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THE CHANGING SHAPE OF
ENGLISH LIFE TABLES

by
D. O. FORFAR, BA., F.FA. and D. M. SMITH, MA., F.FA.

1. In a paper to the Institute of Actuaries (JIA 107, p. 49)
Heligman and Pollard fitted certain mathematical curves to
Australian national mortality. They showed that a good fit could be
obtained throughout the whole of life with the following curve:

fiw) = AP 4 pe 2P’ ®

2. The above curve has been fitted to English Life Tables
ELT1 to ELT13 for both males and females.
The parameters were obtained by minimising S* where,

85 - 2
q,
2
S-;o(a-l)

4, = mortality rate estimated from the formula
g, = mortality rate from the appropriate ELT table.

3. The work was undertaken to see if there was a good fit over all
the twenty-six life tables and whether there was a regular
progression in the eight parameters from one life table to the next.

Tables 1 and 2 show the values of the parameters A to H for each
English Life Table, ELT1 to ELT13, for males and females.

It will be seen from the value of S? that all twenty-six life tables
gave a reasonably good fit and that there  was a reasonable
progression of values from one life table to the next apart from
ELT12 (Females) which is discussed later.


Richard Kwan
TFA  40  (1985-1987)  98-134
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4. The thirteen ELT tables were based on deaths during the
periods shown in the table below.

ELT Period

1841
1838-44
1838-54
1871-80
1881-90
1891-1900
1901-10
1910-12
1920-22
1930-32
1950-52
1960-62
13 1970-72
In Table 1 the mid-year of the appropriate period has been shown

(or the later of the two mid-years where the period contained an even
number of years).

C OO b WK -

[y
N =

5. Heligman and Pollard gave an interpretation of each term in
the formula.

The first term, a rapidly declining exponential, reflects the fall in
mortality during the early childhood years. The value of the
parameter A is close to ¢,, the rate of mortality at age one year. The
parameters B and C reflect the progression of mortality in the first
few years, in particular the relationship between qo, q¢; and g.. For
example in ELT1 (Males) the rate of mortality is halved, broadly
speaking, in each of the first three years of life, whereas in ELT13
(Males) there is a very sharp decline from g, to g, and a much more
gradual decline from g, to g2 to gg. This type of pattern accounts for
the lower values of B and C in the later life tables.

The second term represents a distinct ‘hump’ in the mortality
curve. The parameter D represents the magnitude of the hump, E is
proportional to the severity of the hump and F represents the
location of the hump. This distinct hump is evident in all the tables.
In the early tables the hump was a gradual one centred around age
32. In the recent tables the hump has become the well-known
accident hump centred around age 19.

The third term is the Gompertz exponential and represents the
near geometric progression of mortality rates with age. The
parameter G reflects the level of mortality and H the rate of increase
of mortality.
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6. Graphs 1 to 8 show the progression of the parameters A to H
over time for both males and females. The parametric values plotted
for 1841 were taken from ELT2 rather than ELT1 because of the
longer period over which deaths were measured. The graphs can be
interpreted in relation to the physical meaning of the parameters.
For example the fall in the value of A represents the decline in g, the
rate of mortality at age one year. The increase in E represents the
increasing severity of the hump in the curve, etc. It is noticeable that
H, representing the near geometric progression of mortality with
age, has remained relatively constant.

The graphs of the parametric values become very much less steep
over more recent years showing, as is well known, that the rate of
improvement in mortality has slowed down. Improvements in
mortality will be more difficult to achieve in the future.

The only mortality table for which the parameters differed
substantially from a reasonable progression of parametric values
was ELT12 (Females). This table has only a very modest hump
around age 20 but the beginning of a more pronounced hump
starting at a much higher age, around age 70. The best fit was
obtained by fitting the second term of the mathematical formula to
the second hump rather than the first. The figures in brackets show
the values where the curve is “forced” to fit the first hump rather
than the second and these are much more consistent with the other
figures in the table.

7. Tables 1 and 2 showing the parametric values of male and
female mortality rates, show many similarities. The general
progression of the parameters is similar. The parameter H, reflecting
the near geometric progression of mortality rates, is similar but the
lower value of G for females shows that the mortality rates increase
from a lower base. A comparison of parameters D, E and F shows that
the mortality hump in the female table has been less pronounced
(lower D) and less severe (lower E) but centred around a similar age
(similar F). The value of A has in more recent times been lower for
females reflecting a lower value of g, for females. The higher values
of B and C for females reflect broadly speaking the fact that the
mortality rate qo for females is less than that for males and the
progression from qo to q; is not so steep.

8. Graphs 9, 10, 11 and 12 show the formula mortality rates
together with the actual ELT (Males) mortality rates for ELT3, 6, 11
and 13 corresponding to the years 1846, 1896, 1951 and 1971. The
closeness of fit of the mathematical curves can be judged from these
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graphs as well as from the value of S2. The graphs plot log, (10° X g)
against age.

9. Graph 13 plots log. (10° x g,) for ELT (Males) 3, 6, 11and 13 on
the same graph. From these it can be clearly seen how the hump has
turned from a gradual hump into the steep accident hump which we
associate with recent mortality tables. Also evident is the lack of
improvement in mortality at ages above about 70.

10. Graph 14 shows a 3-dimensional plot of log, (10° X g,) for
ELT 2-13 (Males) and graph 15 shows a contour plot of this surface.
The contour plot, which connects ages with equal mortality rates,
brings out very clearly the improvements in mortality with age at the
younger ages, and the lack of improvement at the older ages. Graphs
16 and 17 show the same for ELT 2-13 (Females).

11. The expectations of life are shown in Table 3 below where the
expectations have been derived from the ELT tables (and from the
formula rates for comparison).

TABLE 3
Complete Expectations of Life

ELT2(M) ELT6(M) ELT13(M)
Age Actual Formula Actual Formula Actual Formula
0 40-4 40-4 441 44-3 69-0 69-3
20 40-0 40-0 41-0 410 51-1 51-4
40 26-5 265 256 25-7 320 32-4
60 136 13-6 12:9 12-8 154 15-6

80 50 5-0 46 47 55 4-9
TABLE 4
Complete Expectations of Life
ELT2(F) ELT6(F) ELT13(F)

Age Actual Formula Actual Formula Actual Formula
0 420 421 47-8 479 753 753
20 407 406 43-4 43-4 56-9 57-0
40 275 275 27-8 278 375 376
60 145 144 141 141 200 20:0
80 53 53 51 5-0 7-0 7-4
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The effect of the accident hump can be quantified by calculating
the expectation from the formula but omitting the middle term. This
shows the following results for ELT13(M) and (F).

Age Male Female
0 69-6 75-4
20 51-6 570

It can be seen that the improvement at age zero is just over half a
year of life for males but only 0-1 of a year for females.

12. From the parameters calculated, and the progression of these
parameters over time, possible values were estimated for future life
tables. The values were taken as follows:

Ax10° Bx10® Cx10° Dx10* E F Gx10° H

Males

Estimated 1981

parameters: 08 34 94 72 182193 30 114
Estimated 1891

parameters:  0-7 32 92 72 190 192 26 1116

Females

Estimated 1981

parameters:  0-7 112 107 16 200 188 22 1107
Estimated 1991

parameters: 06 109 104 16 200187 19 1108

Graphs 18 and 19 show the values of log, (10° X g,) for the above
parameters (males and females) and the parameters for 1971, 1961
and 1951. These graphs are described as ELT (FORMULA) 11, 12, 13,
(1981), (1991).

The expectations of life are shown in Table 5.

TABLE §
Estimated Complete Expectations of Life
1981 1991

Age Males Females Males Females

0 69.6 76-9 70-0 779
20 51-2 58-1 516 589
40 32:0 38-6 32-3 394
60 15-1 20-8 152 214
80 45 77 45 81
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13. Graphs 20 and 21 plot the expected age at death at each age
(z + &) for ELT 2 to 13 inclusive for both males and females. The
values are also shown for the estimated 1981 and 1991 mortality
tables. They show, as pointed out in paragraph 6, how the slowing
down in the rate of improvement of mortality has affected the
progression over time of the expected age at death. These graphs
show that while the expected age at death in 1841 was very similar for
males and females, the expected age at death for females has
subsequetly shown the greater improvement.

14. The authors are grateful to the Edinburgh Regional Com-
puting Centre for permission to use their NAG algorithms to find the
values of the parameters and to their own office for computing
facilities to draw the graphs.
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GRAPH 2
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GRAPH 3
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GRAPH 4
PARAMETER D - © MALES x FEMALES
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GRAPH 5
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GRAPH 6
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GRAPH 7
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GRAPH 8
PARAMETER H - © MALES x FEMALES
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GRAPH 9

ELT 3 ACTUAL VS FORMULA - MALES - LN(100,000 x q)
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GRAPH 10
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GRAPH 11

ELT 11 ACTUAL VS FORMULA - MALES - LN(100,000 x q)
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GRAPH 12
ELT 13 ACTUAL VS FORMULA - MALES - LN(100,000 x q)
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GRAPH 13

ELT 3,6,11,13 - MALES - LN(100.000 x q)
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GRAPH 14

MALE MORTALITY RATES 1841 - 1971
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GRAPH 15
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FEMALE MORTALITY RATES 1841 - 971
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GRAPH 18
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GRAPH 19

ELT(FORMULA) 11,12,13,(1981),(1991)
FEMALES - LN(100.000 x q)

12r-

100

80

60

AGE

40

20



The Changing Shape of English Life Tables 125
GRAPH 20

X+ E[X] = ELT 2 - 13,(1981),(1991) - MALES
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GRAPH 21
X + E[X] - ELT 2 - 13,(1981),(1991) - FEMALES
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Addendum

1. In the paper parameters were found for one formula type for all
of the English Life Tables numbers 1 to 13 for both males and
females. Using these parameters, estimates were made of possible
parameters for the years 1981 and 1991.

Since the paper was prepared, the mortality tables for the year
1981 (ELT 14) have been published and it is felt that it may be of

s . AT o A e SR S [ -

mwrest U) bUIilL)al‘U ule esuinawea Pd.l'd._lIICWIB 10T UIC year J.UOJ. Wlul
those which could be calculated from the published tables. The
results are as follows:

Ax10° Bx10® Cx10® Dx10* E F Gx10* H

Misles
Est. 1981 08 34 94 72 182 193 30 114
ELT 14 07760 35780 88473 64195 14647 19749 2055 11113

Females
Est. 1981 07 112 107 16 200 188 22 1107
ELT 14 06750 93212 98176 14415 11085 18771 2243 11065

As before, the “best fit” to the published table was found by
minimising S? where

85
§? =2 ((d/g) ~ 1?
=0
4 = mortality rate estimated from the formula
q=

- Nt lider wada nnmearmanintas DT M 4nhls
s Luallly 1awvc llUul uu: applupllalc LUl w«auic

The value of 8 comparing the estimated tables (§) with the actual
published tables (q) is 2:1455 for males and 0-4095 for females

nanfirmanivad tha manannaohlanace AfF tha agtisnmetaa fan tha fammala

CULLLLLLILILE UIT 1oadullanitucod ()1 UiC CToulllavos (Ul WU 1Ttillalc
parameters. The “best fit” for male lives gives a sum of squares (S2) of
0-6505 for male lives and 0-1486 for female lives.

It is clear from the values of S that the estimates for 1981 were
very good for female lives but much poorer for male lives.

Graph I shows the formula mortality rates together with the actual
ELT (Males) mortality rates for ELT 14. Graph II plots the same
curves for female mortality. The graphs plot log,(10° X gq,) against
age.
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2. It appears from the values of S for males for ELT 12, 13 and 14
that it is becoming increasingly difficult to get a good fit using the
formula. The differences are greatest at higher ages where the
Heligman and Pollard formula produces values which are too high.

Aftar anmo avnavimantatinn if wraa dantdad tn fit I-'Ina male fnh’lnn to
L3008 SULTIC CRAPOLIRTIIwUIULL, iv ywvab WETIUCU W iiv w,

the following formula:
% =Az) / 1 + fix)

where

= AG*BY | ) p~Flog @/my , _ GH
fiz) = A De 1 + GHY)

Table 1 below shows the revised parameters and values of S for
ELT 1 to ELT 14 inclusive. It can be seen that the fit for the more
recent tables is now much better than before. Graphs Il and IV show
the formula mortality rates together with the actual ELT (Males)
mortality rates for ELT 13 and 14 corresponding to the years 1971
and 1981. As before the graphs plot log,(10° X ¢.) against age.

TABLE 1
English Life Tables (Males)

]
3

Mm Ayvin2 nyind v P avind o Q2
v UXIW DR L o uXw o M)

E
g
x

88023 34280 34394 93364 11760 35377 6267 11055 02376
93239 37685 35768 84548 14545 33400 10164 10986 (0-1466
84870 29541 33505 85276 16460 33880 12172 10962 01305
92743 40607 38251 10186 10667 47577 8353 11016 01048
86739 41602 41869 81060 14242 42190 10069 11003 0-3021

28097 249.00 20.9097 71000 ANOT) EONOE 10ONR 100008 NOEND
Vet &IV UG 11 Ve UWid wWUW LV LW Vavad

48509 21981 34943 40137 11402 37598 14444 10940 01727
34371 15969 29071 30433 14592 33473 13340 10950 02195
14780 24167 32675 16765 31724 6845 11040 01950
14512 84621 20438 21762 32433 24743 9052 14999 04362
22408 44789 10874  T3962 79098 22113 4497 11099 01166
14846 28092 96955 74808 13501 20125 3364 11135 02910

1.9080 9.00K8 a9870 71909 1R.0N4 10400 2108 11198 N909R
- Y &RV v&Uiv 'lwa WWorr 1T ULV LU VO

07781 31621 86434 63725 12719 20105 2479 11155 (4889

EEERERRE B wow-amov e coto
14
=

R PR Tz e Vel od ol cacn bnd acddenandan fam

3. For compleieness, we have recalculated our best estimates for
the year 1991 and provided best estimates for the year 2001. The
projections for female lives use the original formula while those for
male lives use the alternative formula specified above. The
projections are based on historical data and cannot make allowance
for future, unknown trends (e.g. the effect of AIDS).
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One possible use that could perhaps be made of these projections
is to use these tables as a “standard” against which to measure future
mortality which may well be significantly different because of the
effects of AIDS. The figures are given below.

TABLE 2

Ax10° Bx10® Cx10® Dx10* E F Gx10° H

Males
Est. 1991 0-6 27 80 60 127 200 20 117
Est. 2001 045 27 75 56 127 200 15 1120

Females
Est. 1991 06 80 90 14 200 187 19 1108
Est. 2001 0-5 65 82 14 200 186 16 11095

NB—The parameters for males are for the adjusted Heligman and
Pollard formula described in paragraph 2 of this Addendum.
The parameters for females are for the original Heligman and
Pollard formula.

Tables 3 and 4 show vaiues of q, for ELT 14 and estimated values
using the parameters in Table 2 for the years 1991 and 2001. Table 3
shows male rates and Table 4 female rates. Rates are given for
decennial ages only.

TABLE 3 (Males)

Age g (ELT 14) g (1991) gz (2001)
0 01271 00974 00707
10 00024 00020 00015
20 00093 -00086 00077
30 -00088 100069 -00057
40 00184 00171 00143
50 00615 00504 00433
60 01843 101486 01314
70 04703 04233 03861

80 -11334 10923 -10312
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TABLE 4 (Females)

Age . (ELT 14) . (1991) 4. (2001)
0 00984 00813 -00650
10 -00018 00016 00015
20 00035 100034 -00031
30 00052 00046 00041
40 100127 00118 100105
50 -00378 00322 100291
60 00986 00888 00812
70 02443 02433 02257

80 ‘06982 ‘06499 -06123
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