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e Consider one single accident year
e Paid claims after k years of development

 Expected cumulative payout pattern

P Poy s Pro--» P =1 €.0.
10%, 30%, 50%, /0%, 85%, 95%, 100%

* U, = prior est. of ultimate claims amount

= q,U, with g, = 1-p, Bornhuetter/F.
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» C, = claims amount paid up to now
(completely ignored by BF)

 Ugr = C, + Rge posterior estimate (# U,)
« U=C, +R (axiomatic relationship)

« U, =C,/p, Chain Ladder ult. claims

* Ry =Us —C=qU; CLreserve
(Ignores U, completely)
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Comparison:

 With CL, different actuaries
usually come to similar results

« With BF, there Is no clear way to U,

* U, can be manipulated:
If you want to have reserve X,
simply put U, = X/ g,
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 Gunnar Benktander's proposal (1976):

Ree = PkReL + (1-p)Rge
= P Ci/Py + A REE
=0y (Cy + Rgp) = q,Ugr

e |terated Bornhuetter/Ferguson

 The more the claims develop,
the higher the weight p, of R, .
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Ultimate U(R) Connection Reserve R(U)

UO \qk>
/ Rer = 0k Ug
U; = Uge = C + g Uy Cy+

= (1-q)Uc, + ax Uy &‘

R, =qcU; = qUgr = Rgp

/ = (1-9)Rc. *+ akRge
C +

U, = Ugg K
= (1-9,*)U¢, + 9, U
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Ultimate U(R) Connection Reserve R(U)

U, =(1-9"Uc + 9" Uy

f:k/+ R, =(1-9")Rc + q."Rge

Upir = (1-q U + g™ Uy
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Reg IS a credibility mixture of R, and Rge:
R.=cRg + (1-c) Rgg with ¢ =p, U]0O; 1]

It gives Rge for c =0 and R, for c = 1.

Best mixture

If mean squared error IS minimized:

mse(R,) = E(R.-R)? = min (=> c*)
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mse

P g ——

C=Pxk
CL GB
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* R.. IS always better than R, = Rgr, R; = R,

* R IS not always better but mostly

e How to determine c* ?

 How to decide
which of R5g, R, Rge IS best
at a given data set ?
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R, = CR¢ + (1-C)Rgp = C(R¢ -Rpp) + Rgr
E(R, — R)? = E[c(R¢ -Rgp) + (Rge-R)J?
= C°E(R¢ -Rgp)* + 2CE[(R¢ -Rgp)(Ree-R)] +
+ E(Rpe-R)?
* — E((RCL — RBF)(R _RBF))
E(RCL B RBF)2

— Py Cov (Ck : R) + pquvar (UO)

g, Var(C,)+p.Var(U,)

C
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So far, we have not used any assumptions.

But for Var(C,), Cov(C,,R) we need a model.

Model A: (withU = C,)
E(C|U) = p U, Var(C,|U) = p,g,a%(U)
=> Var(C,) = p,g.E(a*(U)) + p,~Var(U)
Cov(C,R) = p,q, ( Var(U) — E(a?(V)) )
But E(a?(U)) is difficult to estimate.
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B: Increments 5;=C;—-C;;, m;=p;— P,
E(S/m|®) = u(®), S|© independent,
Var(S/m;|©) = 6%(0)/m, , (Buhlmann/S.)

© Indicates the "quality” of the acc.year
=> Var(C,) = p.g.E(c?(®)) + p,2Var(U)
Cov(Cy,R) = pyax (W
Var(u(0))
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Both models are math. equivalent and lead to
P, . E(c*(9))

C* =

p, +t Var (1()) + Var (U

E(0c%(®)) = inner variab. > random error
Var(u(®)) = level variab. Var(U)

Var(U,) = estimation error [

T to be est. by actuary
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An actuary who presumes
to establish a point estimate U,
should also be able
to estimate its uncertainty Var(U,)
and the variability Var(U)

of the underlying claims process.
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For E(02%(®)), we have an unbiased estimate

based on the data observed:

2

o

1 im_ Sj Cor — P« : m, Si U,
k_lj=l Jjnj Py k_lj—l Pe M,
K k Sj
Note that M. =P, and =U
J:Zl ] K J:Zlmj CL
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E(0°(9))

Having estimated
Var (4(©)) + Var (U,)

we can compare the precisions:

mse(Rgr) = E(0%(0)) (ax + g/ 1)
mse(R¢) = E(0%(0)) qy / py
mse(R,) = ¢ mse(R,) + (1-¢)? mse(Rgg) +

+ 2¢(1-¢)qy E(0X(O))
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and obtain the following results:

mse(Rgg) <mse(R¢ ) <==> py <t
l.e. use BF for green years

use CL for rather mature years

mse(Rgg) < Mse(Rgg) <==> t<2-p,

mse(Rgg) < mse(Rg) <==> t > p,q/(1+p,)
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BF

t 1
GB
B ——
O | — CL ‘ e —
0 0,5 1
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Example: U, = 90%, k=3
{p;} = 10%, 30%, 50%, (70, 85, 95, 100 %)
{C} = 15%, 27%, 55% (of the premium)

=>

Ra- = 45%, Ug =110%, R =55%
{m} = 10%, 20%, 20%, (20%, 15%, 10%, 5%)
{S} = 15%, 12%, 28%
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Inner variability
S,/m;=15, S,/m,=0.6, S;/m;=14
E(0” (0)) =

0.501
3-1D

= 0.042 = (20.5%)?

O15-1.12 +2206-1.12 + 221.4-1.17
0 50 50
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Actuary's estimates:
Var(U) = (35%)?

(e.g. lognormal with 5% above 150%)
Var(U,) = (15%)?

=>

Var(u(®)) = (35%)? — (20.5%)? = (28.4)?

t = (20.5%)2 | ( (28.4%)2 + (15%)2 ) = 0.408
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Results:
Rgr = 45.0% £ 21.6%
Re =55.0% + 20.5%
Reg = 50.0% + 18.1%
R.. =50.5% + 18.0% with ¢* = 0.55

Note the high standard errors!
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Check by distributional assumptions:

U ~ Lognormal(p, 02) with

E(U) = 90%, Var(U) = (35%)?
=> 1 =-0.176, 62 = 0.141

C.|JU ~ Lognormal(v, 19)  with
E(C,|V) = pU, Var(C,|U) = p,qg,0°U?

where a2 is such that Var(C,) is as before
=> 02 =0.045, 12 =0.044
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Then, according to Bayes' theorem:

U|C, ~ Lognormal(p,, 0;°)
with y, = z(t? + In(C,/p,)) + (1-z2)n = 0.0643
0,° =2z1%>=0.0335
z=0°/(0%+1%) =0.762
=> E(U|C,) = exp(u,+0,4%/2) = 108.4%
=> E(R|C,) = 53.4%
Var(U|C,) = (20.0%)? = Var(R|C,)
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 NO estimation error

« standard error still very high

Results:
Roe = 45.0% + 21.6%
Re = 55.0% + 20.5%

E(R|C,) = 53.4% + 20.0%

Reg = 50.0% + 18.1%
R.. =50.5% + 18.0% with c* = 0.55
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Conclusions:

» Use of a priori knowledge (U,) may be
better than distributional assumptions

A way Is shown how to assess the
variability of the Bornhuetter/Ferguson
reserve, 10o0.
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Conclusions (ctd.):

 Benktander's credibility mixture of BF and

CL i1s simple to apply and gives almost

always a more precise estimate.

* The volatility measure t is not too difficult to
estimate and improves the precision even
more or helps to decide on BF, CL, GB.
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