function b(t) such that

EB(t1, t2) =

∫ t2

t1
b(s) ds

I a function V (t) such that

P(B(t ,∞) ≥ V (t)) = 0.995.

Note At time t the insurer must have a minimal reserve equal to
V (t). This part of his capital cannot be used to yield more than
the risk-free rate.



Introduction Fair Value of Liability Liability Estimation An example

Now suppose the liability is tranferred to a reinsurer. Denote
I Rf risk free rate
I Rt total rate = Rcoc + Rf

The reinsurer’s capital E(t) satisfies

dE
dt

= (E(t)− V (t))Rt (t) + V (t)Rf (t)− b(t)

subject to the boundary condition E(∞) = 0.
Solving this differential equation, we find

E(t) =

∫ ∞
t

(V (s)(Rt (s)− Rf (s)) + b(s)) exp
(
−
∫ s

t
Rt (u) du

)
ds.

and in particular, we find the Fair Value E(0).
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Interpretation

E(t) =

∫ ∞
t

(V (s)Rcoc + b(s)) exp
(
−
∫ s

t
Rt (u) du

)
ds.

Since the reinsurer invests her capital at the risky rate Rt (t), a
payment made at time s ≥ t (so in our setup this would be
b(s) ds), should be discounted using the rate Rt . This leads to
a discounted total future payment at time t of∫ ∞

t
b(s) exp

(
−
∫ s

t
Rt (u) du

)
ds.
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Interpretation

E(t) =

∫ ∞
t

(V (s)Rcoc + b(s)) exp
(
−
∫ s

t
Rt (u) du

)
ds.

Reserving V (s) means that the reinsurer can invest this capital
only at the risk-free rate. This corresponds to a loss in the time
interval ds equal to V (s)Rcoc ds. This loss is then discounted at
the risky rate, just like the payments:∫ ∞

t
V (s)Rcoc exp

(
−
∫ s

t
Rt (u) du

)
ds.
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Liability Estimation
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Suppose our data consist of two loss triangles, namely paid
and reported incurred, together with a measure for exposure.

Many methods and models have been developed for analyzing
a single loss triangle.

We model the paid and incurred simultaneously.
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Picture of the model
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Initial definitions

We will use the following notation to define our model for the
paid and the incurred run-off tables.

l indicates the loss period.
k indicates the development period.

Y (1)
lk indicates the incremental incurred.

Y (2)
lk indicates the incremental paid.

Our goal is to model the vector (Y (1),Y (2)), including all future
values.
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Auxiliary variables

We start with auxiliary independent Gaussian random
variables:

Z (1)
lk ∼ N

(
µ
(1)
lk ,V (1)

lk

)
Z (2)

lk ∼ N
(
µ
(2)
lk ,V (2)

lk

)
Now, define the event

R =

{∑
k

Z (1)
lk =

∑
k

Z (2)
lk (∀l)

}
.

This says that for each loss period, the total amount incurred
equals the total amount paid.
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Final step

Finally we define the incremental losses by

Y (1) ∼ Z (1) |R

Y (2) ∼ Z (2) |R

This means that (Y (1),Y (2)) is normally distributed, and that the
row sums of the two tables are always equal.

The parameters in this model are given by µ(i)lk and V (i)
lk for

i = 1,2. We should reduce the number of parameters.
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Product structure of parameters
We choose the following product structure for our parameters:

µ
(i)
lk = Wl e(Xα)l Π

(i)
k (i = 1,2)

V (i)
lk = σ(i) Wl e(Xα)l Π̃

(i)
k (i = 1,2)

I Wl is the exposure measure for loss period l .
I Xα is a linear model for the loss ratios, with design matrix

X and parameter vector α.
I Π(i) and Π̃(i) distribute the total expectation, respectively

variation, over all development periods:∑
k

Π
(i)
k =

∑
k

Π̃
(i)
k = 1 (i = 1,2).

I σ(i) (i = 1,2) are parameters used to tune the total
variation.
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Example of parametric development curves
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Data and estimation

The data usually consist of aggregated cells of the two run-off
tables. We allow for any kind of aggregation given by some
zero-one selection matrix S. So if Y = (Y (1),Y (2)), our data is
given by SY .

Note that SY is still normally distributed, with a known
distribution, given the parameters. Therefore we can use
Maximum Likelihood to estimate all the parameters.

Also prediction is relatively easy, since Y |SY is again normally
distributed. This structure makes our model very flexible. For a
more detailed description, see “Combined analysis of Paid and
Incurred Losses”, CAS e-forum, Fall 2008.
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Example of aggregation
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We have demonstrated that our joint model for paid and
incurred losses performs very well on actual data.

Moreover, our model has several important advantages in
managing “difficult” data:

1. It is flexible in aggregating various data sets and in
handling aggregation levels of the input data.

2. It handles loss triangles with missing cells with ease.
3. It incorporates in a proper way negative data coming from

negative adjustments to losses.
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Implementation of Fair Value
We have the joined distribution of all future payments per loss
period and per settlement period, conditioned on the data. If we
denote [ti−1, ti ] as the i th period after the current date t = 0, we
know the distribution of

B(ti−1, ti) =

∫ ti

ti−1

b(s) ds.

This directly leads to an estimate of V (ti−1). We could then
assume that V and b are constant functions on each interval
[ti−1, ti ]. Calculating the Fair Value will then be straightforward
from

E(t) =

∫ ∞
t

(V (s)Rcoc + b(s)) exp
(
−
∫ s

t
Rt (u) du

)
ds.
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Conclusion

Subjective theory of valuation together with our Integral
Financial Modelling software leads straightforward to an
Adjusted Loss Provision in agreement with the starting points of
Solvency II and IFRS.
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Line of Business: Professional Liability (claims made)
Two loss Triangles: Incurred (reported) and Paid.
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Data structure (accounting by loss period)

Incurred:

I year by year from 1995Q1
I quarter by year from 2004Q1

Paid:
I quarter by quarter from 1995Q1.
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IFM one triangle analysis on paid to gain insight in:
I Loss ratio structure: Time series with regime changes at

January 1999 and January 2003
I Structure Development Duration: Weibull-Gamma mixture



Introduction Fair Value of Liability Liability Estimation An example

Chart Time Series on Paid



Introduction Fair Value of Liability Liability Estimation An example

Chart Development Duration on Paid
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Outcomes Adjusted Loss on one triangle
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IFM projection on combined Incurred and Paid triangle
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Summary of outcomes (1)
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Summary of outcomes (2)
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Summary of outcomes (3)
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Summary of outcomes (4)
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Conclusion

In this (well-managed) portfolio Risk Adjusted Loss amounts to
about 17.5 % (expressed into the best estimate cash flow).
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