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Abstract

This paper discusses how to derive a credibility weight between exposure- and
experience-driven rates for excess of loss reinsurance. The exposure rate comes from
a Poisson-Pareto model, each with a prior Gamma distribution.
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1. Introduction

Rating excess of loss (XoL) reinsurance can be performed by considering the recent
claims of the reinsured (“experience-rating”) or by comparing the risk profile against
a benchmark (“exposure-rating”). Rarely do the two methods agree on a rate.
Sometimes there are good reasons why one method does not apply in a given
circumstance (for example a significant change in the risk profile effectively
invalidating the experience-rating method). But in the remaining cases there is no
valid reason why a method has nil credibility and the other full credibility.

This paper builds on work published in papers by Buhlmann (1967) and Patrik &
Mashitz (1990), which use least squares credibility and apply it to numbers of excess
claims. The work is extended in this paper to aggregate claims to XoL layers.
Aggregate loss features, such as inner aggregate deductibles, aggregate limits,
reinstatement premiums and profit commissions are not considered in this paper.

The paper assumes readers are familiar with experience-rating and exposure-rating for
XoL reinsurance.

' E-mail: mark.cockroft@lcp.uk.com. Telephone: +44 (0)20 7432 0645



The rest of this paper is in five sections. First, it formulates the problem, and
introduces the notation. Then it summarises the work on least squares credibility and
excess probability in claim numbers, using a Bayesian Gamma/Poisson credibility
model. In Section 4, the paper considers a suitable Bayesian credibility model for
claim severity. In Section 5, the paper uses claim numbers and claim severity in a
combined model of Bayesian credibility. Finally, practical constraints are considered
for when experience- and exposure-rating methods have already been used together.

2. The problem

Reinsurance rating tries to estimate the risk of a loss to a XoL reinsurance layer, with
deductible D and upper limit U, i.e. a layer “(U-D) xs D”. The risk of loss from the
ground-up (FGU) is governed by a parameter & (or parameter set ®). In setting up the
problem initially, we shall keep to the uni-parameter case, 6.

The a priori assumption is that the parameter has a given distribution, giving the
claim distribution mean z(6) and variance o*(6), conditional on 6. There are also
observed a series of claims X, i=1,...,N, which are used to give a posterior

estimate, (O)|X,, ..., Xy. The X;’s are assumed to be independent and identically
distributed. The classic estimator is the mean E[x(0)|X,, ..., X\], which corresponds

to the expected least squares deviation. The number of observations, N, is itself a
random variable, which we assume is independent of the claim sizes and to have its
own prior and posterior distributions.

The paper considers the credibility best linear estimate under quadratic loss of the
Bayesian posterior mean, and then extends the problem to the excess layers. A linear

estimate is one of the forma + ﬂY.

3. Least squares credibility and Bayesian excess layer claim counts.
The following theorem and proof are taken from Buhlmann (1967):

Theorem 3.1 The best linear estimator under quadratic loss of the mean of (6)
within the problem set out above is the credibility estimate:

ZX +(1-Z)E[u(6)], where

,__n__EcO)
n+p’"  Var[u(@)]
Proof: To estimate the mean of 4 6) using a linear estimator under quadratic

loss, the amount that we are trying to minimise is E[a + ﬁf — u(6))?,
which can be rewritten as E[a — (1— B)u(0)]* + E[B(X — u(6))]*.

The first term is minimised ata = (1— f)E[(€)]. So the total to be
minimised is (1- B)*Var[u(8)]+ p* E[(Y —u()*.



Differentiation with respect to £ and setting the derivative equal to
Var[u(0)]

P10 VS B = @)1+ ELCX — @)

The X; are independent and identically distributed, from which it
follows that:
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Putting Z = S gives the credibility estimate in the form as required.

Patrik & Mashitz (1990) apply Buhlmann’s theorem to the number of claims per year
adjusted for inflation, IBNR and relative exposure as follows.

It is assumed that N, the number of claims, has a Poisson distribution with parameter
6, which has a prior Gamma distribution with parameters (a, b). It is also assumed
that the k years of claims have observed number of claims n,..., n, and m = Zjn;.

Immediately we can state that
. the exposure-rating for number of claims is E[N|d] = E[ 4] = a/b, and
. the experience-rating is N = m/k.

Lemma 3.2 The Bayesian posterior distribution is also Gamma with parameters

(a+m, b+k).
_ . o"e”?
Proof: N|&~ Poi(6), so f (nd) = T 0>0,n=0,1,2,...
bae—baéa—l
6~T'(a,b),so fy(0)= W ,a>0,b>0, >0, where

I'(a)= j: e’z*'dz

If fon(@ Ny, ...,0y) is the Bayesian posterior distribution of &, then
fon (@1N,...,n ) oc L(n,,...,n, [0)x ()

lk_[ enje—g bae—bgea—l
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This is the form of a Gamma distribution with parameters (a+m, b+k)
as required.
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The following six results, from Theorem 3.3 to Corollary 3.8 inclusive, are from
Patrik & Mashitz (1990).

Theorem 3.3 Under the assumed circumstances described above, the best linear

estimate of N is the credibility formZ.m +(1- Z)3 , whereZ = L ,
k b k+b
and this is also the mean of the Bayesian posterior distribution.
Proof: The general form of the credibility estimate follows directly from

Buhlmann’s theorem (Theorem 3.1 above), noting the exposure-rating
and experience-rating above.

The form of Z follows from noting that the number of observed data is
the number of years, K, that for a Poisson distribution with parameter &
(0 = 6 and 62(6) = O and that the Gamma prior distribution with
parameters (@, b) has mean a/b and variance a/b2.

To prove that this is the mean of the Bayesian posterior, denoted
E[N|&, m, k, a, b], we note, from Lemma 3.2, that the posterior
distribution is Gamma with parameters (a+m, b+k) so:
E[N|o,m.k,a,bj=2F 1 __M 8
b+k b+k b+k
__km_boa

b+k k b+kb
which is the form required.

Theorem 3.4 The unconditional distribution of N is a Negative Binomial distribution
with parameters (a, b/(1+b)).

Proof: If fy(n) represents the unconditional distribution of N, then
na—0 |an—bo na-1
fN(n):J-ee b%e™" @ 40
o n! I'(a)
a i a+n 5 —(1+b)8 pa+n-1
_ b F(a+n)j (1+b)*"e 0 40
n'T(a) (1+b)*™"

0 I'(a+n)

_F(a+n)( b Ja( 1 J”‘l
©nif@) \1+b) (1+b

which is the form of a Negative Binomial with parameters (a, b/(1+b))
as required.

To apply the credibility results to excess layers, denote Ny, for the number of claims
that exceed D and q, for the probability that a given FGU claim exceeds D.

In the special case where p is a fixed, known ratio in terms of D, the following
lemma and theorem are applicable.



Lemma 3.5 Np is also Poisson with parameter g 6.

Proof: P(N, =n)=> P(N, =n|N = j)P(N = j).
j=n
Within the summation, the first probability inside the summation is
exactly the definition of the Negative Binomial distribution with

parameters (j-n, gp). Hence:

¢9Je’9
—q_ )i
=n)= Z 7 _n),( dp)’ "0
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= 0
n! JZ:;‘ (j—n)!
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which is the form of the Poisson as required.

Define 6, = qp6.

Lemma 3.6 ¢, has a Gamma distribution with parameters (a, b/qp).

-bo pa-1
Proof: P(@p <t)= (9 < _J - .[Aobe—gdg
U ° I'(a)

6o = 0pb, so 0= 1/0p.6, and d6= 1/qp.d 6.

Hence:

<t)= I I (g/ ! do,

I'(a) N

a o (b/to)p g a1
_j(/ "0 4
I'(a)

P,

as required.

Returning to the observed claim numbers, for the K years of claims denote the number
of claims that exceed D in each year be np ..., Ny and Mp = Zng ;.

As before, we have the following estimates for Ny:
. the exposure-rating is E[N| 6] = a/(b/qp), and

. the experience-rating is N= mp/K.



Theorem 3.7 Under the preceding conditions, the best linear estimate of Np is the
s k
credibility formZ .% +(1- ZD)L , whereZ, =——, and
k b/qp k+b/qp

this is also the mean of the Bayesian posterior distribution.

Proof: By applying Lemmas 3.5 and 3.6 to Theorem 3.3, replacing the
variable @with 6, and parameter b with b/q,.

Corollary 3.8 If qp, is strictly monotonic decreasing in D, and d,<d,, then Z,,>Z,.

Proof: SinceZ, = 1s larger for larger values of (.

k.
k+b/qp

Theorem 3.9 The unconditional distribution of numbers of claims exceeding D is
Negative Binomial with parameters (a, b/(qy+Db)).

Proof: By applying Lemmas 3.5 and 3.6 to Theorem 3.4, replacing the
variable @with g, and parameter b with b/q,.

If we relax the requirement that ¢y is known and fixed in terms of just D, i.e. we let
0p become a function of some risk parameter 7, then Lemmas 3.5 and 3.6 no longer

apply.

Patrik & Meshitz (1990) do investigate this case though, by assuming that & and 7 are
independent (which is reasonable), as follows.

Lemma 3.10 If fand 7 are independent, the conditional expectation of the mean and
variance of @, are both are equal to E[q, (77)]- % .

Proof: For the conditional expectation of the mean:

E[1(65|m)]= Eld, () ()] = E[d, ()] E[1(0)] = E[%(U)]'%-

For the conditional expectation of the variance, E[*(6p|77)], we note
that the conditions of Lemma 3.5 apply, since we are considering 6,

conditional on 7 and for a given risk parameter the probability of a
claim exceeding D is known. Hence, 5|7 is Poisson and the variance

of |7 is the same as the mean.

The conditional variance, however, is different.



Lemma 3.11 IfY and Z are independent random variables, then:
Var[Y.Z] = E[Y 2. Var[Z]+E[Z]2. Var[Y ]+ Var[Y].Var[Z].
Proof: By definition of Var[Y.Z]:
var[Y.Z]=E[Y*.Z*]-E[Y.Z]

= E[Y?).E[Z’]-E[Y] .E[Z)

= (E[Y]* +Var[Y]).(E[Z]* +Var[Z]) - E[Y]*.E[Z]’

= E[Y]*Var[Z]+ E[Z]* Var[Y]+Var[Y]Var[Z]

+E[YT".E[Z) - E[Y]*.E[Z]

Lemma 3.12 The conditional variance of the expected value of @, can be written as

Varl u(0,|m)] = t%(E[qD(m]z +(a+1)Var[dy (1)])-

Proof: Using Lemma 3.11:
Var[ (8, |i7)] =Var[u(0)d, (17)]

= E[u(O)1’ Var[a, (11)]+ E[q, (17)]*Var[u(9)]
+Var[u(@)Var[q, (17)]

= (%) Var[q, (7)]+ E[q, (7))’ k% + b%Val’[qD (n)]

=+ (Elao (1" + @+ )Var(a, (7))

as required.

Theorem 3.13 The best linear estimate of N, is the credibility form

Z, (n).% +(1-2, (77))% Elqo ()], where

Y b
o)== B T+ @+ DOVIG ()

Note: for a random variable Y, CV[Y] is the coefficient of variation,
defined as Var[Y]#/E[Y].

Proof: As before, the general form of the credibility estimate follows directly
from Buhlmann’s theorem (Theorem 3.1). The experience-rating is as
before, and the exposure-rating follows from the factorisation of the
conditional mean in Lemma 3.10.

Note that E[02(0D|77)] = E[qD(n)]~% from Lemma 3.10 and, by
Lemma 3.12:



Var{ u(0, )] =b%(E[qD(n)]2 +(a+1Var[q (7)])

a
= T ElG ()T (1+ @+ DCVIg, ()T )
From Theorem 3.1, the credibility factor can be written
k
Z =———— where
o (17) k+by(7)

_ Elo"6o/m]
var[ (8, |n)]
E[do (7)]- 2,
[;iz Eld, (77)]2 (1 +(@+1)CV[q, (77)]2)
b

" E[d, ()10 + @+ DEV[dp (7))

as required.

by (17)

Hence the credibility factor reduces as the expected value of p(7) increases, i.e. with

reducing excess. However, the coefficient of variation is unknown so its square may
decrease faster with D than the expected value increase divided by (a + 1).

This represents the limit of what can be stated reasonably using just numbers of
claims — anything else requires limiting assumptions regarding the form and choice of
claim severity, i.e. the p(77) factor. These are explored further in Patrik & Meshitz

(1990).

4. Bayesian claim severity for excess layers.

Probably the most common severity curve used in reinsurance exposure-rating is the
Pareto curve. There are many versions, involving differing number of parameters and
slightly differing forms of the probability density function. We shall concentrate on
one, as set out below.

Further, there is the question of which parameters, or both, should be the subject of a
prior distribution, and what form that distribution shall take. In the case of the Pareto,
for exposure-rating reinsurance, we are concerned with the proportion of a risk that
falls into a reinsurance layer. Hence, the shape parameter is our primary concern.

We are therefore in a position to state our assumptions concerning the problem
outlined in Section 2, but for a fixed number of observed claims. In section 5, we
shall generalise the situation for reinsurance excess of loss layers with a random
number of observed claims.



. There are n claims, X,,...,X,, which are independent and identically
distributed with Pareto distribution parameters (i, A).

. The Pareto has the form given by the distribution function:
ﬂ, v
F,(Xly)=1- .
x ( |V/) ( i+ Xj
. w has a prior distribution of a Gamma variable with parameters (S, t).

Let us consider the posterior distribution of y and the unconditional distribution of X.
The following result for FGU claims is also to be found in Hesselager (1993) although
there it is specific to reinsurance layers only:

Theorem 4.1 The Bayesian posterior distribution is also Gamma with parameters
(s+n, t+Z,In(A+X;)-nlnA).

7231
Proof: X|w ~ Par(y,4), so fy (X|0) = Z(L] ,A>0, w>0,x>0.
ANA+X
tse—ly/l//s—l
~T(s, t),s0 f =——,5>0,t>0, y>0.
y~T(s, 1), s0 Ty (y) T(s) 4

fux(¥l X, ....X,), the Bayesian posterior distribution of w, has the
form:

Fax W 1 X500 %) o0 L(Xps s X, 1) X By ()

_ﬁﬂ y) '/’H.tse—ty/l//s—l
i A I'(s)

i A+X

B l//nﬂm// ‘ tse—tu/l//s—l
[Ta+x)" T

- -1
I'(s)

o l//5+n_1e—(t+ziln(l+xi y-nln )y

This is the form of a Gamma distribution with parameters

(s+n, t+Z,In(A+X;)-nlnA), as required.

The unconditional distribution has a slightly different form from the original form.



Theorem 4.2 The unconditional distribution of X is A(e¥-1) where Y is a Pareto
distribution with parameters (S, t).

Proof: If f,(X) represents the unconditional distribution of X, then
yrl st s-1
2y A te Ty
f,(X)=| = d
x (%) J.O /1(/1+xj I'(s) v
ts - A L
= ey d
L(s)(A+Xx) IO l//[/1+xj R
ﬂ, X s+l
s t+In 24X
_ t [(s+1) J‘w A e_[MnT]WW(SHHd W
C(s)(A+X) A+x\ C(s+1)
t+1In
3 t° L(s+1) e st® 1
L(s)(A+X) A+x)™" (A+X) A+x)"
t+In t+In

Define y =In[(A+x)/4], so x = A(e¥-1) and dx = Aevdy. Hence
st® 1
e (t+y)"
S+1
st
=—|—| d
t (t + yj d

which is the Pareto form in y as required.

fy (X)dx =

Ae’dy

The result for the unconditional distribution is hardly intuitive. It is however very
practical: we now have closed forms for the distributions of the number of claims and
the severity of claims given Gamma prior distributions.

Let us consider now claims to excess layers. Let Xy be the random variable defined

by the excess of X over D, if any:
X-D if X>D
Xp = .
0 it X<D

The following result is well-known and very useful: assuming a Pareto distribution,
the shape of the distribution of the excess claims is the same shape as the distribution
of the FGU claims. Further, once we know the position parameter of the FGU claims,
the position parameter of the excess claims is the same parameter with the addition of
the excess point.



Theorem 4.4 X has a Pareto distribution with parameters (i, A+D).

Proof: From the definition of Xp:
P(Xp, <x)=P(X <x+D|X > D)
. P(D< X <x+D)
P(X > D)

AY A v
(/1+DJ _(/1+D+XJ
ﬂ/ W
[/1+Dj

_1_(“_D)'”
A+D+X

as required.

The result means that whatever credibility estimate we can derive using FGU claim
severity, we can extend to excess layers.

However, we cannot, in practice, apply the credibility estimate process in Section 3
straight to claim severity. The observed claims are not just random in size but also in
the number of observations.

5. Bayesian credibility for excess layer claims

For limited excess layers, we are likely to have FGU claims above some threshold, or
censor point, T. We could aim to model all FGU claims, but there is nothing to gain
for rating excess of loss or credibility weighting in doing so. Therefore, where we
talk about FGU claims, we are talking about only the subset of FGU claims that
exceed T, with no loss of meaning.

We are now in a position to state the assumptions for the full problem for aggregate
claims amounts to excess of loss reinsurance:

. The number of FGU claims a year, N, is distributed according to a Poisson
distribution, parameter €.

. € has a prior Gamma distribution with parameter (a, b).

. The claim severities are independent, of each other and of N, and identically
distributed from a Pareto with parameters (i, A).

. w has a prior Gamma distribution with parameters (S, t).

o There are k years of claims data, with observed number of claims n,,...,n,,

m = Z;n; and observed claim sizes in year j are X0);,... X0



. We are trying to price a limited excess of loss layer of upper limit U and
deductible D, i.e. “(U-D) xs D”.

We can state the form of the Bayesian posterior joint distribution of 6 and y,
f@’HN'X(Q 7 n;, X(i)l,...,X(i)nj,,j=1,...,k) as follows, using the independence of N and X:

. . . k . .
fomx @sw [N, x D xPa j=1,,k) e JTLO, [OLX L., xPn ) x £ (0) x f, ()
j=1

ﬁenj H(//( j'/"*’l .baefbﬁea 1 t eftl//‘// 1
;! A+ xD; r'(a) r'(s)
eme—ke ,2 njy bae—bega—l ‘ tse—ty/l//s—l

[IvaI[U1+ﬂMV”' I'(a) I'(s)

ome ™+’ o mwln(;h)e*“/’”)zjZiln(l+x“')l) . b2e 93! .'[se*t"'l//sfl

Tt V" r(a) I(s)

o =YY In(A+x D) —min A)y
oC 9a+m le (b+k)o ‘l//s+m 1e ZJZ.

Hence the Bayesian posterior joint distribution is the product of the Bayesian
posterior distributions of the claim numbers and the claim severities that we saw in

previous sections.

For simplicity, we can write y;; = In((A+x0);)/ 1), so that the conjugate pairs of prior and
posterior parameters are

Prior Posterior
a a+m

b b+k

S S+m

t 25

This means we can write down the prior distribution of claim numbers to the excess
layer from Lemma 3.6 as (a, b/qp) where g, = P(X > D) = [#/(A+D)]v.

Let us define X as the claim severity to the layer, so

U-D,X>U
X,={X-D,D<X<U
0 ,X <D

In order to create the linear best estimate of the mean of the aggregate layer claims
amount Z, according to Theorem 3.1 we need to calculate expectations of the first two

central moments based on the prior information.



Let ® denote the parameter pair (65, y), where 6, = [ A/(A+D)]¥, and write the dth
central moment of the distribution of aggregate claims Z given © as €4(®). Then we
need to find E[ey(®)] ford = 1,2.

The following result is quoted in Hesselager (1993).

Lemma5.1 The conditional moments about the origin in this problem can be
calculated recursively as

d (d-1 :
E[z‘l®] = HDZ(J_ Jﬂj(l//)E[zW@] ,ford=12,...
j=1 -

where u;(y) = E[XDj|l/l] is the jth central moment of a single claim

conditional on the value of .

Proof See Goovaerts et al (1984), p12.

Hence, we can state the first two central moments in terms of 1 (y) = E[ X j |1//] .

Lemma5.2  €,(®)= fous(y) and e©) = Gois(¥).

Proof &,(0) = E[Z/0] = E[No| &, WIE[Xo|¥] = b (¥, as Np and Xp are
independent.

€,(®) = E[(Z - £,(©))’|©] = E[2*0]- &,(0)*

From Lemma 5.1
2 1 .
E[zz|®]=9DZ(j 1]u,-(w>E[Z“|®]
j=1 -

= Op 11, (W)E[Z'|0]+ Op 11, (). 1
=[Op 1, (‘//)]2 +0p 11, (W)
Therefore e,(®) = 6,14, (y) as required.

Lemma5.3 E[e,(®)] = (a/b)E[[A(A+D)]¥ (1)), and
E[e,(®)] = (@/b)E[[A/(A+D)]¥ 10(W)].

Proof Follows from the expressions for €,(®) and e,(®) in Lemma 5.2, using
the independence of @and [A/(A+D)]¥ yy(y) ford = 1,2.

Lemma 5.3 implies we need to concentrate on the central moments of the individual
claims given the assumed prior distribution. The following results, Lemma 5.4,
Lemma 5.5 and Theorem 5.6, are from Hesselager (1993). Note that the special cases



of  taking an integer value are ignored (here and by Hesselager) because, under its
prior distribution, P(y = j) is infinitesimal for any real value j so the special cases may

be safely ignored when considering moments of expectations of .

Lemma 5.4 py(w) may be expressed as

; v-]
(W) = (44 D)’ Z(J( e ‘_j[l—(jifjj J

Proof If we condition on the ranges X <D, D <X < U and X > U, then

2+Djw
A+U

1y (W) =0+ J.(x D)y (A+ D) (A+x) Y Vdx+(U - D)d(

[(A+X)-(A+D)] w(2+D) (A+x)Vdx+(U - D)* (/1

!
!

Zd“{ ](/1+x) (~D* (2 + D)y (A +D)” (1 +x) "V dx

j=0

ﬂ+DJW
A+U

+(U—D)d(

d

Z{ ]( DT (A+D) (A + D)'/"[(,1+X) =i+ gy

=0

ﬂ+D)

d

A+D

74
+Uj

i (/1_'_ D)*(V/*J') _(/'t_i_U)*(W*J')

Z[ J( D" (2+D)*y(2+D)"

fs D)[2+U q (&+Djw

1+D A+U
d . 2+D)!
Z[ J( ™I (44 D)° j(l—[“Uj ]

=0

o &) o (A+UY [(2+DY
+(3+D) LZ(;(]J(_D J(/H Dj }(muj

Bringing together terms in the summations gives:

-]

. oy (. (A+DY) (24D
o

o

d-i I j _(A+D v
o {3

=(A+D)° Z( J( D7 +(1+D)° ZEJ]( 1)) | j[l—[

A+D

A+U

)



The first summation is the expansion of (1 — 1)d and hence equals zero,
as required.

Lemma5.5 uy(w) may be further rewritten as

1y (W) =(1+D)* Z{ (’”Uﬂ niZ( ](—l)rt//rgd(n—r)
where g, (M) = Z( ]( nerm.

Proof We can expand [(A+D)/(A+U)]¥i as an exponential:

[ﬂ,_{_ D)'//_j 3 (- J)ln[MDj i (ﬂ,-i- Dj n (l//— J)n
A+U N ~ " 1+U n!
—1—(1//—1)2{ (“Uﬂ U=w)"

n!

Substituting this into the form of z(y) in Lemma 5.4 gives:

d d ) ﬂ/‘i‘U n P n-1
1) = (2+ D)y, J(—l) JZ[ ( H o)
j=0 n=1 .
a(d Ca (240N T e (-1
=(1+ D)¢ —1)4-i 1 - L N N
(2+ ),Z .J( ) JZ‘[I{MDH m;( . j] D'y
ﬂ+U 1 &(n-
=(1+D)¢ = 1 e J n—r
(A+ )HZ:,_ /1+D} n,ho( j( )WZ( J( )
The last summation, for j=1,..., d, in the expression is the form of

gq(n-r) as defined.

Note that for integer m <d, g4(m)=0. Therefore we can change the
ranges of summation as n=d, d+l,...,c0 and r=0,1,...,n-d, as
required.

Theorem 5.6 E[ey(®)] for d = 1,2 is given by:

Eley(©)] = (4+ D)’ Z[ [ji%ﬂ li(” 1]< D' gy (= NI(s +Nt*

. i< r S+r
’ ’ F(s)[t + 111[’1 +D H
A
Proof From Lemma 5.4:

0 n-d
ud<w>:<ﬂ+D)“Z{ln(ji‘;H 12( j( D'y ge(n—1)

n=d n! r=0

Substituting this into the expression for E[ey(®)] for d=1,2 from
Lemma 5.3 gives:



n -1
E[ed(®)]=%EHl DJ (A+ D)’ Z{ (j“[’)ﬂ ﬁz( j(—l)fwfgd(n—r)
-2+ Z[ [j“éﬂ {Z(”r J( ' gd(”‘”E{(lej v

v is Gamma distributed with parameters (s, t), so:

vy~ T(s+ult®
AR v

Therefore:
Ele, (©))= 2 (4 + D' Z{ (ji%ﬂ niz[” 1J< ) gy (= NT(s + Nt

— r 2{ D S+r
F(s){tﬂ( - ﬂ

as required.

In order to get the final expectation we need, E[e,(®)?], we need new versions of
Lemmas 5.3 and 5.4.

Lemmab5.7 €,(®)? can be written as:

e(@)z_(a(}HD)jz( 2 jzw 1 1[/1+D)"’1
S0 b A+D) (y-1P| A+U

Proof From Lemma 5.3, e,(®) = (a/b)[V/(A+D)]¥ 1,(w)

Substituting in the result from Lemma 5.4:

e,(©) =g(ﬁj 1)

_af A ! v [, (A+DY)"

_b(/1+Dj Z(;{ )( b™ —j(l [Mu} J

o et o (122 )
b\A+D v—1 A+U

which when squared gives the required result for e,(©)?.

For a given function f:

ECFy >xs=["f(0

1

tSe*tl//l//Sf
['(s)

Ifs+u>0andt+v>0, the following holds true for any j > 0:

E(l//fjJruerl// r(s+u)t

> XS, t)=——F
vV ) res)(t+v)™™

E(w’j|z// > X;S+U,t+V)



So, we can build an expression for E(ywi|w > X; s, t), with integer j > 0, iteratively as
follows:
tSefll//

s—1
EQ [y >xs.0=] 1T§;dy/ =1-T(x;5,1)

where ['(x; s, t) denotes the gamma cumulative distribution function:

xtS —tz 5 s-1
F(X;S,t) = J- te—Z
¢ TI(s)
and, for integer j > 0:
. o tse—ty/ws—l
E(y 'y > x;s,t) = l—*d
vy )={ v e
_ 1 tse—tu/l//—ﬁs “ . t J'OO o tse—tyxl//s—l d
—j+s  TI(9) —J+S I'(s)

Sq—tXy—j+S .
- lrex 1 E(y ™y > xs,)
J=s T(s) J-s

The above collapses if S is an integer less than or equal to j, when the iteration will
involve the integral:

. o tse—tu/ s-1
E(y w>><;s,t)=fxw Tsl/;dw
S " —ty
_ t J. e dy
)™ v

In this case, substituting z =tlny results in the pdf of a Gumbel distribution, which
can be evaluated, and therefore the iteration should start at j = s rather than j = 0.

Let us denote €(X; s, t) for E(y|y>X; s, 1) defined iteratively as above for integer
j>0. So we can state:

V> Xist) = (s+ut

E —j+u e—vy/ —
W r(s)(t+v)™

Q;(x;s+U,t+v).

Theorem 5.8 E[e(©)?] can be written as:
Ele,(©)’]
aZ+D))' £ < (Muj"w A
= 1 1 -1
( b jF(s)nZ_:‘{n/HD mrz:(; r =D
CIis+jrnt+2ind,]
[t+2In 2, """
+ZF(1;SJ)F(S+j+r)(ﬂ+ujr[l;s+J+r’t+ln’1D:jTﬂu]
=0 A+D [t+In2, +1In4, ]
N Q ;s +r,t+21n 4]

1-I°(l;
+JZ:;[ r(L;s,H)]0(s+r) TETYRG

—Zw:[l—l"(l's t)]l“(s+r)(lJrUij[léerr,tHn/lD +In 4, |
i=1 > A+D [t"'ln/lo"'ln/lu]w

j=0

X {i r'{;s,r(s+ j+r)




where A5 = (A+ D)/ and 4, = (A + U)/A.

Proof From Lemma 5.7:

E[e(@)z]—(—a(“D)TE( 4 jw ! 1_(“Djw |
‘ U b A+D) (w-1)> A+U

e e G |
e ) Sl

For————, we need to factorise the expression as
(-1 y-1 y-1

expand one of the factors. To do this, we need to consider the cases
w<1and > 1 separately.

1 o0 )
If <1:___§ i
v w1 v

i=0

and

and if w> 1: Lz : ]=l
v-1 yv l-, vi5 i=1

Conditioning on the value of -
E[e,(©)"]

(2o et 2
l( ) 5] jwl_lil_(jitr;j“*}ﬂ

g ol o5}
J+D ) i+U : vl AL "1,

Aol ) e o8

We can expand [(A+D)/(A+U)](»D as an exponential:

2+DYY" - 1)1,{;5] = [ (2+D\| (w-1)"
— =e =>|In :
A+U - A+U n!

(muj "=y
A+D n!

=l-(y -1

il \gl
—
5

n



Substituting in this expansion gives:

A+U 2V ( 2 Y &l (2a+u)] a-w)
+(ﬁ+ DJE{(ﬂw Dj (A+U) v ;{ln(}ﬁ Dj ! W<1]}
a(1+ D) > A L&l 2+ a-p)™!
+( A j[l r(lst)];{E[(“Dj W ;1(/“'3)_ o |y/>1]
A+U 2 2 L&l (A+u)] a-p)™
[/1+DJE[()L+DJ (/1+Uj v ;{ln(/i+Dﬂ ! ‘”>1”

Expanding out (1 — y)™!:
Ele,(©)"]

:[—WJD)} r(lst)Z[ (23] } l“(” J( D

sh v

F5(as) () v
i+D) |\2+D) azru) ¥
+(@j - F(lst)]Z{ A+U

n-1 1
o) w2 e
n'rO
Yo (A+U 20 2N
X,Z‘{ {(MD) v W>1] (MD)EH,HDJ (mu) v

 is Gamma distributed with parameters (s, t), so:
[(s+u)t®

rs)(t+v)™™

provided thats+u>0and t+v> 0.

g
g

E(w'e" |y <x)= T(x;s+u,t+v)




So, using (2(x; s, t) defined as before and with Ay =(4+ D)/4 and
A=A+ U)/4
E[e,(©)’]

(252 resorg (5] gl Yo gresien

y _r[1;s+j+r,t+21n/1D]+(,1+qu[1;s+j+r,t+1n,1D +In A, ]
[t+2In A, [ A+D [t+InA, +InA, [

A+D)Y r tt & (2+U)] 1 & (n-1
J{%j [I_F(I;S’t)]&z[ln(li—Dﬂ Z( J( D'

F(S) n=1 n!r:()
5 Q[s+rt+2In4,] [/1+uj£2j[1;s+r,t+1n,1D+1n/1u]
X _
[t+2In2, " 2+D)  [trlndg +InA, [

j=1

which can be rearranged as required.

Now we have all the elements to a credibility weighted rate. Recall from
Theorem 3.1 that the best linear estimate under quadratic loss is the Bayesian

credibility estimate Z X + (1-2)E[u(0)], where
k _ E[0’°(9)]

25 ? Varluo)

In terms of e,(®) and e,(®), the first two central moments of ®, this is equivalent to
ZX +(1-2Z)E[e,(©)], where
k _ Ele,(©)]

Z= , P = B =
k+p E[e1(®) ]—E[EI(G))]

E[e,(®)] and E[e,(®)] are set out in Theorem 5.6 and E[e,(®)?] is set out in
Theorem 5.8.

6. Practical considerations

We have an exact formulation to calculate the Bayesian credibility estimate from
exposure and experience rates for an excess of loss layer. It is not simple or elegant
and, with five separate infinite series summations for E[e,(®)?] alone, it can never be
computed exactly. However, it does allow significant precision using a macro,
calculating to as many terms as needed. In practice, the macro can be stopped after
about 10 terms for each summation with no significant loss of precision.

However, in the real world there are many instances when exposure and experience
methods do interact already, blurring the credibility weighting, including:

. The exposure curve has been calibrated from revalued historic claims, which
may include claims data from the contract being rated.



. One way of rating higher layers is by applying ILF factors from a lower layer
that has been rated using experience methods, so involving a combination of
experience and exposure methods.

. The experience methods may use an initial estimate of the loss ratio from an
exposure method.

. The exposure method may adjust the rate to allow for an estimate of the
insurer’s profitability based on a reserving exercise.

Anyone using the credibility weighting factors set out here will need to keep these
practical considerations in mind.

References

Buhlmann, Hans; “Experience Rating and Credibility”’; ASTIN Bulletin, Volume 4.3
(1967)

Hesselager, Ole; “A Class of Conjugate Priors with Applications to Excess-of-Loss
Reinsurance”; ASTIN Bulletin, Volume 23.1 (1993)

Goovaerts, M.J., de Vylder, F. and Haezendonck, J.; “Insurance Premiums”; North-
Holland, Amsterdam-New York (1984)

Patrik, Gary and Mashitz, Isaac; “Credibility for Treaty Reinsurance Excess Pricing”;
CAS Discussion Papers (1990)



